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ABSTRACT OF THE DISSERTATION

On Invariant Measures of the Exclusion Process
and Related Processes

by

Paul Heajoon Jung
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2003
Professor Thomas M. Liggett, Chair

This thesis studies the invariant measures Z of the exclusion process and other

closely related interacting particle systems.

For the exclusion process with symmetric kernel p(x,y) = p(y, ), Z has been
completely studied by analyzing the dual process. We give a brief overview
of those results and then prove some new results concerning cases for which
p(z,y) = p(y,x) except for finitely many z,y € S where p(zx,y) corresponds
to a transient Markov chain on a countable graph §. The two techniques used
in proving the new results include an approximation to the dual process and a

certain coupling known as the infinitesimal coupling.

Next, we consider asymmetric exclusion processes where in general we do
not have that p(z,y) = p(y,x). The characterization of Z in these cases is
typically much more difficult. We will characterize Z for exclusion processes
on 7Z with certain reversible transition kernels. Some examples for which 7 is
given include all reversible finite-range kernels that are asymptotically equal to
p(z,x+1) = p(x,z—1) = 1/2. One tool used in the proofs gives a necessary and

sufficient condition for reversible measures to be extremal in the set of invariant
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measures, which is an interesting result in its own right.

Finally, we will study Z for a hybrid of the symmetric exclusion process and
the voter model. The reason such a hybrid is interesting is that the dual processes
for the two systems are closely related. The dual processes can thus be combined
to analyze the hybrid process. In fact, the dual of the hybrid process allows one to
also add spontaneous births and deaths of particles at no cost to the techniques
used. Also, an ergodic theorem for a process related to the hybrid process is

proved using certain coupling methods.
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CHAPTER 1

Introduction

1.1 Interacting particle systems

An interacting particle system is a stochastic process 7, for which particles live on
the vertices of some countably infinite graph S and behave according to dynamics
which depend on the configuration of particles in some surrounding neighborhood.
The study of these processes began in the late 1960’s and in a large part was
fuelled by the field of statistical dynamics. The motivation came from the idea
that (interacting) particle systems model certain processes in the natural and

physical world.

The first question to ask about any stochastic process is, to what distributions
does the process converge? In other words, what are the invariant (or equivalently,
stationary) measures? Thus, a fundamental issue concerning particle systems is
classifying the invariant measures Z and giving properties of these measures. A
closely related problem is to characterize the set of all initial measures which
converge in distribution to a given invariant measure. The set of initial measures

which converge in distribution to p € Z is called the domain of attraction of .

A large class of particle systems consists of systems for which at most one
particle can occupy a vertex or site at any given time. The state space for these

particle systems is given by X = {0,1}. Here a 1 at z € S represents a particle



occupying site x whereas a 0 indicates that x is vacant. A configuration is an
element n € X where either n(z) = 0 or n(z) = 1 for each x € S. All of the particle
systems that are studied in this thesis will have X as the state space. Therefore

we will from now on assume that P is the set of all probability measures on X.

Some examples of particle systems for which the state space is X are spin
systems. In particular, a particle system is known as a spin system if the state
space is X and the value of 7, switches at only one site for any given time ¢ € [0, c0)

(i.e. the transition from one state to another is given by 7+ 7, where

n(u) ifu+#x
1—n(u) if u=ux).

Nz (U) =

The interpretation is that a particle is born when n(z) goes from 0 to 1 and a
particle dies when 7(z) goes from 1 to 0. The rate at which 1 goes to 7, is given

by a nonnegative function c¢(z,n).

Let D(X) denote the set of all functions on X that depend on finitely many
coordinates. The generator for a spin system is given by the closure of the

operator 2 defined on D(X):

Qf(m) = cla.n)[f (1) — f(0)].

x
Under appropriate conditions on the flip rates ¢(x,n), the generator  uniquely
determines a Feller process on X. For a detailed account of the construction of
these processes we refer the reader to Chapter 1 of Interacting Particle Systems

(Liggett(1985)) which we will henceforth abbreviate as IPS.

For the most part, the processes studied here are not spin systems, but we have
introduced them here because they are related to the exclusion process which we
will study in detail. In fact, in Chapter 4 we will consider a generalization of

the exclusion process for which a certain spin system called the voter model is a



special case.

The exclusion process is another example of a particle system with state space
X. Again, we think of 1’s as particles and 0’s as empty sites. A particle at site
z € § waits an exponential time with parameter ¢, = >~ q(z,y) at which time
it chooses a y € S with probability q(x,y)/q.. If y is empty then the particle
at x goes to y, while if y is occupied the particle at = does not move. The
exclusion process will be the focus of study in the next two chapters. As such,

the remainder of this chapter provides a brief introduction to this process.

1.2 The exclusion process

The exclusion process is one of the most well-known interacting particle systems.
This is in part due to its many applications. It is used in biology as a model
for the particle motion of ribosomes (Macdonald, Gibbs, and Pipkin(1968)), in
physics as a model for a lattice gas at infinite temperature (Spitzer(1970)), and
in ecology as a model in which two opposing species swap territory (Clifford and

Sudbury(1973)).

An intuitive description of the process is given at the end of the previous section.

For a technical description, let

sup » q(z,y) < oo and suqu(m,y) < oo for g(x,y) > 0.
y = 5

Similar to spin systems, described previously, the generator for the exclusion

process is given by the closure of 2 defined on D(X). If

n(y) fu=zx
Ny (U) = n(z) ifu=y
n(u) ifu#xy



then

Qf) = qla,y)n(@) (1 = n()f ) — F)]. (1.1)

Y
The corresponding semigroup will be denoted by S(t).

The construction of the exclusion process is fully described in IPS. It is assumed
there that the transition kernel satisfies >° p(z,y) = 1 (here p(z,y) is used
instead of ¢(x,y) since they can be thought of as probabilities), however, this is
just a normalization of the process we have just described. To see this, simply

add self-jump rates to the process we have described above:
gz, ) =sup Y _qlz,y) = > q(z,y).
sy y

Dividing all transition rates by sup, Zy q(z,y) gives us the process constructed

in IPS.

In the sequel, we will write p(x,y) instead of ¢(z,y) to indicate that the rates
have been normalized— with one exception: in Chapter 2 the rates p(x,y) will
not in general be normalized, but we write p(z,y) nonetheless since these rates

are derived from a normalized kernel p(z,y).

Many of the results in the following chapters require the analysis of the finite
exclusion process (exclusion processes where 7,(z) = 1 for finitely many = € S,
for all ¢ > 0). Since the state space for a finite exclusion process starting with
n particles is the set of all subsets of S containing n elements, we introduce the
notation

S, =S8"\{7: x; = z; for some i < j}

as the state space of such a process. Also, let Y = U,;>1S,, denote all the finite

subsets of S.



1.3 Results for the symmetric process

We will assume throughout the rest of this chapter that we are dealing with the
symmetric exclusion process where p(x,y) = p(y,z), and p(z,y) is irreducible.
Here the problems of characterizing Z and the domains of attraction for p € 7
have been completely solved. Theorems 1.3.2 and 1.3.3 (proved by Liggett and

Spitzer in the 1970’s) give a summary of these results.

For preliminaries, we describe in more detail the finite exclusion process A;. The
process A; is just the exclusion process with the added condition that its initial
state Ap has finitely many sites where n(z) = 1. We write |A;| = n to denote the
number of sites that are 1’s. In particular A; is a countable state Markov chain
that acts like n independent particles having transition rates p(z,y), except that

when a particle tries to move to an occupied site its motion is suppressed.

Although we do not prove Theorems 1.3.2 and 1.3.3, the following proposition
which is the main tool used in the two proofs, is worth stating. This next proposi-
tion is the reason why symmetric exclusion processes are fundamentally different

from asymmetric exclusion processes.

Proposition 1.3.1 (Spitzer). Suppose p(x,y) = p(y,z). If A € Y andn € X
then
Pni(x) =1 for all v € A] = PA[n(x) =1 for all v € A}

for allt > 0.

The dual nature of 1, and A; in the above proposition is the reason why A,
is known in the literature as the dual process. We do not give the proof of the

above lemma since we later prove a generalization of it in Proposition 4.2.1.

Before stating the two theorems we need some definitions. Denote the set of



harmonic functions on S taking values between 0 and 1 as

H= {Oz : S — [0, 1] such that Zp(x,y)oz(y) = «(z) for all x} :

Y

Define v, to be the product measure on X with marginals v,{n : n(z) = 1,z €

S} = a(z). In the sequel we will abbreviate by writing v,{n(z) = 1}.

Theorem 1.3.2 (Liggett, Spitzer). If p(x,y) is a symmetric, irreducible transi-

tion kernel on S then limy_, o v, S(t) = po exists for each a(x) € H, and
Ze = {pa s a(z) € H}.

One should note that by the Krein-Milman theorem Z is the closed, convex hull

of its extreme points. Therefore characterizing Z. is equivalent to characterizing

7.

Let {Xi(t),...,Xn(t)} be independent Markov chains on S with transition

probabilities

=t
plw,y) =e™ Y —p™(a,y)

n>0
where p(™(x,y) are the n-step transition probabilities corresponding to p(x,%).

Define the following function on S2,
g(z,y) = PEY[X,(t) = Xy(t) for some ¢ > 0].

Theorem 1.3.3 (Liggett, Spitzer). Suppose that p(x,y) is symmetric and irre-
ducible on S. Suppose also that a(x) € H and p € P.

(a) When g # 1, limy_,0o uS(t) = po if and only if

tli)rgo Zpt(x,y)u{n(y) =1} =a(z) forallz € S, and (1.2)

t—o00

lim >~ pi(a, w)p(y, v)p{n(u) = n(v) = 1} = a(z)a(y) for adlz,y € S.



(b) When g = 1, the only bounded harmonic functions are constant and

limy 00 pS(t) = o if and only if (1.2) holds and

tlim B9 ydn(u) =1 for allu € A} =a® for allz #y € S.

The fact that all bounded harmonic functions are constant when g = 1 will be

proved in the next section.

If g(x,y) = 1 for some (z,y) € Sy then g(z,y) = 1. To see this suppose
g(z,y) < 1 for some (z,y) € Sy. If z # z,y, then by irreducibility either a
particle can go from z to y without passing through = or a particle can go from
x to y without passing through z and from z to x without passing through y. In
either case, {X;(t), X2(t)} can go from (z,z) to (z,y) without passing through
S?\S, so that g(z,2) < 1.

Also, it should be noted that g = 1 implies that X(¢) is recurrent but not
conversely. To prove the recurrence use the Chapman-Kolmogorov equation to

get
par(m,w) = Y il y)pely, @)

= Dl y)P = PEIX () = (1)

Y

So if X (t) is transient then g(z,y) < 1 for some z,y € S since
/ P@I[X (1) = Xo(t)] dt < oo
0

(this argument will be made more explicit in Section 4.3). An example of
a symmetric, irreducible recurrent Markov chain for which g # 1 is given in

Liggett(1974).

As stated earlier, we will not prove either result; however, the next section will

be devoted to proving a special case of Theorem 1.3.2 so as to give the reader a



taste of the techniques used in the proofs of the general theorems. For a complete

treatment we direct the reader to Chapter VIII of IPS.

1.4 Coupling

Coupling is arguably the most important technique when dealing with interacting
particle systems. The coupling of two processes with state spaces S; and Ss is a
joint process defined on a common probability space, usually having S; x S5 as
its state space. The two marginal processes of the joint process are exactly the
original two processes. Normally, the coupling is useful only if the two marginal

processes are not independent.

As an example we now give the transition kernel of a coupling of the Markov
chains X (t) and X5(t) defined in the previous section (here we will not assume

they are independent). If = # z then

p((&:, Z)v (ya Z)) = p((z,l‘), (Z7y)) = p((&:, I), (y7 y)) = p(&?, y)
and p((a,b), (¢,d)) = 0 elsewise.

This coupling can be described by saying that X;(¢) and X,(¢) evolve indepen-
dently until the first time they meet after which point they move together. If the
two processes eventually meet with probability one, then the coupling is said to

be successful.

As a second example, we will describe the dual process, A; with k particles, as
a coupling of the processes X(¢),..., X;(t). The particles X;(¢) and X;(t) move
independently except that when X;(t) at x tries to move to a site y which is
occupied by X, (¢), the two particles switch places. In other words, the coupling
is such that the particles move independently except that X;(t) at x goes to y

at exactly the same time that X;(t) at y goes to z. A; is just the set of sites



occupied by the k particles and can be thought of as an element of S;. Since
p(z,y) = p(y, z), each marginal process can be taken to be a Markov chain on §

with transition kernel p(z,y).

Proposition 1.4.1. Suppose g = 1. If f is a bounded harmonic function for the

dual process, Ay with k particles, then f is constant on Sy.

Proof. The crux of the proof is constructing a successful coupling of two finite
exclusion processes A; and A} starting from A, A" € S respectively. If we are

able to do this, then for all bounded harmonic f on Sk
[f(A) = f(A) = [Ef(A) = Ef(A)] < EIf(A) = f(AD] < 2| FIIP(Ac # A;) = 0

showing that f is constant.

To construct the successful coupling of A; and A}, we start by writing A; =
{X1(t),...,Xx(t)} and A, = {X[(t),...,X.(t)} using the coupling described
right before the statement of the proposition. We can then couple the X;(t)’s
and X(t)’s so that X;(t) moves independently of X’(¢) until the first time it
meets X (t) for some j. From that point on, X;(t) and XJ(t) move together.

Since g = 1, this coupling of A; and A} is successful. O

Corollary 1.4.2. If g = 1, then all bounded harmonic functions on S are con-

stant.

Let v,, p € [0, 1] be the product measure on X with marginals v,{n(z) = 1} = p.

We are now ready to prove the following special case of Theorem 1.3.2.

Theorem 1.4.3. Let p(x,y) be a symmetric, irreducible transition kernel on S.

If g(x,y) =1, then . = {v, : p € [0,1]}.



Proof. By De Finetti’s Theorem the statement that Z, = {v, : p € [0,1]} is

equivalent to saying that p is invariant if and only if p is exchangeable.

By Proposition 1.3.1, p € Z if and only if u{n = 1 for all z € A} is harmonic
for the chain A; for all initial states A € Y. Proposition 1.4.1 tells us that
such harmonic functions are constant, so it must be that p € Z if and only if
u{n = 1forall z € A} depends only on the cardinality of A. But this last

statement just says that p is exchangeable completing the proof. O
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CHAPTER 2

The Quasi-symmetric Exclusion Process

In this chapter we consider exclusion processes which have symmetric transition
kernels outside of a finite set. In particular, if p(z,y) = p(y,x) for all z,y € S
and p(z,y) is irreducible then suppose that p(z,y) = p(x,y) for all (z,y) except
for n ordered pairs {(z1,v1), ..., (Zn,yn)}. At (x;,y;) we have the perturbation
p(ri,y;) = plxi,y;) + € for ¢, > —p(x;,y;). Note that the z;’s and y;’s are
not necessarily distinct. We will say that transition kernels p(z,y) satisfying
the above requirement are quasi-symmetric. Note that in general p(z,y) is not
normalized thus it is possible that Zy p(z,y) # 1. In order to avoid complications
we will also assume throughout this chapter that p(x,y) is irreducible. As for
notation in this chapter, S(¢) and Z will denote the semigroup and invariant
measures of the symmetric process and S(t) and Z the semigroup and invariant

measures of the quasi-symmetric process.

An analog of the dual process discussed in Section 1.3 does not exist for quasi-
symmetric processes which are not symmetric. However, an approximation to the
dual is available which makes the problem of characterizing Z for quasi-symmetric
processes much more tenable than processes with no symmetry whatsoever. In
Section 2.1 we will state Theorem 2.1.1 which describes the invariant measures
for a quasi-symmetric process, and in Section 2.2 we will use an approximation

to the dual process to prove Theorem 2.1.1.

11



The fact that quasi-symmetric kernels are mostly symmetric also allows us to
take advantage of a certain coupling technique in order to show that the family
of invariant measures {u, : p € [0,1]} exists (where p, = lim;_,o /,5(t)). This

last statement will be proven in Section 2.3.

2.1 The invariant measures

Let X(t) be a continuous-time Markov chain on S with respect to p(x,y). Note
that X (t) is transient with respect to p(z,y) if and only if the Markov chain with

respect to p(z,y), X(t), is transient.

Theorem 2.1.1. Suppose p(x,y) is quasi-symmetric and irreducible. Also, as-
sume that for {A"} a sequence in Sk, each x € S is only in finitely many A™. If
X (t) is transient then

(a) for each ji € T there exists u € T such that
lim |g{n(z) =1 for allz € A"} — p{n(xz) =1 forallz € A"}| =0  (2.1)
n—oo

for all sequences {A™} satisfying the above, and

(b) for each i € T there exists a measure ji € L satisfying (2.1).

Since we have a characterization of Z given by Theorem 1.3.2, the measure p € 7
in part (a) must be unique. It would be interesting if one could somehow show
that ji € Z in part (b) is unique as well, for if this were so then we would have a
one-to-one correspondence between Z and Z thereby giving us a characterization
of T.

From the point of view of practicality, Theorem 2.1.1 gives us as good of a

characterization of Z as one could hope for. The reason for this is that even if

12



one were to show that & in part (b) was unique, one would not expect to be able
to calculate

p{n(z) =1 for all z € A} (2.2)

explicitly for each A € Y. The best one could hope for is to know the asymptotics
of (2.2) for some sequence {A"} in Sg. But Theorem 2.1.1 already gives this to

us.

Besides giving information about Z, the theorem has an interesting conse-
quence. One can ask the following question: Does a local perturbation of the

dynamics of a process have global consequences on the evolution?

If we think of the quasi-symmetric exclusion process as a perturbation of the
symmetric exclusion process then the answer is affirmative when § = Z and there
exists a reversible measure 7(x) > 0 with respect to the transition kernel (i.e. a
measure satisfying 7(z)p(z,y) = 7(y)p(y,x)). To see this, consider the simple

case where
p(z,y) = 1/2 for all (z,y) # (0,1) and p(0,1) =1/2+¢,¢ > 0.

It will be seen later (by Theorem 3.1.1) that the only extremal invariant measures

are the product measures {v°: ¢ € [0, 00|} with marginals

c
Tt fOI'.ISO

vefn i n(z) = 1} =

c+2ce
Trerae forx >0.

If we choose a sequence of times {7),} going to infinity so that

1 [
tim = [ u st 7,

13



exists, then for any continuous f on X,

L/ﬂ@ﬂmp: lim S@ﬁd&%ln%ﬂwﬁ} (2.3)

n—oo

Th
= lim i/ {/g(s—l—t)fdyp}dt
n—oo T, 0
1 Th+s B
zlm—/ [/wﬁmht
n—oo T}, /o

I L
= lim [ fd {—/ v,S(t) dt}
n—00 T, 0

so that fi, is invariant. Therefore i, must be a mixture of the measures {v°: ¢ €

[0,00]}. Consequently
mh_)rgoﬂp{n(x) =1} > xll)r_noo fip{n(z) = 1},

however, this clearly shows that the perturbation at the origin affects the evolu-

tion of the process globally.

On the other hand, we will see from the proof of Theorem 2.1.1 that if y € 7

and
1 Th
lim — S(t)dt = fu
m = [ st =g
exists, then i is asymptotically equal to p. Thus we have a negative answer to

the above question on local perturbations having a global effect.

2.2 Approximating the dual

In order to prove Theorem 2.1.1 we will need to think of the symmetric exclusion
process in a different way so that we can couple n; and A;. Using a symmetric
transition kernel, assign to the subset {z,y} € S; an exponential clock with

rate p(x,y). Since p(z,y) = p(y,x), this assignment is well-defined. When the

14



exponential clock for {z,y} goes off, the values for n(z) and n(y) will switch.

This motion describes the symmetric exclusion process.

We can now couple A; with n; using this new description. The process A; is
equal to Ay until the first time that an exponential clock for {z,y} with x € A,
and y ¢ Ag goes off. At that time A; becomes (Ag\z) Uy. Let AT be the dual
process running backwards in time starting from time 7' so that AT = Ap_,.
Since the exponential times for {z, y} are uniformly distributed on [0, T], we can

use the same clocks for both A; and AT. We then have that
{nr(x) =1forall z € AL} = {no(z) =1 for all x € AT} (2.4)

One might recognize the similarity between (2.4) and Proposition 1.3.1.

Notice that when n(x) = n(y) = 1, switching values is the same as not switching
values. For the symmetric exclusion process, we can reinterpret this statement in
the following way. When a particle tries to move to an occupied site, instead of its
motion being suppressed, the two particles switch places. We therefore see that
this alternate way of thinking of the exclusion process is the reason that we are
able to couple A; with {X(¢),..., Xk(t)} in Section 1.4. We will need the follow-

ing lemma which is a consequence of the coupling of A; and {X;(t),..., Xk(t)}.

Lemma 2.2.1. Suppose {A}} is a sequence in Sg. If each x € S belongs to only
finitely many Ay and the symmetric kernel p(z,y) corresponds to a transient

Markov chain on S, then for each fixed z € S

lim P(z € A} for somet > 0) = 0.

n—oo

Proof. To remind the reader, we shall describe the coupling again. The particles
X;(t) and X;(t) move independently following the motions of a Markov chain

on S, except that when X;(t) at x tries to move to a site y which is occupied

15



by Xj(t), the two particles switch places. Since p(z,y) = p(y,x), this is just
the coupling of the two processes where X;(t) at = goes to y at the same time
that X;(¢) at y goes to z. If Af = {X7(0),...,X}(0)}, then using this coupling
Ay = {X7(t),..., X} (t)}. Therefore

k
nh_)noloP 0(z € A} for some t > 0) < JL%OZI P (X[ (t) = z for some ¢t > 0) = 0.
[
Let

B={z¢€S8:p(z,y) # ply,z) for some y € S}.

We will now describe a process A; which approximates the process A;. The
process A, can be thought of as a family of S,-valued functions A;(Ay, @) indexed
by time ¢. The two arguments of A, are the set Ay € S,, such that AyNB = ) and
w an element of the path space associated with the quasi-symmetric process. Let
P, be the probability measure on the path space of the quasi-symmetric process
having v as its initial distribution (likewise, let P, be the probability measure on

the path space of the symmetric process with v as its initial distribution).

If v € A,y ¢ A,UB then A, goes to (A,\z) Uy at rate p(z,y) according to the
exponential clock of {z,y}. If z € A;,y ¢ A, U B¢ and the exponential clock for
{x,y} goes off then A, goes to either A,\x if n,(x) = 1 or the cemetery state A
if m:(x) = 0. Since the values of n;(z) and n:(y) switch when the clock for {z,y}

goes off, we will assume that the evaluation of n,(x) is taken before the switch.

For a fixed T > 0, the process AT follows the motion described above except
that it runs backwards in time from 7" to 0 while 7, runs forward in time; when
the exponential clock for {z,y} goes off, the evaluation of n,(x) takes place after

the switching of n,(z) and n,(y) at time s = T — ¢ takes place. Setting n(A) =0,
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we then have following analog of (2.4) for the quasi-symmetric process 7;:

{nr(x) =1for all z € AT} = {no(z) = 1 for all x € AT} (2.5)

The processes A; and A; are coupled so that they start from the same A € Y
and move together as much as possible (after the first time they are different, they

move independently); likewise for the processes AT and AT. Therefore denote
Ny = {flt starting from A equals A, for all ¢ > 0}

and

N7+ = {A] starting from A equals A for all ¢ € [0,7]}.

Proof of Theorem 2.1.1. Fix A € Y and suppose that both A, and A, start from

A. Let

B 1 if go(z) =1 for all z € A,(w)
fa,(@) =

0 otherwise

and define fy4, similarly. Also if AT and AT both start from A, let

1 if np(z) =1 for all x € AL(@)

0 otherwise
and define f AT similarly.

Take fi € Z. Since A; = A, on N4 we have that
/fAt AP, — P(./\/:fl) < /fgthA dpﬂ. (2.6)

Recall that S(t) is the semigroup of the symmetric process. By Proposition
1.3.1 (or equivalently by (2.4))

/fAt dP; = EAfl{n(x)ZIVmEAt} dp = /1{n(m):1Vm€A} dppS(t).
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By the argument given in (2.3) we can choose a sequence T,, so that

converges to 1 € Z. By the fact that i € Z and by (2.5), we have
/fATlNA db; < /ngle{ dP; < /1{n0(x):1VxeAg(w)} APy = fi{n(z) = 1 for all z € A}
for all T" > 0 so that (2.6) yields

p{n(z) =1for all z € A} — P(N}) < i{n(xz) =1 for all x € A}. (2.7)

Using fi € Z once more, we also have
I _
/1{77(1:)1Vac€A} dﬂ - ?/ /1{nt(x)1Vx6A}[1 - 1NA] dP,L_L dt
n Jo
I _ I _
n J0o n JO
I _
= 7 / / Li@)=tveeayln, dPg dt
n Jo
so that
p{n(z) =1for all z € A} — P(N3) < p{n(x) =1 for all z € A}.
Combining this with (2.7) gives us
|i{n(z) =1 for all z € A} — u{n(z) =1 for all z € A}| < P(NY). (2.8)

We complete the proof of part (a) by noting that Lemma 2.2.1 tells us lim,, oo P(N§.) =
0.

The proof of part (b) is similar. Choose p € Z. Again, we can choose a

subsequence T;, so that

I
lim — / wS(t)dt
0

m—o0 m

18



converges to ji € Z. Then

p{n(z) =1 for all x € A} — P(N})

and

p{n(z) =1for all z € A} — P(NY)

so that we again obtain (2.8).

IN

IN

IA

Tm
lim —/ /fATlNAdP T

hm —/ /1{770(1.) 1Vze AL (w 1NT dpﬂ dT

m—oo0 [’

Tm
lim —/ /1{77T(33 1VxeA}1/\/’T dP dT’

m—oo [’

p{n(z) =1 for all z € A}.

Tm
hm —/ /1{710(5” IV:L"EAT(w ]_NT d_P dT

Tm
lim _/ /1{7](33) 1VzeAr} d,LL dT’

p{n(z) =1 for all z € A}

2.3 The infinitesimal coupling

Theorem 2.1.1 gives us information concerning the invariant measures, but tells

us little about the domains of attraction for those measures. In this section we

will prove the following theorem which concerns convergence starting from the

product measure v, with marginals v,{n(z) = 1} = p.

Theorem 2.3.1. Suppose p(x,y) is quasi-symmetric and irreducible. Also, as-

sume that for {A"} a sequence in Sk, each x € S is only in finitely many A™. If

p(x,y) > 0 whenever p(x,y) > 0 and X (t) is transient then

lim v,5(t)

t—o00

exists for each p € [0,1] and

lim 1, {n(z) =1 for all z € A"} = p.
n—oo

:Mpei

(2.9)
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The motivation behind Theorem 2.3.1 lies in the idea that the measures v, are
natural initial measures for the process to start off with. So a natural question

to ask is whether or not lim,_, v/,5(t) exists. As we will see, (2.9) then follows

immediately from the proof of Theorem 2.1.1 (b).

Also, Theorem 2.3.1 strengthens the argument given in Section 2.1 concerning
local perturbations of the transition kernel having global effects on the evolu-
tion of the process. In particular, the theorem gives us conditions under which

limy_, ,5(t) is not very different from v,,.

The main tool used to prove Theorem 2.3.1 is the so called infinitesimal cou-
pling of the process 7; introduced by Andjel, Bramson, and Liggett(1988). In
this section we will describe the infinitesimal coupling and present two lemmas

concerning this coupling.

The infinitesimal coupling of the process 7, follows the motion of the basic
coupling (defined below) for the two processes 7; and & having joint initial mea-
sure 7 (also defined below). The marginal process £ can be thought of as an

approximation of 7, for small values of s.

Let us now define the basic coupling of two exclusion processes 7; and &; having
the same generator. Essentially, it is the coupling which allows n; and & to move
together as much as possible. The generator for the basic coupling is the closure

of the operator  defined on D(X x X):

Qf(n,€) = > P, ) [f Oy, &ay) — F(0,€)] - (2.10)
n(z)=¢(z)=1,n(y)=¢£(y)=0
+ P&, Yf Ny §) — F(1,6)]
n(z)=1,n(y)=0 and ({(y)=1 or {(z)=0)
+ > pla, ) [f (0, &) = (0, ).

£(z)=1,¢(y)=0 and (n(y)=1 or n(z)=0)

The initial measure 7 depends on the transition kernel of the process. To
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describe 7, we will consider the following simple kernel: Start with a symmetric
irreducible transition kernel p(x,y) on S. Pick some site to be the origin, 0, and

label one of its neighbors 1. Choosing € > 0, we can define p(z,y) by
p(0,1) =p(0,1) +¢€, p(z,y) = p(z,y) elsewise. (2.11)

In order to simplify the description of 7, we will assume throughout most of this
section that our transition kernel is given by (2.11). It is under this assumption
that we will explicitly describe o and prove the lemmas. At the end of the section

we will give an argument that extends the results to the general case.

We are now ready to describe 7 under the assumption of (2.11). Following
Andjel, Bramson, and Liggett(1988), the basic idea is to couple the measures v,

and v,5(s) together for small values of s (in particular, we impose the restriction

s < %) The problem is that one cannot explicitly write out the distribution

of 1,5(s); however, it turns out that a first order approximation to v,S(s) is
good enough. Therefore, for the time being we will think of x® as some measure

v,5(s) + o(s) as s — 0.

Our goal now is to define u® and 7 in such a way that 7 has a small number of
discrepancies (a discrepancy occurs when n(z) # £(z)). Then letting the coupled
process run according to the basic coupling, we can analyze the behavior of the

discrepancies to prove that the measure p, = lim; o 1,5(t) exists.

Let us now explicitly describe the initial coupling measure v which will carry
out our program. In doing so, we will also define the marginal measure p® which

approximates ,5(s). As a first step, let the coupled process (1, &) have initial

marginal measures v, and p° respectively. The measure v is then a product of a
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marginal measure for
£(0) &(1)
m0(0) 7o(1)

and independent Bernoulli random variables for all x # 0,1. The Bernoulli

(2.12)

random variables give the probability p to no(z) = &j(z) = 1 and 1 — p to
no(x) = &5(x) =0 for all x # 0, 1. The distribution of (2.12) is as follows:

Value Probability

(1 1 ,
p
11
10
( ) p(1 = p) —slp(1 = p)e]
10
01
( ) p(1—p)
01
0 0
( ) (1—p)?
0 0
01
slp(1 — p)e].
10

Note that this measure is well-defined for s < %

The probabilities above give the marginal distribution v, to ny. Define the
measure p° as the marginal distribution for &;; it is a product of independent
Bernoulli random variables with parameter p at sites  # 0,1 with the following

distribution for (£5(0),&5(1)):
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Value Probability

(L) p?

(1,0)  p(1=p) = s[p(1—p)e
(0,1)  p(1=p)+s[p(l —p)e
(0,0)  (1—p)

As desired, up to first order in s, (£5(0),&5(1)) has the same distribution as
(ns(0),ms(1)) under v,. This is what lies behind the next lemma whose proof is
similar to that of Lemma 3.3 in Andjel, Bramson, and Liggett(1988).

Lemma 2.3.2. For any f € D(X),

Lo EA@) — [ Fdv,S(s)
s—0 S

Proof. Because v, is invariant under a permutation of the coordinates £(z) and

£(y),

/f@wHﬂLyK@MP—ﬂwk+ﬂ%kaﬂr—ﬂwﬂd%
_ /E@Hm%wawu—smn+m%ma@u—awnm@

Since p(z,y) = p(y, x) for all (z,y) # (0,1), (1,0), we can subtract the right-hand

side of the above equation from the left-hand side to get

/15(96, P (Eay) = FIOHE@)L = EW)] + EW)[1 = &)} dv, = 0

for all (z,y) # (0,1), (1,0).
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Using (1.1), we therefore have that

/Qf@w=/§:M%yK@N1—awﬂﬂ&w—f@ﬂﬁw

=t/@@ﬂk@ﬂl—ﬂDMﬂ@ﬁ—f@ﬂ+ﬂL®ﬂDﬂ—£@Mﬂ&ﬁ—f@md%
:t/@@ﬂﬁ@ﬂl—ﬂwﬂﬂ@ﬂ—f@ﬂ+ﬁﬂﬁﬁmﬂl—ﬂwﬂﬂ®—f@mmd%
_ /eﬂ@ﬂ—fﬂﬂﬂ&ﬁ—f@ﬂmw

But now, using the explicit expression for the distribution of &, we also get for

s > 0 that
_ffdyp

S

— [ ey~ consav, = [ af i,

By the definition of the generator
[ fdv,S(s) — [ fdv,

/Qfdyp:}jig%

Combining the last two equations gives us

1o BI(&) = [ 1 dv,S(

s—0 S

:O.

]

Let (nt( ) ¢l ) ) be a process that runs according to the basic coupling. Its
initial distribution is a product of independent Bernoulli random variables giving
probability p to n(u)( ) = 5(()")( )=1and 1—pto 770 ( ) = § ( ) = 0 for all
x # u and probability 1 to {éu)(u) =1,1 )(u) = 0.

Also, define (7, &) by conditioning (1, &) on the event that
&0) &) [0 1
10(0) 70(1) L0
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This is the only event for which 7 and & differ. Note that after conditioning,

the distribution of the coupling no longer depends on s.

The proof of the next lemma follows that of Lemma 3.4 in Andjel, Bramson,

and Liggett(1988).

Lemma 2.3.3. I[f A €Y then

\%%awmuvzlﬁrmxeAﬂst1—m§j§jE@W@—m@m»

u=0,1 z€A
Proof. Let
g(m) = [ n(@).

T€EA

Then g € D(X), so f = S(t)g is also in D(X) by Theorem 1.3.9 of IPS. Letting

vt =v,5(t), we compute

p
d =
EVpS(t){U(x) =1forall z € A}

1
= lim —[y;**{n(z) = 1 for all z € A} — v {n(x) =1 for all z € A}]

s—0 8

. . 1 t+s t

= }S%E[/gdup —/gdyp}
.1 s

= lli%g[/fdljp—/fdyp]

— lim Ef(&) — fdep
s—0 S

where the last equality follows from Lemma 2.3.2. This in turn equals

lim Ef(&) — Ef(m) lim Eg(&) — Eg(n:)

s—0 S s—0

— tim B[] &) - [[ )

s—0 8§
T€EA €A
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The proof is completed by the inequalities

im 2B [ &) — [[w() < tim—B| [[ €@ - [ )

s—0 8 s—0 s

< lim L P(&(x) # nu(x) for some x € A)
< i D PE) # o)

- 0 X P £ o)

< ep(l—p) Z Z P& (x) = ") ().

The last inequality is due to a property given by the basic coupling: when the

two discrepancies

0

§r(z) =1 and &7 ()
nr(r) =0 nr(z) =1

meet, they cancel each other out to result in no discrepancies for all t > T. [
We now give an argument that extends the infinitesimal coupling and the two
lemmas to a general quasi-symmetric kernel. The first thing is to realize that if

€ is negative, we can obtain analogs of the two lemmas if we make the following

changes to the distribution of (2.12):
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Value Probability
10
10

p(1—p)

p(1—=p) = slp(1 — p)le]

o O
—_ =

10
slp(L = p)lel]
0 1
0 1
0.
10

Next we see that if there are multiple differences between p(x,y) and p(z,y),
we can superimpose the changes to the distribution of 7 to get analogs of the two

lemmas. For instance if
ﬁ(wa y) = p(’U), y) +e and p(wu Z) = p(wu Z) + € where € > 07

then when s < ﬁ, the distribution of the coupling at (w, y, z) at time 0 is identi-

cal to the marginal measures for (no(w), no(y), n0(z)) and for (&5(w), £5(y), &5(2)),

except at the values in the table below:
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Value Probability

100

( ) p(1—p)* = slp(l — p)*(e1 + €2)]
100

101

( ) p*(L = p) = s[p*(1 = p)ei]
101

110

( ) P (1= p) = s[p*(1 — p)es]
110

010

( ) slp(1 = p)?ei]

100

01 1

( ) s[p*(1 = p)ei]

101

00 1

( ) s[p(1 — p)?er]

100

01 1

( ) s[p*(1 — p)ea.

110

We have the following analog of Lemma 2.3.3:

Corollary 2.3.4. If A is any finite subset of S then there exists C' < oo such
that

S0 S(0)n() = 1 for allz € A} < 03" S BED @) ()]

uEB x€EA
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The proof of the corollary is essentially the same as that of Lemma 2.3.3 so we

only make the following remark. It is important to note that a pair of discrepan-

1 0
cies of opposite type and occur together, but any two pairs do not

0 1
occur at the same time. Therefore, we still have that the only interaction between

discrepancies is when two discrepancies of opposite type cancel each other out.

We no longer assume that the transition kernel is given by (2.11). Instead,
we will prove Lemma 2.3.5 and Theorem 2.3.1 for a general quasi-symmetric

transition kernel.

Given the process (n,gu), St(u) ) described in the previous section, let X*(¢) mark
the position at time ¢ of the discrepancy that starts at u. Notice that while the
process X*(t) is not a Markov process, the joint process (X*(¢),n:) is a Markov

process. Let
o0

G*(u,x) = E“/ P(X*(t) =x)dt

0
be the expected time that the discrepancy starting at u spends at x given that the

initial distribution of (X*(t), ;) for sites not equal to u are independent Bernoulli
random variables with parameter p. If X is the embedded discrete-time process

for X*(t), define
H*(u,x) = sup P17 (X = z for some n > 1).
0

Lemma 2.3.5. If X(t) is transient and p(z,y) > 0 whenever p(z,y) > 0 then

G*(u,z) < oo for all u,x € S.
Proof. Recall that
B={x €S8 :p(x,y) # p(y,x) for some y € S}.

If the discrepancy is at site 2, it goes to y at rate p(z, y) when £ (y) = n™(y) =0
and at rate p(y, z) when £ (y) = ™ (y) = 1. But when z ¢ B, p(x,y) = p(y, 7).
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Therefore when X*(t) ¢ B, X*(t) moves according to the same transition rates

as X (t).

Couple X*(t) and X (t) starting from u so that they move together as much as
possible and let

E={w: X"(t)(w) = X(t)(w) for all t > 0, X,, # u for all n > 1}

where X,,,n > 0 is the embedded discrete-time chain for X (¢). Since B is finite
and X (t) is transient, and since p(z,y) > 0 whenever p(z,y) > 0, we see from

the argument above that inf, P (E) > 0.

For each z we have

H*(z,z) = supP@" [{X* =z for some n > 1} N (E U E°)]
"

= sup P(x’")({X,’; =z for somen > 1} NES) <1-— j%f p(zm)(E)_
n

Using Proposition 4-20 in Kemeny, Snell, and Knapp(1976) we get that for some

constant C,

G*(u,z) < CY (H*(z,2))F < o0,
k>0

]

Proof of Theorem 2.3.1. We first prove that lim; ., 1,5(t) exists. By the inclusion-

exclusion principle we need only show that for each A € Y,

tlim v, S(t){n(xz) =1 for all x € A} (2.13)
—00

exists.

Suppose to the contrary that there exists some A for which (2.13) does not

exist. Then there exists a sequence {t,} going to infinity such that the set

{v,S(t,){n(z) =1 for all x € A}}
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must have at least two different limit points. Therefore it must be that
o q B
/ |9, 8(6) () = 1 for all # € A}jdr = oo
0
On the other hand, by Corollary 2.3.4 and Lemma 2.3.5,

/00 |%yp3(t){n(x) =1forall x € A}|dt < C'/OOO ZZE[ t(u)(x) - m(“)(fr)}dt

0 ueB €A

< CZZG*(U,LE) < 00,

uEB r€A

a contradiction. Therefore (2.13) exists for all finite A.

Now by the proof of Theorem 2.1.1 (b) it must be that
lim |p,{n(x) =1forallz € A"} —v,{n(z) =1forallz € A"} =0
n—oo

giving us (2.9). O

31



CHAPTER 3

The Asymmetric Exclusion Process on Z

As mentioned in the abstract, the study of the asymmetric exclusion process has
been much more elusive than that of the symmetric process. General classes of
invariant measures are known in the two cases where p(z,y) is doubly stochastic
(ie. > ,esp(z,y) = 1for all y € S) or when there exists a reversible measure
m(x) > 0on S (ie. w(z)p(z,y) = 7(y)p(y, z)). However, a complete description

of Z is known only in the three cases when either

(a) p(z,y) is reversible and positive recurrent for either the particles or holes

(I’s or 0’s) (Liggett(1976))

(b) p(z,y) corresponds to certain random walks on Z (Liggett(1976) and Bram-
son, Liggett, and Mountford(2002)) or

(c) p(x,y) corresponds to a birth and death chain on Z* (Liggett(1976)).

Almost nothing is known about the domains of attraction concerning invariant
measures in the asymmetric case, although we note here that there are some nice
theorems concerning the case where p(z,y) is an asymmetric simple random walk

on Z (see Liggett(1999)).

Our purpose in this chapter is to shed some more light on the problem of
classifying Z and its respective domains of attraction for the asymmetric exclusion

process when a reversible measure 7(x) exists for p(z,y). In order to describe
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the results of this chapter we must first discuss case (a) and state a special case

of (b) above.

We start by stating what is known for the mean zero case of (b). As defined
in the introductory chapter, v, is the product measure on X with marginals
vp{n(xz) = 1} = p. Liggett(1976) uses a coupling of two exclusion processes to
show that when p(z,y) = p(0,y — x),>_, |z|p(0,z) < oo, and ) ap(0,z) =0

on Z, the set of extremal invariant measures is

T, ={v,:pel0,1]} (3.1)

Before describing the invariant measures for case (a), we define some extremal

reversible invariant measures {v(™} when a reversible measure 7(x) satisfying

> w(@)/[1+ w(x)]? < oo (3.2)

x
exists. This family of extremal reversible measures was first discovered by Liggett.

In particular, he breaks down (3.2) into three cases and writes

L IfY m(z) < oo, let A, ={n:>  n(xr) =n} for nonnegative integers n.

2. If Y 1/m(x) < oo, let A, = {n : >, [1 —n(zx)] = n} for nonnegative

integers n.

3.1y w(x)/[1 + w(x)]? < oo, Y, 7(x) = 00, and > 1/7(z) = oo, there
exists a 7' C S for which > ;. m(z) < oo and 3 4 1/m(z) < co. In this
case, let
An={ne€A:) n(x)= Y [1—nx)] =n}
z€T z¢T

for integers n.
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To define {v™}, let v° be the product measure with marginals v°{n : n(z) =

1} = 146:(25:5()@ Liggett shows that the measures

v () = v°(-|A,) for n € Z, (3.3)
v(>) = the pointmass on n(z) = 1,

v(=>) = the pointmass on 7(z) = 0

are the unique stationary distributions for the positive recurrent Markov chains
on A, (for the first two cases of the trichotomy, assume v(™ = (=) for all
n < 0). Note that changing 7" in the third case of the trichotomy above amounts

to a relabeling of the sequence {v™ : n € Z}.

A simple consequence of Theorem B52 in Liggett(1999) is that the reversible
measures {v(™} are extremal in the set of invariant measures. For the first two
cases in the trichotomy of (3.2) above, these are the only extremal invariant

measures:
Theorem 3.0.6. If either ) w(x) < oo or ), 1/m(x) < oo, then

Z.={v™:0 <n < oo}

For a proof of this theorem we refer the reader to Theorem VIII.2.17 in IPS.
Note that this theorem corresponds exactly to case (a) at the very beginning of

this chapter.

Whenever a reversible measure 7(z) on S exists, the product measures {v° :
¢ € [0,00]} are well-defined. A simple generator computation shows that these
measures are invariant for the exclusion process (see Theorem VIII.2.1 in IPS for
details). Applying Kakutani’s Dichotomy (e.g. page 244 of Durrett(1996)) we
have that > 7(z)/[1+ n(x)]*> = oo is a necessary and sufficient condition for

the measures {v°: ¢ € [0,00]} to be mutually singular. Since all the results in
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this chapter concern the reversible measures {v° : ¢ € [0,00]}, we will assume

throughout the chapter that a reversible m(z) exists.

3.1 The results

In Section 3.2 we prove Theorem 3.2.1 which states that Y~ 7w(z)/[1 + 7(x)]* = o0
is exactly the situation in which the measure v¢ is extremal invariant. Not only
does this result have some nice applications, but knowing that an invariant mea-
sure is extremal in the set of invariant measures has always been an interesting
question concerning particle systems. Examples of such results are Theorem
I11.1.17 in Liggett(1999) and Theorem 1.4 in Sethuraman(2001). The main rea-
son extremality of invariant measures is interesting is its close connection with
ergodicity. In particular, if the initial measure for a process is an extremal in-
variant measure then the process evolution is ergodic with respect to time shifts.

This means that

(i) for all finite collections of times ti, ..., t,, the joint distributions of

(77t1+ta R 777tn+t>

are independent of ¢t and

(ii) if £ is an event in the path space that is invariant under time shifts,

P(E)=0or 1.

Sections 3.3 and 3.4 use Theorem 3.2.1 to extract information about the invari-
ant measures of the process on Z. In particular, Section 3.3 modifies Liggett’s
original proof of the result stated above equation (3.1) to obtain the following

result:

Theorem 3.1.1. Let Z be irreducible with respect to a transition kernel p(x,y)
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for which there exists a reversible measure w(x). Suppose q;(z) is a transition
kernel such that ) zqi(z) = 0 and ) _|z|¢;(2) < oo for i = 1,2, and suppose
that

I}LmOOZ Z p(z,2+2)—q1(2)] =0 and I}gnooz Z p(z, 2+2)—q2(2)]

20 |2]> [z K| <0 |2]>[a+ K|
(3.4)

(a) If 3" w(x)/[1 + 7(x)]* = 0o then I, = {v° : ¢ € [0, 00]}.

(b) If S, m(x)/[1 + 7(z)]* < oo then Z. = {v'™ : —00 < n < oo}.

In essence the above theorem says that when the transition probabilities are
asymptotically translation invariant and have an asymptotic mean of zero, the
reversible measures are the only invariant measures. Theorem 3.1.1 is merely
an extension (in the case where 7(x) exists) of the result stated above equation

(3.1).

Condition (3.4) may seem somewhat daunting, but note that if lim,_,., p(z, x +
z) = q1(2), lim, oo p(z,x + 2) = @2(2), and p(z,y) has finite range (i.e. there
exists an n such that p(x,y) = 0 for |z —y| > n), then (3.4) and ) _ |z|q1(2) < 00
are both automatically satisfied. Also, the below condition which is somewhat
easier to grasp than (3.4) implies (3.4):

ZZ lp(z, 2+ 2z) — q1(2)| < 0o and ZZ Ip(z, 2+ 2) — q2(2)| < 0.

x>0 2 2<0 =
A typical situation for which the theorem holds is when the transition rates are
nearest-neighbor (p(z,y) = 0 when |z —y| > 1) and are given by p(x,x + 1) =
p(z,z — 1) = 1/2 except for finitely many z.

Note that the premises of the theorem together with the assumption that a
reversible m(z) exists imply that ¢;(z) must be symmetric. To see this suppose

¢1(2) is not symmetric. Also, assume that ¢;(21) > ¢1(—z1) > 0 for some z; € N.
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We can do this without loss of generality since ¢;(z) > 0 implies ¢;(—z) > 0 by
the reversibility of w(x). The mean zero assumption tells us there exists zo € N
such that ¢1(22) < ¢qi1(—29). If z3 is a multiple of both z; and zy then since
p(z,x + z) = q1(2) we can find x; so that for x > zq, 7(x) < m(x + 23). But we
can also find x5 so that for © > w9, m(z) > w(x + 23), a contradiction. So ¢;(2)

must be symmetric. The proof that ¢o(z) is symmetric follows similarly.

The proof of the above theorem follows Liggett’s original outline and does not
actually require Theorem 3.2.1. However, the usefulness of Theorem 3.2.1 is seen

in the simplification of one part of Liggett’s original proof.

In Section 3.4 we prove a theorem concerning the nearest-neighbor exclusion
process on Z. For the statement of the theorem we will need the following defi-

nitions.
Let £~ be the set of limit points of {m(x),xz < 0} and L be the set of limit
points of {m(x),x > 0}.

Theorem 3.1.2. Suppose that inf|,_,—1 p(x,y) > 0 for a nearest-neighbor exclu-
sion process on Z. Then nonreversible invariant measures can exist only when

either (a) L~ = {0} and LT = {oo}, or (b) L~ = {oo} and LT = {0}.

The above theorem in no way guarantees the existence of nonreversible invariant

measures as seen by the following example. Let

p(=1,-2) = p(=1,0) = p(0,-1) = p(0,1) = 1/2, (3:5)
1
ple,x+1)=1—-plz,z—1) = |x2||+| otherwise.
T

This transition kernel gives us situation (a) in the theorem above. The reversible
invariant measures {v° : ¢ € [0,00]} certainly exist, but it is easy to see that
condition (b) of Theorem 3.1.1 is satisfied by (3.5), therefore there are no nonre-

versible invariant measures.
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A curious aside is as follows. If in this example we start the process off with

initial measure v, and take the limit of some converging sequence of measures

Tin /0 Syt (3.6)

then this limit is an invariant measure for the process (by the argument given
in (2.3)). In view of the previous discussion, this limit must converge to some
mixture of the extremal invariant measures {1/("), —o00 < n < oo}. It would be
interesting indeed to find out which mixture (3.6) converges to. Note here that
we started off with an initial state that concentrates on an uncountable number
of states, but the limiting distribution concentrates on a countable number of

states (which may very well be just the point masses of all 0’s or all 1’s).

Assume now that p(z,y) is an asymmetric, nearest-neighbor random walk ker-
nel with nonzero mean. We then have one of the situations described in Theorem
3.1.2, and one might correctly guess that there exists some nonreversible invariant

measure. In fact, as it turns out the measures

fv,:pe0,1]} (3.7)
are nonreversible invariant measures.

We note here that the set of measures in (3.7) is the same as the set of measures
in (3.1) but are of an entirely different nature. In the setting of (3.1) the measures
{v, : p € [0,1]} are reversible for the nearest-neighbor random walk kernel with
mean zero, and they constitute the entire set of extremal invariant measures. On
the other hand, for a nearest-neighbor random walk kernel with nonzero mean,

the measures {v, : p € [0,1]} are not reversible and
. ={v,: p€[0,1]} U{v°: c € [0,00]}.

This was proven by Liggett(1976).
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The discussion in the previous paragraphs might make us wonder for which
transition kernels a nonreversible invariant measure exists. To gain more in-
sight into the situation we introduce a concept known as the fluxz of an invariant
measure . We will continue to assume that the transition probabilities are
nearest-neighbor, but we will no longer assume they are translation invariant.

Define

flux(p) = p(z, 24+1)p{n(z) = 1,n(z+1) = 0} =p(z+1, z)pu{n(z) = 0,n(z+1) = 1}.

(3.8)
Let 1,(n) = n(z) be the indicator function of {n(x) = 1}. By computing the
positive and negative terms of the left-hand side of [ Q1,dp = 0 it can be seen

that flux(p) is independent of z.

When an invariant measure p is reversible it can easily be seen from (3.8)
that flux(u) = 0. So if an invariant measure exists whose flux is nonzero it
must be nonreversible. If p(x,y) is a random walk kernel with nonzero mean,
the invariant measures {v, : p € [0,1]} all have a positive flux with the flux
being maximized when p = 1/2 (a full discussion of this can be found in either
Janowski and Lebowitz(1994) or Part III of Liggett(1999)). This positive flux
is the reason why (3.7) is fundamentally different from (3.1). It would be quite
nice if one could prove that some nonreversible invariant measure exists whenever
p(z,x+1) > 1/2+€ for all z. The € here serves the role of providing some positive

flux in the limit.

Finally, Section 3.5 will apply Theorem 3.2.1 to give information concerning
the domains of attraction (in a Cesaro sense) of reversible measures in the case
where > m(x)/[1 + m(z)]* = oo. The results of Section 3.5 only give sufficient
conditions for Cesaro convergence to an invariant measure, but are nonetheless

interesting since so little is known concerning domains of attraction for the asym-
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metric exclusion process. The key known results concerning domains of attraction
of asymmetric exclusion processes are stated in Andjel, Bramson, Liggett(1988).
They concern the limiting distribution of exclusion processes with asymmetric,
nearest-neighbor random walk kernels when the initial measures are certain prod-
uct measures. To get an idea of how difficult it is to prove anything of this sort,

we refer the reader to Andjel, Bramson, Liggett(1988).

3.2 Extremal reversible measures

In this section we state and prove Theorem 3.2.1. The common technique used
in the proof of this theorem and in the proofs of most of the other results in
this chapter is the coupling technique. In particular, we will be using the basic
coupling of 7, and & defined in (2.10). This is just the coupling 7; and & which

lets the two exclusion processes move together as much as possible.

Theorem 3.2.1. Suppose S is irreducible with respect to p(x,y). Then v° is

extremal invariant if and only if Y. m(z)/[1 4+ 7(x)]? = .

Proof. Suppose Y. m(x)/[l + m(x)]? < oo. By the definition of v € T given in
(3.3) we have that

Ve = Z ve(Ap)r™
where A, = 0 if they have not been defined previously. Therefore ¢ is not

extremal invariant giving us one direction of the theorem. We will prove the

other direction.

Assume throughout that 0 < ¢ < co. Since v° is an invariant measure and since
all bounded continuous functions can be approximated uniformly by functions

that depend on finitely many coordinates then by Theorem B52 in Liggett(1999),
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we need only show that for any two functions f, g € D(X),

R R
lim —/ EY f(no)g(ne)dt = /fdvc/gdvc-

We claim that to show the above equation holds, it is enough to show that for

any A € Y and for S 4(-) = v°(-[{n(z) = 1Vx € A})

1 /7
lim —/ pi 4 S(t)dt = v°. (3.9)
T /o ’

T—o0

To see this define the measures p 4(-) = v°(-[{n(z) = ((¥)Vz € A}) where ( is a

configuration on {0, 1}, We can write the measure v° as a linear combination
VC = Z aCME,A
¢e{o,134

where we use the convention that ¢ =i is the configuration in {0, 1} such that

((x) =1 for all z € A. For
1 whenn(z)=1forallzec A
0 otherwise

we have that

IR
lim —/ E” fa(no)g(ne)dt = hm —/ al/ n)du; 4dt = /fAdV /gdu

which proves the claim.

Define y§ 4 similarly to the way we defined uf 4. If we assume a fixed A € Y
then we can drop the subscript A so as to write pu§ = puf 4. The rest of the proof

will now argue that (3.9) holds.

Choose 6 > 0 and couple the processes 7, and &; using the basic coupling
starting with measures p and pf so that 7y and &, disagree only for z € A. In

particular, since the basic coupling is the coupling which allows 7; and & to move
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together as much as possible, then 7, and & can differ at most at n sites where

|A| = n.

If there exists T such that for all T > T

7 | SO0 = 11— iS00 = Har <

then we must have that

T

fim = [ uSOE0) = 1t = Jim 7 [ ES0)000) = 13

T—o00

Keeping in mind the way that n; and & are coupled, irreducibility then tells us
that

I I
lim —/ pusS(t)dt = lim —/ peS(t)dt.
0 T—oo T 0
But the measure ¢ lies stochastically between the left-hand side and the right-

hand side of the equation above, so in fact we must have that (3.9) holds.

We can therefore assume to the contrary that there exists a 6 > 0 and a

sequence {7} such that

Tin /0 ES(E{E(0) = 1} — psS(E){n(0) = 11dt > (3.10)

for all n.

Pick € > 0 so that

VHE(0) = 1) — v {n(0) = 1} < /3,

Using the basic coupling once more, couple the processes 7, and &; starting off in
the measures p§ and v so that \{(n,&) : n(z) < &(x) for all z € S\A} =1

where A is the coupling measure. If ¢ = v°(-|{n(x) = 0 for some = € A}) then

V=i + (1 =)
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for v = v¥{n(z) = 1for allz € A} (note that v is equal to a; used above).
Couple the measures /i and v“T¢ in a way similar to \; so that we get another

coupling measure \s.

Choose a subsequence {7, } so that we can define some limiting invariant

measure
Tn,,

Let v{ be the n-marginal measure of w; so that in particular

1 [T
v{ = lim / piS(t)dt.
0

ng
To complete the proof of the theorem we will need the following lemma:

Lemma 3.2.2. vt > 1f.

Proof of lemma. Let. f,(n.€) = [1 — n(@)]é(z).
D, ={(n,&) : n(z) > £(x) at exactly m sites},

and D = J,,5; Dm. If v°7¢ 2 1f then it must be that w; (D) > 0. We claim that

this implies
[ 3 =0,
D x

To prove the claim, assume to the contrary that [ b 2 f2dwy > 0 so that there
exist sites for which n(z) < &(x). Let M be the largest m for which w;(D,,) > 0.
Then by the irreducibility condition and by the fact that there exist sites for
which n(z) < &(z), we have wS(¢)(Dyr) < wi(Dyr) for t > 0. But this is a
contradiction to the invariance of w; proving the claim.

c+e

Now if the two processes 7, and & have the measures v¢ and v°T¢ respectively

then let w be the coupling measure for {(n;, £;)} which concentrates on v¢ < vt
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For this coupling, the w-probability that f,(n,£) = 1 for a given z is equal to the
left-hand side below:

(ctom(x)  en(z) e ()
1+ (c+enm(zr) 1+en(z)  [1+ (c+e)m(x)]?

Since Y m(z)/[1 + 7(x)]* = oo, by the Borel-Cantelli Lemma the w probability
that > f, = oo is equal to 1. The measure w; is absolutely continuous with

respect to w since

1 [T
w=3A\+ (1= =~yw; + (1 —7) lim —/ AoS(t)dt
0

k—00 Ny
where Ay is as defined above. Therefore f 5 > fodwy = oo for any set £ with
positive w; measure. But this contradicts [ b 2p Jodwr = 0, so it must be that

wi (D) = 0 proving the lemma. O

We now turn back to the proof of the theorem. Since by the lemma we have
vete > vf then there exists a K such that for all k > K

1
T,,

/0 " UESB((0) = 1}dt — ve{€(0) = 1} < 6/3.

If v§ is some limiting measure of

L[ ¢S (t)dt
— [ s

nkl

then an argument similar to that used in Lemma 3.2.2 shows that v“7¢ < .
There then exists an L such that for [ > L

1
T,

nkl

v {n(0) =1} —

[ wstote = 1 < oy

Altogether we have for [ > L,

T / P ESOLE0) = 1) — (1) {n(0) = 1})de < §

nkl
which contradicts inequality (3.10) so it must be that (3.9) holds completing the

proof of the theorem. O
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3.3 The asymptotically mean zero process on 7Z

In this section we prove Theorem 3.1.1. To do so we will need to define Z as the

set of invariant measures for the basic coupling and Z, as its extreme points.

Recall that f.(n,) = [1 — n(x)]{(z). In order to simplify the notation we

further define the functions

hye(n,€) = [1 =)L = W) fa(1,€), gye(,€) = n()E(W) f2(0, ),
and fy.(n,€) = n(y)[1 — &) fo(n, ).

In particular, using definition (2.10), we have for T a finite subset of S

0 (Z fz(nf)) =— Y (@ y) +py: ) fya(n,€) (3.11)

zeT zeT,yesS

+ Y Y ey — P )Gyl + DY [P ) hay — P2, ) el

zeTy¢T z€T,y¢T

Proof of Theorem 3.1.1. Let v € Z. Then [Q(Y",_; f.)dv = 0 for each finite

T C Z so that for T, = {x € Z:m < x < n} we get

> (p(:v,y)er(y,x))/fyxdv (3.12)

xET[m’n],yEZ
= > play) /(gzy —h)dv+ > ply,) /(hzy — Gya)dv.
€T ] YE  m,n] €T ] Y tm,n)

Notice that the left-hand side of this equation is increasing in n and —m, so that
when we take the limit as n — oo or as —m — o0, a limit exists. Also, since the
construction of the exclusion process assumes that sup, > p(r,y) is finite and
since [ |guy — hyeldv < 1 and [ |hyy — gyeldv < 1, the right-hand side sums in

(3.12) above are absolutely convergent for any fixed n and m.
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Choosing € > 0 we can find N so that for n > N:

Z Z (x,x+ 2)

z>n+N z<n—zx

YD Iplwrt)—a)+ Y |zHalz)

x>n+N z<n—zx |z|>N

Z Z p(z,x + 2)

0<z<n z>n+N-—zx

<> pmr+) -+ Y alz)

0<z<n z>n+N-—z |z|>N

Z Z p(z,z+ 2)

z<0 z>n+N—zx

<Y et e+ Y e <o

<0 z>n+N—zx |z|>N

and

Z Z (x,x+ 2)

z<—n—N z>—x—n

S part2) —g(2)+ Y |zlelz %

r<—n—N z>—z—n |z|>N

Z Z plz,x + 2)

—n<x<0 z<—x—n—N

Z Z Ip(x, x4+ 2) — q2(2)| + Z 12]qa(2) —,

—n<z<0 z<—x—n—N |z|>N

Z Z plx,x+ z)

20 z<—n—N—x

<Y D bzt -a@l+ Y lal) <

>0 z<—n—N—=zx |z|>N

Wl m

Now by the inequalities above and by (3.4) we can pass to the limit in (3.12)

46



so as to write

lim lim > (p(z,y) +p(y, x)) / Jyedv

m—r—00 N—r00
xGT[myn] JYEZ

~ ot Y a0 [l et 0) [ - g

n—o0
306T[0,n]v?/>n

m——o00
€T 0),y<m

b S [l [ bt =) [ - g

The right-hand side above is equal to

(3.13)

lim %zl: U 01y — 2)(Gay — hya) + @1(z — y) (hay — gyx)dV]

CmE Y Z [ 02000~ )+ ol )y~ 1]

m=—1 2T, o, y<m
We will devote the next few paragraphs to showing that these limits are in fact

equal to zero.

Define the measures vt and v~ by choosing a subsequence n; so that the

following limits exist:

where v, is the x translate of v. In the partial sums of (3.13) above, for j large

enough each term

(y - o) / (Guy — hya)dv
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appears |y — x| times when ¢;(y — z) > 0, so we can write (3.13) as

S lan2) [(g0: = bl = 2an(=) [(guo = o] (319)

2€Z+

+ Z [_ZQQ(Z) /(goz - hzo)dV_ + ZQ2(_Z) /(gzo - hoz)dV_]

<Y/

Now consider two coupled processes with transition rates equal to ¢;(z) and
¢2(z) respectively. The measures v and v~ are translation invariant in z and
are also invariant measures for the coupled processes with respect to ¢;(z) and
2(z) respectively. To see that v is invariant with respect to q;(2), let ; be the

generator for the coupled process of ¢;(z) and for A, B € Y let

1 whenn(z)=¢§(y)=1forallz € A,y € B
f(A,B) -
0 otherwise.

Then

~ . 1 -
/Qlf(A,B)dV+ = lim — Z /Qlf(A+z,B+m)dV

k—oo N
klgxgnk

. 1 ~
= lim — Z Qf Ata,Brazydv =0

k—o0 Ny | <any
where A + z is the x translate A.

Since v is invariant and translation invariant in z then Lemma VIII1.3.2 in IPS
tells us [ fu,dvt = 0for all z,y. We can therefore write v+ as v = A+ (1= )y

where 14 concentrates on {(n,£) : 7 < &} and 15 on {(n, &) : n > £}. Therefore

[ 00: = i = [ (goe = i (3.15)
= A {(,€) s 0(0) = 1,n(z) = 0} — 1 {(1,€)  1(0) = £(0) = L,n(=) = £(2) = 0}
+u{(0,€) £ 1(0) = £(0) = Ln(2) = £(2) = 0} — 1 {(1,) : £(0) = 1,€(2) = O}]
= A0 ) :m(0) = Ln(z) = 0} — 1 {(1.€) : £(0) = L, (2) = 0}
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Because v; and v, are mutually singular and v* = Ay 4+ (1 — A)ws, then it
must be that the measure v is also invariant and translation invariant in z with
respect to ¢i(z). Hence by Theorem VIIL.3.9 in IPS, the marginals of v are
exchangeable causing the right-hand side of (3.15) to be equal to a constant ¢*.
Similarly, the expression [(¢.o — ho»)dv™ = ¢*. Using the same arguments we
have that [(g,» — hzo)dv™ and [(g.o — ho.)dv™ are equal to a constant ¢~. Now
by the mean zero assumption, we get that expression (3.14) is equal to 0, but

since (3.13) and (3.14) are equal, we have in fact that
> (o) + pls2) [ fd =0 (3.16)
zeT \yeZ

for every T' C Z.

By the nonnegativity of [ f,,dv it must be that [ f,,dv =0 for all 2, y. There-

fore v € T implies that
v{(n,§) in<forn=>¢&=1

If > w(x)/[1+m(z)]* = co we can use Theorem 3.2.1 to pick u € Z. and
v¢ € Z.. On the other hand if Y _7(x)/[1 + 7(2)]* < oo we can use the analysis
in the introduction of this chapter to pick u € Z, and v € Z,. In either case
Proposition VIII.2.14 in IPS says that the coupling measure v can be taken in Z..
Since v{(n,&) : n < &orn > &} = 1, Proposition VII1.2.13 in IPS then tells us
that v has marginals p < v or p > v° in the first case, and p < v™ or pu > ™

in the second case.

Take first the case where Y m(x)/[1 + m(2)]* = co. Supposing that u # 10 #
v*°, we have that there exists a ¢y for which v <y for all ¢; < ¢ and p < v
for all ¢; > ¢. By the continuity of the one parameter family of measures {v°}

it must be that p = .
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If > m(z)/[1 + 7(x)]* < oo then we have three cases (i), (ii), and (iii) as given
in the introduction. Theorem 3.0.6 gives the first two cases so we will consider
only (iii). If pu # (=) = () then there exists an n € Z such that either
p= v or v™ < < v If the latter is true then u concentrates on
A={n:Yern(x) < 00,3 4r[l —n(z)] < oo} for some T' C Z which means
that it must be a mixture of stationary distributions for the Markov chains on
A, as described in the introduction to this chapter. But p € Z, so it must in fact

be equal to some v™ completing the proof. ]

We include in this section two more results which have proofs similar to that
of Theorem 3.1.1. We first need the following definition: given transition proba-

bilities p(x,y) define the boundary of a set T to be
OT ={x ¢ T : p(x,y) > 0 for some y € T}.

Proposition 3.3.1. Let S be irreducible with respect to p(z,y) and suppose that
S, m(x)/[1 4+ w(x)]? = oco. If there exists a sequence of increasing sets T, such
that UT, = S and either lim, oo Y cor m(x) = 0 orlimy, 00 >, cor 1/7(2) =0,
then I, = {v° : ¢ € [0, 00| }.

Proof. Choose p € L. If limy, 00 D, cor m(2) = 0 then couple n; with & so that
they have the measures p and v° respectively. If lim, ;o Y o 1/7(2) = 0 then
couple them vice versa. We will prove the case in which lim, o Y co7 7(2) = 0.

The other case follows similarly.

By (3.11),

S Ioay) + 05, 2)] / Foudy

x€Tn,yeS
= Z p(l’, y) /(gmy - hym)dV + Z p(y7$) /(h:py - gym>dV-
2€Tn,y¢Tn x€Tn,y&Tn
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Just as in the above proof, the left-hand side of this equation is increasing in n

so that a limit exists as n — co. The right-hand side above goes to 0 as n — oo

since
Z p(z,y) /(gxy - hyx)d’/ + Z p(y, ) /(hafy - gy:v)d’/
2E€Tn,y¢Tn 2€Tn,Yy¢Tn
< > p(x,y)/fde+ ply, « /fde
z€Tn,y¢Tn 2€Tn,y¢Tn
< OZ/fydu+Z/fydy<CZ + ) wly).
yEITn yeoTy, y€Tn yeT,

Here C' = sup, >, p(z,y) which is finite by the assumptions in the introduction.

Irreducibility now gives us [ fy,dv = 0 for all z,y. The rest of the proof just
follows that of Theorem 3.1.1. O

Note that if we change the hypothesis >~ 7(z)/[1 + 7(z)]* = oo to

> w(@)/[L+w(2)]? < o0

T

then Theorem 3.0.6 says that Z, = {v(™,0 < n < oo}.

Corollary 3.3.2. If in Theorem 3.1.1 we replaced condition (3.4) with the condi-
tion that p(x,y) has finite range, lim,_, o p(x,x + 2) = q1(2), and lim,_, o 7(x)
equals 0 or oo (or alternatively lim,,_ p(z,x + 2) = q2(2), and lim,_, ;o 7(2)

equals 0 or oo) then the result still holds.

Proof. Replace expression (3.13) in the proof of Theorem 3.1.1 with

Jim Z > [ql(y — ) /(gazy — hye)dv + qi(z — y) /(hzy - gyx)dV]

n=1 z€T|p n],y>n

+ lim Y {p(x,y) /(gxy — hye)dv + p(y, x) /(hxy - gyx)dV] -

m——0oQ
xeT[nL,O] y<m
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The proofs of Theorem 3.1.1 and Proposition 3.3.1 imply that this expression is

0. The rest is proven above. O

Before moving on to the next section let us discuss what the above results tell
us in the case where p(z,y) has finite range on Z. Proposition 3.3.1 together with
Theorem 3.0.6 says that if lim,_,o 7(2) equals 0 or co then the reversible mea-
sures are the only invariant measures. If the limits lim, o, 7(z) and lim,_, _, 7(x)
exist and one of them is nonzero and finite, then the combination of Theorem
3.1.1 and Corollary 3.3.2 imply that the only invariant measures are the reversible
ones. All together we have the following: if 7(z) exists and has limits in both
directions for the finite-range exclusion process on Z, then unless the limit is 0 in
one direction and oo in the other direction, the only invariant measures are the
reversible ones. Of course, as seen in an example in the introduction, it is also
possible to have lim, .. p(z,z + z) = ¢1(z) and lim,, . p(x,z + 2) = ¢2(2) as
given in Theorem 3.1.1 and at the same time have the limit of 7(x) to be 0 in one
direction, oo in the other. In those cases Theorem 3.1.1 rules out nonreversible
invariant measures. A similar comment can be made for Corollary 3.3.2. We
remind the reader, however, that if the transition probabilities are translation
invariant with a drift so that the limit of 7(z) is 0 in one direction and oo in the
other direction, then Liggett(1976) tells us that {v, : 0 < p < 1} is a class of

nonreversible invariant measures.

3.4 The nearest-neighbor process on 7Z

Assume throughout this section that we are dealing with the irreducible, nearest-
neighbor exclusion process on Z. In this case, a reversible 7(z) always exists

so we need not make this assumption. Similar to the discussion at the end of
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the last section, we will show that if inf,_,—; p(z,y) > 0 then the only possible
nonreversible measures are in the case where the limit of 7(z) is 0 in one direction

and oo in the other direction.

In order to prove the next two propositions we need the following lemma the

proof of which is given in Corollary 5.2 of Liggett(1976):

Lemma 3.4.1 (Liggett). If inf,_,—1 p(z,y) >0 and v € T., then exactly one of
the following holds:

(a) v{(n, &) :n=¢r =1,

(b) v{in, &) :n<&m#A &y =1,
(c) {(n.§) :n=&n#E =1,
(d) v(B) =1,

(e) {(n,&):(&mn) € B} =1,

where B ={(n,§) : 3z € Z such that n(y) < &(y) for all y < x,n(y) < &(y)

for some y < x,n(z) > &(z) for all z > x,n(z) > &(2) for some z > x}.

Proposition 3.4.2. If inf|,_, -1 p(z,y) > 0 and 7(x) has some finite, nonzero
limit point as x goes to oo and some finite, nonzero limit point as x goes to —oo,

then I, = {v° : c € [0, 0] }.
Proof. The assumptions imply that Y m(z)/[1 4+ 7(z)]* = co so Theorem 3.2.1

tells us Z, D {v°: ¢ € [0,00]}. We will show the reverse containment.

Choose a sequence {n;} extending in both directions so that finite, nonzero
limits of 7(ny) exist. For any probability measure p on X, the set of limit points

Ly of {u{&(ny) = 1}, k > 0} satisfies one of the following properties:
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(1) Ly = {1} or Ly = {0}.
(ii) Ly ={1,0}.
(iii) Ly contains some limit point between 0 and 1.

The same is true for the set of limit points L_ of {u{&(nx) = 1}, k < 0}.

Now suppose we couple v with another extremal invariant measure p., the two
measures corresponding to the processes 7; and & respectively. Since Theorem
3.2.1 tells us that v¢ is extremal, Section VIIL.2 in IPS implies there exists a

coupling measure such that v € Z..

If p. satisfies condition (i) for both L, and L_ then there are two possibilities:
either L, = L_ or Ly # L_. Suppose first that L, = L_ = {1} for p.. If in
this case we have that p.{{(z) = 1} < 1 for some z then we can choose ¢ < 00
large enough so that v°{n(z) = 1} > p.{£(z) = 1}. But this contradicts the
assumption that v°{n(ny) = 1} = cm(ng)/[1 + cm(ni)] has limits less than 1 for k
going to oo and —oo. To see this suppose the coupling measure satisfies v(B) = 1

as defined in Lemma 3.4.1. Given
0<e<l-— klim erm(ng)/[1+ em(ng)] (3.17)
—00
we can choose K large enough so that

1 —e<v{(n &) 3z < K such that n(y) < &(y)Vy < z,n(y) < £(y) for some y < x,

n(z) > &(2)Vz > x,n(z) > £(z) for some z > x}.

This, however, contradicts L, = 1. Similarly we cannot have that v{(n,&) :
(&,nm) € B} = 1. So Lemma 3.4.1 tells us that n < & which contradicts v°{n(z) =
1} > pe{&(z) = 1}. It must be that g, = v*>°. A similar argument shows that if
L, = L_ = {0} for y, then u, = 1°.
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Consider the second case where L_ # L, ; without loss of generality we will

assume that L_ = {0}.

We claim that given € > 0, we can find n such that p.{{(n) = 0} < € and
pe{€(n+ 1) = 0} < e. To see this suppose that for some € > 0 there exists no n
for which this is true. Then since L, = {1}, there are infinitely many = > 0 for
which p.{¢(z) = 0} < ¢/4 and infinitely many y > 0 for which p.{&(y) = 0} > e.
Choosing v° so that limg_,o. cm(ng)/[1+cm(ng)] = 1—¢€/2 gives us a contradiction

to Lemma 3.4.1 and thus proves the claim.

Given the same ¢ > 0 we can choose m < n so that p.{{(m —1) =1} < e
Since we have that v € Z, then [Q(}",.p f2)dv = 0 for each finite T C Z. By
(3.11),

> (p(x,y)+p(y,x))/fyxdv (3.18)

m<x<n,yeZ

= Z {P(ﬂfa Y) /(g:cy — hyy)dv + p(y, ) /(hzy — gyl,)dy}

@=m or ny=m—1 or n+1
which is increasing in n and —m.
Due to our choice of m and n above, [ hy,,11dv < € and p.{{(m—1) =1} < ¢
moreover
P(A) — P(ANBNC) < P(B°) + P(C° implies that v*{n(n + 1) = 1,n(n) =
0} — [ gns1,ndv < 2€ so that

3 (M%y%+M%$D/ﬂmw

m<x<n,yeZ

< p(n,n+1) /gn7n+1dlj —p(n+1,n) /gnﬂ,ndl/ + 3e
< plnn+ o) = La(n +1) = 0}

— pln+Ln)v{n(n) =0,n(n+1) =1} + 5e.
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By the reversibility of v°
p(n,n+ 1v{n(n) =1,9(n +1) =0} = p(n + L n)v{n(n) = 0,n(n + 1) = 1}

so equation (3.18) is in fact equal to 0. Since we have assumed here that L_ = {0}
and L, = {1} for u. then choosing 0 < ¢ < oo for then we have a contradiction

S.

Suppose . satisfies condition (ii) for either L or L_ so that either L, = {0,1}

or L_ = {0,1}. Choose v° with 0 < ¢ < co. Again we contradict Lemma 3.4.1.

Combining all the above arguments we have that either u, = °, y, = v>, or
(e satisfies (iii) in some direction. Assuming the latter we can, without loss of

generality, choose 0 < ¢y < 00 so that

lim com(me)/[1 -+ com(me)] = Jim pre{€(n,) = 1},

k—o00

For all ¢ > ¢y,

lim em(ng)/[1 + em(ng)] > llirglo pe{&(ny,) = 1}.

k—o0

By Lemma 3.4.1 either p. < v° or v(B) = 1 where B is defined in the lemma.
Similarly, for all ¢ < ¢, either p. > v° or v{(n,€) : (¢,n) € B} = 1. Combining
these two arguments gives v < p, < v for all ¢; < ¢y < 5. By the continuity

of the one parameter family of measures v°, ., = v°. O

Proposition 3.4.3. If infj,_ -1 p(z,y) > 0, lim,,o 7(z) = 00, and w(x) has a

finite, nonzero limit point as x goes to —oo, then I, = {v°: ¢ € [0, 00]}.

Proof. Again, by Theorem 3.2.1 we need only show that Z. C {v°: ¢ € [0, c0]}.

We argue first that without loss of generality we can assume the limit points

of {m(x),xz < 0} are all finite. Assume to the contrary that oo is a limit point.
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For any R > 0 we can find x < —R such that min(7(x), 7(z + 1)) > R since
inf|,_y=1 p(z,y) > 0. The conditions of Proposition 3.3.1 are then satisfied so
that Z. = {v°: ¢ € [0, o0} holds.

Couple v with another extremal invariant measure p., the two measures cor-
responding to the processes 7, and & respectively. As argued above there exists

a coupling measure such that v € Z,.

Let L~ be the the set of limit points of {u.{{(z) = 1}, 2 < 0}. Note that L~ is
slightly different from L_ described in Proposition 3.4.2 in that L_ is the set of
limit points for a subset of {u{{(z) = 1}, < 0}. L~ satisfies one of the following

properties:
(i) L~ contains some limit point between 0 and 1.
(ii) L= ={1,0}.
(i) L- = {1}.
(iv) L= = {0}.

The same is true for the set L™ of limit points {pu.{&(x) = 1}, 2 > 0}.

Suppose L~ satisfies (i). Choose a sequence x,, — —o0 so that 0 < lim,, o0 pe{&(x,) =
1} < 1 exists. Since we can assume that the limit points of {7 (z),z < 0} are all

finite, there exists a subsequence {x,, } such that limy_,. 7(z,,) < 0o exists.

Consider the two cases where limg_, o (2, ) = 0 and where limy_,, 7(z,, ) > 0.

Assume the latter case first. Choose 0 < ¢y < 0o so that

lim (i) /(1 + o)) = i pro{€ () = 1.

k—oo

For all ¢ > ¢y,

lim en(z,,)/[1 + cn(zy,)] > nh_g)lo ped&(x,) =1}

k—o0
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Using the argument at the end of Proposition 3.4.2, we have that for all ¢; <

co < €2y Ve, < pte < 1g,. Consequently, it must be that . = v,.

Now assume that limy_,. 7(x,,) = 0 so that for all 0 < ¢ < oo the coupling
satisfies either v° < p, or v{B} = 1 where B is given in Lemma 3.4.1. If v° < p,
for all 0 < ¢ < oo then p, = >, a contradiction to L~ satisfying (i). So it must

be that v{B} = 1.

We claim that for any r < 1 there exists m < 0 such that p.{{(m) = 1} > r and
pe{&(m—1) =1} > r. By the hypothesis of the theorem we can choose a sequence
{@1} going to —oo so that 0 < limy_. m(2;) < oo exists. If infj,_y—1 p(x,y) > p

then choose ¢ so that
cpm(xy)
I—o0 1 4 cpm(a;)

Since w(x; —1) > pr(x;), it follows that lim;_, 10”(””‘1)

Trenz—m > 7~ Now since v{B} =

1 there exists a K such that { > K implies p.{&(x;) = 1} > r and p.{&(x; — 1) =

1} > r which proves the claim.

Since we have that v € Z, then [ Q(erT fz)dv = 0 for each finite T' C Z. By
(3.11),

> (p(:v,y)+p(y,x))/fyxdv

m<x<n,yeZ

_ Z {p(x, Y) /(ga:y — hyp)dv + p(y, x) /(hxy - gym)dy}

r=m or n,y=m—1 or n+1

which is increasing in n and —m.

Using the claim above along with the fact that lim, ., 7(x) = oo, we can argue
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just as we argued in the case where L_ # L, of (i) in Proposition 3.4.2, to get

> (plzy) +ply ) / fyedv
m<x<n,ycZ
< p(m,m—1) /gm,m_ldl/ —p(m —1,m) /gm_ljmdv + 3¢
< p(m,m —1v{n(m) =1,n(m — 1) = 0}

— plm — 1L, m)s {n(m) = 0,n(m — 1) = 1} + 5e.

By the reversibility of v¢ the left-hand side must be 0, but this contradicts v{B} =
L.

Suppose L~ satisfies condition (ii). Choosing v with 0 < ¢ < oo gives us a

contradiction to Lemma 3.4.1.

If L~ satisfies condition (iii) then we will handle the two cases (a) L™ = {1}
and (b) LT # {1}. Considering case (a) if we switch the coupling so that g,
corresponds to 7; then we have that the left-hand side of the following inequality

goes to 0:

> 0y +ala) [ vz (3.19)

lz|=n,|yl=n+1

S v [ bt 3 pa) [ (- )

|z|=n,|y|=n+1 |lz|=n,|y|=n+1

By (3.11) and by irreducibility we get [ f,,dv = 0 for all z,y. The measure s,
must lie stochastically above all v¢ for all finite ¢ and must therefore be equal to

V.

If (b) holds then we refer the reader to the argument given above in the case

where L~ satisfies (i) and limy_,o 7(2,, ) = 0.

Finally suppose that (iv) holds so that L= = {0}. If L™ satisfies (i) or (ii) then

by Lemma 3.4.1, g, < v for all ¢ > 0 so that p, = ¥, a contradiction. If L+
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satisfies (iv) then similarly u, = °. Let LT satisfy (iii) so that LT = {1}. For
a given z choose ¢ small enough so that v°{n(z) = 1} < p.{{(z) = 1}. We thus
have that v{(n,¢) : ({,n) € B} =1 as given in Lemma 3.4.1. But by (3.11) and
(3.19), for a given € > 0 we can find —m and n large enough so that

Z (P($>y)+p(y,x))/fymdz/<e

m<z<n,yeZ

which of course contradicts v{(n,§) : (¢,n) € B} = 1. O

Proof of Theorem 3.1.2. Note first that since inf|,_,—; p(x,y) > 0 then it cannot
be that £~ or LT is equal to {0,00}. In light of this fact, if either £~ or £
contains a finite, nonzero point then Proposition 3.4.2 and analogs of Proposition
3.4.3 imply there are no nonreversible measures. If L = £~ = {0} or LT = L~ =

{oo} then Proposition 3.3.1 implies there are no nonreversible measures. O

3.5 A result concerning domains of attraction

In this section we will prove the following theorem used to prove Corollary 3.5.2
which in turn gives us information about the Cesaro domain of attraction of v¢
when > 7w(x)/[1 + 7 (z)]* = co.

Recall that P is the set of all measures on X.

Theorem 3.5.1. Let Y w(z)/[1+7(x)]? = 0o and let 6 be a probability measure
on [0, 00]. Also, assume that v, is a family of extremal invariant measures indexed
by ¢ € [0,00]. Suppose {pc}, e € P is such that for each ¢ € [0,00], p. is

absolutely continuous with respect to v,. If

§= /OOO 1. 0(de) and v = /OOO v 0(de) (3.20)

then limy_, o % fOT S (t)dt ezists and is equal to v.
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The fact that Theorem 3.5.1 concerns Cesaro convergence rather than the usual
weak convergence, while undesirable, is not so bad since many results in particle
systems concern Cesaro convergence (see Section I.1 in IPS). One notable example
of this is the main result of Andjel(1986) which concerns the Cesaro convergence
of certain initial product measures when the transition kernel of the exclusion
process is an asymmetric, nearest-neighbor random walk. In fact, these results
were later shown to be true for weak convergence (this was the goal of Andjel,

Bramson, Liggett(1988)).

Proof of Theorem 3.5.1. For a fixed ¢ we first prove that

1 (T
lim —/ peS(t)dt = v,. (3.21)
T Jo

T—o0

By the compactness of P we can choose a sequence of times such that

tn
lim — / 1S (t)dt (3.22)
0

n—oo n

converges in distribution to some measure A. Pick a continuous (and therefore
bounded) function f on X with || f|] < 1 and let g be the Radon-Nikodym deriva-

tive of . with respect to v.. Given € > 0 we have that for n large enough

[ [songan - [ i< s

We can choose a simple function

N
g= Z cklg,
=1

approximating ¢ such that UyE, =X, § >0, [gdr. =1, and [|g—§|dv. < €/3.
Since [|S(t)f]| < |IfIl < 1 this gives us

|%Afﬂﬂmwwm—%Aﬁﬂﬂwmmmm/h—mmxda
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Without loss of generality we can henceforth assume that v.(Ejy) > 0 for each
k. Define the measure puy concentrating on Ej by letting

_ ve(A)
VC(Ek)

,uk:(A)

for all A C Ej and py = 0 otherwise. If we think of § as the Radon-Nikodym

derivative of some measure A\, with respect to v, then we can write

N N
Ve(Ey) . = Ve and ZCch(Ek)Mk = .

k=1 k=1

We can now find a subsequence {t,,} such that for each k the following limit

exists:

.1t
lim —/ prS(t)dt = vg.
0

l—00 tnl

Moreover, the argument used in (2.3) tells us v € Z. Since v, is extremal
invariant and since Zk21 Ve(Ey )V = Ve, it must be that v, = v, for each k. This

then yields

T ™
ZCkVC(Ek>Vk = lim t_/ l AS(t)dt = v,
0

l—00

N
k=1 !

which gives us

= [ [swngavan [ )<

for [ large enough.

Combining the three inequalities we have

|/fd)\—/fduc|<e.

But € > 0 is arbitrary so it must be that [ fd\ = [ fdv, for each continuous f
with || f|] <1 which implies that (3.22) is equal to v.. Now let M,, be the closure

of the set of measures

{%/0 peS(t)dt : T > n}.
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Using the compactness of P along with the fact that {¢,,} is an arbitrary sequence

of times causing convergence in (3.22), we have that (), .y M, = v, proving (3.21).

To finish the proof note that since || S()f]] < || f|l, we can use the Dominated

Convergence Theorem together with Fubini’s Theorem to show that

Tlggo%/;/ow/sa)fduce(dc)dt:/fdy.

]

For the following corollary let 1, be the product measure with marginals 0 <

va{n(z) =1} = a(x) < 1 for a(z) a function on S.

Corollary 3.5.2. Suppose Y w(z)/[1+7(x)]* =o0. If Y. |a(z) (@) | o

T Iten(x)
then
1 /T
%EEOT/O VaS(t)dt = v°. (3.23)
Proof. Let B(x) = 1?;5:?96), m, = min[a(z), f(z)], and M, = max|a(z), 5(z)]. We
then have
1 —la(z) = Bx) = 1—M,+m,

= [(1—M,)(1— Ma:)]l/Q + (mxmx)l/Q
< (1= My)(1—my)]"2 + (m, M, )/

= [(1 - a(2))(L — B@)]'? + (a(z)B(z)) ">
Since ) |a(x) — B(z)| < oo then

[T{@@)B)'? +[(1 = a(@))(1 = s)]'*} = [ [{1 ~ la(z) = B)]} > 0.

x
An application of Kakutani’s Dichotomy tells us that v, is absolutely continuous

with respect to v which completes the proof. O
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We remark here that if a(z) and §(x) are both bounded away from 0 and 1
then Kakutani’s Dichotomy tells us that > [a(z) — B(x)]? < oo is a necessary
and sufficient condition for v, to be absolutely continuous with respect to v¢ (e.g.

page 245 of Durrett(1996)).
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CHAPTER 4

The Noisy Voter-Exclusion Process

Since Proposition 1.3.1 is the main tool used in analyzing the symmetric exclusion
process, a natural question to ask is: what is the most general setting for which
an analog of Proposition 1.3.1 can be proved for some sort of dual process? The
answer to this question is the process that will be studied in this chapter. In
order to describe this process, we must first introduce the voter model which
happens to have a dual process which is very similar to the that of the symmetric

exclusion process.

The voter model is an interacting particle system introduced independently by
Clifford and Sudbury(1973) and Holley and Liggett(1975). In particular it is a

spin system with rates given by

0,
1,

>y (T, y)n(y) if n(z)
>y (T, y)[1 —n(y)] if n(z)

0(95,77) =

where ¢,(z,y) > 0 and sup, ), ¢,(7,y) < oo for z,y € S.

To describe the voter model in a more intuitive manner let S be a countable
set for which a voter resides at each site in the set. The voter at site z waits
an exponential time with mean [y ¢,(z,y)]~" at which point it chooses one of
its neighbors with probability q,(x,vy)/> . ¢,(z,2) and subsequently takes the

opinion (either 1 or 0) of y.

The generalization of symmetric exclusion that we will consider not only com-
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bines the voter model and symmetric exclusion, but it also adds births and deaths
at various sites. In Schwartz(1976) the 5-d process is introduced, a particle sys-
tem which is exactly the symmetric exclusion process combined with births and
deaths. The transition rates of the exclusion process are given by g.(z,y) while
births (n(z) goes from 0 to 1) occur at site x with exponential rate f(x) and

deaths (n(x) goes from 1 to 0) occur with rate d(x).

If we define the transition rates q(z,y) = q¢e(z,y) + ¢,(z,y) and let ¢, =
Zy q(x,y), then we can combine the voter model and the 8- process to obtain
a new process which must satisfy the following: (a) S is irreducible with re-
spect to q(x,y), (b) ¢.(z,y) = ¢.(y, ), (c) max{sup, q.,sup, >, q.(v,y)} < oo,
and (d) inf, ¢, > 0. Also, the transition rates (z) and §(x) must satisfy (e)
sup,(B(x) + 0(z)) < oo. Condition (d) is not necessary, but it is convenient for
the purposes of our discussion. We will call such a process a noisy voter-exclusion

process (NVE process).

In the setting of the NVE process, the voter at x waits an exponential time with
mean ¢, at which point it again chooses a neighbor with probability ¢(x, y)/q., but
now the voter decides to either switch places with y with probability g.(x, y)/[qge(x, y)+
¢»(x,y)] or, as before, take the opinion of y with probability q,(x,y)/[q.(z,y) +
¢»(z,y)]. In addition to this, a voter at 2 with opinion 0 decides to spontaneously
change its opinion to 1 with exponential rate 5(x), and a voter at = with opinion

1 spontaneously changes its opinion to 0 with rate d(z).
Recall from the discussion on spin systems in the introduction that

n(u) ifu+#ux

1—n(u) ifu=ux.

Ne(u) =

Using the results of Chapter I in IPS (Liggett(1985)), the generator for an NVE
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process is given by the closure of the following operator on D(X):

Q)= Y a4l y)f(my) = F]+ Y el n)[f(m) = f(n)]

n(z)=1,n(y)=0
where
B(x) + 3, @@, y)n(y) if n(x)
6(z) + 22, qwl@, y)[1 —n(y)] if n(z)

As usual, we will call the corresponding semigroup S().

0,
1.

c(x,n) =

If B(xz) = 0(z) = 0 then we will say that we have a voter-exclusion process. A
previous study (Belitsky, Ferrari, Menshikov, and Popov(2001)) has been done
concerning the ergodic theory of the voter-exclusion process in the case where
S = Z and q.(z,y) is not necessarily symmetric, but there is no overlap with the

results of this chapter.

If go(x,y) = 0 then we just get the noisy voter model. Granovsky and Madras(1995)
study some important equilibrium functionals and critical values of the noisy
voter model, but only for the case where g and ¢ are constant. We, on the other
hand, will study the invariant measures of the NVE process where §(x) and 6(x)

are in general not constant.

In Chapter V of IPS, one can find a complete characterization of the extremal
invariant measures and their domains of attraction for the voter model (Holley
and Liggett(1975)). Schwartz(1976) does the same for the -0 process. Just as
in the symmetric exclusion process, these results are all based upon an analog of

Proposition 1.3.1. Using such an analog, one can prove that
Ve S(t){n(z) =1 for all z € A} (4.1)

is increasing in t for the voter model (similarly, it can be shown that (4.1) is
nonincreasing in ¢ for symmetric exclusion, however, we did not prove this in

Chapter 1). For the NVE process, a dual exists, but there is no monotonicity
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concerning the dual so we will have to use other techniques in order to classify
the invariant measures under various conditions. Assume throughout this chapter
that g,(z,y) > 0 for some z,y € S. For the case where ¢,(z,y) = 0 we refer the
reader to Schwartz(1976).

4.1 The results

Recall that P is the set of probability measures on X,

H= {a : S — [0, 1] such that Zq(:c,y)a(y) = qza(x) for all :L‘} :

y
and that S, = S"\{7Z : x; = x; for some i < j}. Also, let p, = limy_,o v, 5(%).
Theorem 4.1.4 below will show that these limits exist.

If £, = (x4, y:) € Sy is the finite, two particle exclusion process with transition
rates ¢(z,y) then define the functions ¢, and g. on Sy by ¢,(E;) = qu(zs, ye) +
¢ (Ye, 7) and qe(Ey) = qe(we, yt) + qe(ye, 70)-

Suppose X (¢) and Y(¢) are independent continuous time Markov chains on
S with transition rates ¢(z,y) and denote pi(z,y) = P*(X(t) = y). Let A =
{w] [T B(X(t)+0(X(t))dt < oo}. For v € H, a(X(t)) is a bounded martingale
so lim; ., exists with probability one. We can define an equivalence relation R

on ‘H by
ag Ras if tlim [a1 (X (t)) — aa(X(t))] = 0 almost surely on A.
—00

Hr is any set of representatives of the equivalence classes determined by R.

Let & be the following event:

{there exists ¢, — oo such that X (t,) =Y (t,)}.
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Then we will say that H* is the set of all & € H such that

P (lim a(X(t)) =0or1on &) =1 forall z,y € S,

t—o00

and HF, is again the set of equivalence classes on H*.
Define the following function on S2,
g(z,y) = PPY[X(t) = Y(t) for some t > 0].

Note that if g(z,y) = 1 for some (z,y) € Sy then by irreducibility g(z,y) = 1

(For more detail concerning this see Lemma VIII.1.18 in IPS).

We are now in a position to state the theorems:
Theorem 4.1.1. An NVE process is ergodic if and only if
Pm[/ BX(8)) + 8(X () dt = 00] = 1 for all z € S. (4.2)
0

Theorem 4.1.2. Suppose pn € P and 0y, 01 are the point masses on all 0’s and
all 1’s. Assume that (4.2) does not hold and that

PE[/OOO @(Ey)dt = o0] =1 for all E € S,. (4.3)
Then
(a) lim;_,o 60S(t) = p° and limy_, 0, S(t) = pu' ewist,
(b) Zo = {n°, '}, and

(¢) limyo ppS(t) = Apt + (1 = N p® 4f and only if

lim Y (e, y)pdn(y) =1} = A for allw € S. (4.4)
)

We will say that the transition rates g(z, y) on Z? have finite range N if ¢(z,y) =
0 when |z —y| > N. In order to show that (4.3) is not an unreasonable condition

the following corollary gives circumstances under which (4.3) holds.
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Corollary 4.1.3. Let S = Z%, q.(z,y) = ¢.(0,y — 2), and q¢,(z,y) = ¢,(0,y — x).
Suppose X (t) — Y (t) is recurrent and q.(x,y) has finite range N. Then I, =
{0 1t} and for p € P, limy_oo pS(t) = Mt + (1 — N p® if and only if (4.4)
holds.

Theorem 4.1.4. (a) u, exists for all € H, and o, = pia, if and only if oy Rov.

(b) If g(z,y) < 1 for some z,y € S and

PE[/ ¢e(E) dt = 00] =0 for some E € S, (4.5)
0
then T, = {pa : @« € H}}.
(c) If (x,y) = q(y, x) for all z,y € S and
PE[/ ¢ (Ey) dt = 00| =0 for some E € Sy (4.6)
0
then T, = {po : @« € Hr}.

The condition that g(x,y) < 1 for some z,y € S is not needed in part (a), but
we put it there because if ¢ = 1 then we are left with the situation in Theorem
4.1.2. It should also be remarked that if ¢(z,y) = ¢(y,z) and g(z,y) < 1 for
some (z,y) € Sy then Lemma VIII.1.23 in IPS implies that (4.5) and (4.6) are
satisfied. On the other hand when ¢(z,vy) = q(y, z), we claim that g = 1 implies

that X () is recurrent so that 3(x)+d(x) > 0 for some = gives us (4.2). To prove

the claim use the Chapman-Kolmogorov equation to get

p(r,w) = Y pulw,y)pely, @)
= > [oila,y)) = PEIX (1) = Y (1)).

Y

So if X (t) is transient then g(z,y) < 1 for some z,y € S since
/ PED[X (1) = V()] dt < 00
0

(This argument will be made more explicit by Lemma 4.3.1).
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Theorem 4.1.5. Suppose p € P and that E@YVg(X(t),Y (1)) — 0 for some
r,yeS. If

lim Y i, y)pdnly) = 1} = a(z) and (4.7)

lim Y po(a, wp(e, 0)ufn(u) = n(v) =1} = a®(z) forallz €S (4.8)

then limy_, oo 11S(t) = o A necessary and sufficient condition for limy_, uS(t) =

e 1S that

§70  tso0

lim lim sup /X O pa(w,x) PN pulz, y)n(y) — o))} dp(n) =0 (4.9)

We should mention two instances for which g(x,y) < 1 for some z,y € S
implies

E(‘”’y)g(X(t), Y (t)) — 0 for some z,y € S. (4.10)

Firstly, if g(z,y) is symmetric then as stated in the comments following Theorem
4.1.4, Lemma VIII.1.18 in IPS gives (4.10). Secondly, if the only bounded har-
monic functions are constants then Corollary I1.7.3 in IPS together with Proposi-
tion 5.19 in Kemeny, Snell, and Knapp(1976) give (4.10). We also note here that
condition (4.9) is equivalent to (4.7) and (4.8) when P*[A] =1forall z € S.

Corollary 4.1.6. If g(x,y) < 1 for some z,y € S, H = {a : a € [0,1]}, and
B(x) =06(x) =0 then T, = {pa : « € H}.

The proofs of the above theorems appear in Section 4.4. The above theorems
give partial results concerning the invariant measures and their respective do-
mains of attraction for certain NVE processes. Clearly there are NVE processes
which are not covered by these theorems. Examples of these situations include the
process on Z? where q.(x,y) is translation invariant, 3(z) = §(z) = 0, g,(x,y) =0

outside of a finite set, and g, (z,y) is not symmetric. A more interesting example
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is provided in V.1.6 of IPS; in fact using Liggett’s example we can create similar
examples to show that there exist NVE processes which do not satisfy (4.5) yet
have g(z,y) < 1 for some z,y € S. Section 4.5 discusses how one might go
about proving a general result that would include the exceptions we have just

mentioned.

We now turn to a discussion of a slightly more general process. In particular,
modify the NVE process by allowing for exclusion rates where q.(x,y) # ¢.(y, x).
Call such a process a generalized NVE process. It should be noted that not re-
quiring the symmetry of g.(z,y) really does change the nature of the process.
We will state two main reasons for this. Firstly, the properties of the dual finite
particle system that allow us to prove the above theorems no longer exist. Sec-
ondly, the results for the asymmetric case are completely different; in fact it is
known that Theorems 4.1.4 and 4.1.5 and Corollary 4.1.6 do not hold in general
when ¢.(z,y) is not symmetric. We can however prove certain things about the

generalized NVE process in specific cases using methods other than duality.

In Section 4.6 we prove an ergodic theorem for the case where ¢,(z,y) = 0
using the coupling method. When ¢,(z,y) = 0 we will call the process a noisy
exclusion process. We will also show in this final section that Theorem 4.1.1 does

not hold in general when ¢.(z,y) is not symmetric.

The main result of Section 4.6 is an extension, in the case where S = Z? and
the transition rates have finite range, of Schwartz’s(1976) ergodic theorem which
is exactly Theorem 4.1.1 when ¢,(x,y) = 0. Before we state the theorem we need

the following definitions:

T, = {z € Z%: |a;| < n for all 7}.

TN =T, N\Th.
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Theorem 4.1.7. Suppose n; is a noisy exclusion process with transition rates
qe(,y) irreducible with respect to Z¢ and having finite range N. Let {b/} be a
nonnegative sequence satisfying (a) > by = oo if d =1 and (b) limy_, lb; = 00
if d > 2. If p(l) is a nonnegative function on N satisfying p(I + 1) > p(l) + N
and is bounded by kI* for some k > 0, and if 3,0 satisfy B(x) + §(x) > by for all

T € Tif\(fl) and B(x) = 0(x) = 0 otherwise, then n; is ergodic.

For some simple examples to see the applicability of Theorem 4.1.7 set N = 1
and let p(l) be an arithmetic sequence e.g. k, 2k, 3k, ... Suppose B(z) = §(z) =1
for all ||z|| = nk, n € N with || - || being the [*® norm and f(z) = §(z) = 0
otherwise. Then the theorem tells us that the noisy exclusion process is ergodic.
Note that if &k = 1 then the M < e Theorem in Section 1.4 of IPS also gives
us ergodicity, but if & > 1 then the M < e Theorem in general gives us no
information. Also, Theorem 4.1.7 allows us to let §(x) 4+ §(x) — 0 whereas the
M < € Theorem again gives no information in such a circumstance. We should
however mention here that in the nearest neighbor case, a version of the M < ¢
Theorem proven in Ferarri(1990) allows for f(x) + d(x) — 0, but once again,

Ferarri’s theorem gives no information in the case where £ > 1.

4.2 The dual of the NVE process

As stated before the proofs of the theorems are possible only because there exists
an analog of Proposition 1.3.1. Its proof follows that of Theorem VIII.1.1 in IPS.
Before stating and proving Proposition 4.2.1 we will need to describe the dual

and semi-dual of the NVE process.

The semi-dual process A; is a continuous time Markov chain on Y such that

the particles in A; move independently on S according to the motions of the
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independent X;(t) processes except that transitions to sites that are already oc-
cupied are handled in the following way: If a particle at x attempts to move to
y which is already occupied then the transition is either suppressed with proba-
bility qe(x,y)/[qe(z, y) + ¢, (x, y)] or the two particles coalesce and move together
thereafter with probability ¢,(z,y)/[¢e(%, y) +qu(z, y)]. In particular |A;] < |A; 1]

for all s > 0.

Now let Y* be defined by adding to Y a cemetery state, A, and the empty set,
(). We define the process A} starting in a state A € Y to move just as A; does
except that in addition A} goes to Af\{z} at rate (z) if x € A} and A} goes
to the cemetery state A at rate > . 0(x). We will call A} the dual process.

Define D to be the event that A} is never in the state A.

If f € Pand A €Y, then define
a(A) = p{n(z) =1 for all z € A}.
Extend this function to Y* by letting i(A) = 0 and ;(0) = 1.

Proposition 4.2.1. Eztend the domain of n € X by letting n(A) =0. If A€ Y
and n; 1s an NVE process then for allt > 0

P'[{n, =1 on A} = P[{n =1 on A7} U {4} = 0}].
Proof. Let
uy(t, A*) = P"[{n, =1 on A"} U{A" = 0}] = S()H(-, A")(n),

where for A* # ()

. 1 ifp(z) =1 for all z € A*
H(n, A7) = [] n) =

TEA* 0 otherwise

and H(n,0) = 1.
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For each A € Y, H(-, A) € D so we have

QH(7A>(77) = Z Qe(xay>[H(nxyﬂA) - H(%A)]

n(x)=1,n(y)=0
+ Z QU(5U>?J>[H(77x>A) - H(T]?A)]
zym(z)#n(y)
+ > [B@) (A = n(x)) + 6(x)n(x))[H (n., A) — H(n, A)]
= S e ) H 0y, A) — Hp, A)

+ Y aey)Hg, A{aD)[L = 2n@)]{n(@)[1 = n(y)] + n(y)[L - n()]}

z€AYES
+ > B@)[Hn, A{z}) — H(n, A+ ) 6() — H(n, A)]
€A €A

_ _Zwy (1 Aw) = Hp, A+ qule, ) Hp, A\L2)n(y) —

r€AYES
+ Zﬁ H(n, A\{«}) = H(n, A)] + ) b(x) — H(n, A)]
€A €A
= Z QE(xvy)[H(nvAxy) - H(U>A)]
z€AY¢EA
+ > (e y)[Hn, (A\{z}) U{y}) — H(n, A)]
r€AYES
+ > B(@)[H(n, A\{z}) — H(n, A) + () — H(n, A)].
€A €A

Here A,, is obtained from A in the same way that 7,, is obtained from 7. The

symmetry of ¢.(x,y) is used in second and fourth steps above.
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By Theorem 1.2.9 in IPS

%W, A) = QS(t)H(-, A)(n)
= Y @ y)SOH(, Awy)n) — SEH(-, A)(n)]

+ :Zy:q@ ISOH(, (A\{z}) U{y})(n) — SO H(-, A)(n)]

N Zﬁ (L AV} 1) — S(OH( A4) ()]

+ ia(x)[su)ﬂ(-, A)(n) = S(EH(- A)(n)]

- S alne ) o)

N f 0o, ) [ (1, (A\{2}) U {y}) — uy (1, A)]

+ gyf Yy (t, A\{z}) — (¢, A)] +2;45 (£, A) = uy (£, A)].

For each A € Y, the unique solution to this system of differential equations with

initial condition H(n, A) is
EAH<T],A:) = PA[{U =1on A} U{A: = 0}]

(See Theorem 1.3 of Dynkin(1965)). O

4.3 Preliminary lemmas

The first five lemmas are adaptations of lemmas proved by Schwartz(1976). We
omit the proofs of Lemmas 4.3.1, 4.3.2, and 4.3.5 since they are the same as found

in Schwartz(1976) except for perhaps a change in notation.

Suppose &; is a continuous time nonexplosive jump process on a countable set

N and let &, be the imbedded Markov chain. The transition rates of & are given
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by Quy. For L C N define

Qe(r)= ) Qu

yeL y#x
Lemma 4.3.1. Assume there exist constants 0 < a1 < ag < 00 such that for

each x € N, a1 < Qun () < . Then almost surely
{w|/ Qc(&) dt = oo} = {w|& € L infinitely often} C {w|& € L for some t}.
0

Lemma 4.3.2. Assume 0 < sup,(5(z) + d(x)) < oco. Then (4.2) holds if and

only if
PAIAF =0 or AF = A eventually] = 1

forall AeY.

For the next lemma define the function
h(A) = PA(|A;] < |A| for some t > 0) for A € Y
which is in some sense a voter model analog of the function g(z,y).

Lemma 4.3.3. If (4.3) holds then PA(|A;| = 1 eventually) = 1 for all A € Y.

Proof. We first prove the case for which A; starts in a two particle state |A| = 2.

Take & in Lemma 4.3.1 to be A;, and let £ be the set of states such that
|A;] = 1. We then interpret QQ.(A;) as the rate at which A; jumps to a one
particle state. If A; = {x} then Q,(A;) is just ¢,. Now suppose that |A;| = 2
for all ¢. Then A; is exactly E; defined above to be the two particle exclusion

process with respect to g(z,y). Therefore

/000 q(Ey) dt = /000 Qr(Ar) dt = o0
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and by Lemma 4.3.1, |A;| = 1 eventually, a contradiction. We have thus proved

the case where |A| = 2.

For the general case suppose |A| > 2. Couple By, a semi-dual process starting
from a two particle state |B| = 2, with A; so that B; C A;. In order to do this let
A; and B; move as usual except when a particle tries to move with rate g.(x,y)
to an occupied site, instead of the motion being “excluded”, let the two particles
switch places. Of course this is the same motion as before, just a different way

of thinking of it.

Using the coupling we have now that h(A) = 1 for all |4] > 2. Thus with

probability one, |A| decreases for all |A| > 2 which proves the lemma. O
Recall that D is the event where Ay is never in the state A.

Lemma 4.3.4. If (x) =0 then

lim B PA (DAl =0 for allz € S.

t—o00

Proof. Let & = (X (t),((t)) be a Markov jump process on N' =8 x {0,1,2,...}
with jump rates Qgm0 = ¢(®,y) and Q@n)zn+1) = 6(x). Let L = S x
{1,2,...} so that Q((z,n)) = d(x). We then have that

lim E@pADe Al = lim PT[€, jumps to L after time ¢, A]
—00 —00
= P"[&; € L infinitely often, A].
But the right-hand side is equal to 0 by Lemma 4.3.1 completing the proof. [J
We will need three definitions in stating the next lemma and in proving Theorem
4.3.9. Before stating the definitions we ask the reader to think of u{n : n(X(t)) =

0} as a family of random variables on the space of paths. We then have

P ={neP: Jim p{n(X(¢)) = 0} =1 almost surely on A°}.
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H ={a € H: lim a(X(t)) = 0 almost surely on A°}.

t—o0
If S(t) is the semigroup for an NVE process then let S’(¢) be the semigroup for
the same process except that G(z) = d(z) = 0.

For part (b) of the following lemma we couple A; and A} so that they move
together until the first time that A7 = 0 or |A}] < |A].
Lemma 4.3.5. (a) H' is a set of class representatives for the equivalence relation

R onH.

(b) If we extend the state space of A; to include A and () as absorbing states
then limy_,o, PA[AZ # A, for some s > 0] = 0 almost surely.

(c) Suppose that f(z) = 0. If p € Z or if p = limy_,o, vS'(t) exists for v € T,
then p € P’.

Define E}' to be the finite exclusion process on n particles starting in the state
A where |A| = n. To be consistent with our previous definition of E; we will

leave the superscript off if n = 2 so that B, = E? and |E| = 2.

Lemma 4.3.6. If (4.6) holds and q(x,y) = q(y, z) then

Proof. Suppose A = {x1,...,x,}. Let Et{i’j} be the two particle exclusion process
starting from {x;,z;}. We will show there exists a multiple coupling of the

processes L} and Et{” Y for 0 <11 < j < n such that

{Eryc |J (B} (4.11)

0<i<j<n

Let X;(t) be a process equal in distribution to X (¢). The key to seeing why
(4.11) is true is noticing that there exists a way to couple X;(¢) and X;(¢) so that
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whenever one tries to coalesce with the other, they simply switch places. This
can be done since q(z,y) = q(y, x). With that said, it is clear that we can couple

the X;(t)’s with E* so that

{E?} = {Xl(t)a - >Xn(t)}'

Here the processes X;(t) start at x; and are clearly not independent of each other.

For each Et{” } we can label one particle first class and the other particle second
class. We can now think of the evolution of Ef” Y in the following way. If a second
class particle tries to go to a site occupied by a first class particle, it is not allowed
to do so. However, if a first class particle attempts to move to a site occupied by
a second class particle, the two particles switch places. With this evolution a first
class particle is equal in distribution to X (t). By choosing the first class particles

to have the paths of the X;(t) processes above it is clear that (4.11) holds.

Suppose now that

In light of (4.11), it must be that
PE[/Oo ¢y (Ey) dt = oo] > 0 for some E € S,.
0
By irreducibility
PE[/OO ¢ (Ey) dt = o0] > 0 for all E € S,.
0
O

Lemma 4.3.7. If q(z,y) = q(y, ) and (4.6) holds then h(E}') — 0 almost surely
for all initial states A € S,,.
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Proof. By Lemma 4.3.6,

PA[/OOO Z ¢@(E)dt =o00] =0 forall A€ Y. (4.12)

Let E}' be the imbedded Markov chain for the process E}' starting with initial
state A. Let 2 be the path space for E}! and let M be the probability measure on
2 for our process. Choose € > 0. If there exists a set F' C §2 such that M(F) > 0

and h(E}) > € infinitely often on F' then it must be that

Z Z QU(E) =00

k=0 ECE}

almost surely on F since whenever » . > . Ep ¢,(E) < oo it must be that

h(E}') > e finitely many times.
We claim that
{w’/ Y wB)dt=cc}={w|Y_ > a(E)=occ} (4.13)
0 EBcEp k=0 ECE}

almost surely. To see this define 7, to be the kth jump time of E}'. Now note

that

/OOO Z ¢ (F) dtzz Z Qo(E)[Tre1 — Tk)-

ECEpP k=0 ECE}
By our assumptions E|[r41 — %] and Var[ry,1 — 7] are bounded above and below
uniformly in k. Since [741 — 7| BV, EY, . ..] are independent, Kolmogorov’s Three

Series Theorem proves the claim.

Since (4.13) contradicts (4.12) we have shown that h(E}) — 0 almost surely.

This however implies that h(E}") — 0 almost surely. O

Suppose V; is the dual process for the voter model with rates ¢(z,y) starting

from the set A. If we couple A; and V; so that they move together as much as
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possible then we can define the function
f(A) = PA[A, £V, for some t > 0].
Again, f(A) plays much the same role as h(A) and g(z,y).

Lemma 4.3.8. If (4.5) holds then EAf(A;) — 0 for all A€ Y.

Proof. We prove first the case where |A| < 2. Let & = (A, ((t)) be a Markov
jump process on N' = (S;US) x {0, 1,2, ...} with jump rates (i) Qan),(5,0) equal
to the jump rate from A to B of the semi-dual process and (ii) Q(an),a,n+1) =
qe(A) if |A] = 2. Let £ =85 x {1,2,...} so when |4| =2, Qz((A,n)) = ¢.(A)
and when |A| =1, Qz((A,n)) = 0. We then have that

lim EAf(A,) = tlim PAE, jumps to £ after time ]
—00

t—o00

= P4&, € £ infinitely often].

Since (4.5) holds, Lemma 4.3.1 implies that the right-hand side is 0.

Now suppose |A| > 2. Change the coupling of the X; () processes that we used
in Lemma 4.3.6 by letting X;(¢) and X;(¢) switch places at rate q.(X;(t), X;(t))
and coalesce and move together thereafter at rate ¢,(X;(t), X;(t)). Again, we are
allowed to do this since g.(x,y) = g.(y, ). With this new coupling we can couple

the X;(t)’s with A; so that

{4} ={X1(t),..., Xn(0)}.

As in Lemma 4.3.6, we use the idea of first class particles along with the fact
that X;(¢) can be coupled with Et{i’j} so that {X;(t)} C {Et{i’j}}, we have that
the proof for |A| < 2 implies the proof for all A € Y. O

The next theorem is actually a special case of Theorem 4.1.4. We prove this

special case right now in order make the proof of the general case easier to read.
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Theorem 4.3.9. Suppose q.(z,y) = 0.
(a) po exists for all « € H, and pio, = o, if and only if oy Ras.

(b) I = {:uoz ORS ,Hj;{}

Proof. The proof is virtually the same as that of Theorem 1.3 in Schwartz(1976),
but it is included here for completeness. We will however leave out some repetitive

details.

Let J represent the set of invariant measures for the case where 5(z) = §(z) =
0, in other words the voter model. In Chapter V of IPS, it is shown that 7, =

{lta : @« € H*}. Consider a certain subset of J, namely
J ={neJ: Jim p{n(X(t)) = 0} = 1 almost surely on A°}.
—00

The main part of the proof is showing that there exists a bijective affine map
between J' and Z. To avoid confusion, we will put a bar over the extremal

invariant measures of the pure voter model so that we have J, = {ji, : « € H*}.

In order to do this we will first consider the case where 5(z) = 0, but 6(z) > 0.
We start by coupling the the semi-dual process A; with n independent processes
Xi(t),..., X, (t) which start from A = {x1,...,x,} and are equal in distribution
to X (t). In particular, couple the processes so that A, C {X;(¢t),..., X,(¢)}. Let
X/ (t) be the dual process starting from {z;} and henceforth define T'(t) to be

the semi-group for the voter model.

By coupling the processes A; and A; so that they move together as much
as possible, it is clear that for any measure p € P and any A € Y, S(t)1(A) <
T(t)(A). Thusif p € Zand v € J' then a(A) < T(t)i(A) and S(t)v(A) < v(A).
Applying the respective semigroups once more to both these inequalities gives
T(s)a(A) < T(t+ s)ia(A) and S(t + s)P(A) < S(s)P(A) so that limy o u7'(t)

and lim;_,, vS(t) exist by monotonicity and duality.
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Now take py € J'. Let limy_,o 1115(t) = po and define the map o () = po.

We will show that o is an affine bijection from J’ to Z.

Since p; € P’, it follows that

lim |T(t) i (A) — S (A)] < P4 U {X}(t) = A eventually, A}]

t—o00
1<i<n

< Y pPldDe A
i=1
By the definition of us and by the fact that pu; € J
01(A) = i (A)] < D PEI[D7, AL
i=1

Applying T'(t) to both sides of this last inequality and passing to the limit gives

Lim |11 (A) = T(t)iz(A)] < lim Bl pADe Al
—00

t—o00 4
=1

Lemma 4.3.4 says that the right-hand side above is equal to 0 so that lim;_,, poT'(t) =
p1. This proves that o is injective. If we think of X*(¢) = A as an absorbing
state where X*(¢) continually jumps to A at exponential rate one then a similar
argument using Lemma 4.3.5 (c) shows o to be surjective. To see that o is affine

note simply that if pq, 4 € J’ then
tlLI&(/\/LQ + (1= Nr)S(t) = Ar + (1 — M.

We have thus far shown that there exists an affine bijection between J' and Z
for the case § = 0. For the general case we compare the process 7, with birth
rates f(z) and death rates d(z) to a similar process 7; having the same transition
rates except that the death rates are now §(z) = 3(z) 4 0(z) and the birth rates
are identically 0. Let the associated dual process, semigroup, and set of invariant

measures for 7 be A* S(t), and Z.
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Couple the two dual processes so that they make the same transitions except
when a particle in AF dies off due to a f(z) jump, then A¥ goes to the state A.

If we can show that

Jim EAPA[A* £ A =0forall AcY (4.14)
—00
and similarly that
lim EAPA[A* £ A =0forall A€ Y (4.15)
—00

then we can make arguments similar to the ones above to show that for v, € 7
and vy € Z, the limits limy_ oo I/lg(t) = vy and limy_,, 155(t) = 14 exist. We can
also show that the map lim; o, 125(t) = 11 = (1) is an affine bijection between
7 and Z. If we extend the state space of A; as in Lemma 4.3.5 (b) then the

following inequalities combined with Lemma 4.3.5 (b) prove (4.14) and (4.15):

pA [A* £ A%] < PAT[Ar # A*] < PAA* # A, for some s > 0).

Our desired affine bijection from J' to Z is just 6 o 0. We are now ready to

prove the two parts of the theorem. We start with part (a).

To prove pu, exists we need only show

lim v, S(t) = lim lim lim v, T(r)S(s)S(t). (4.16)

t—o00 t—00 §—00 r—00
Let fiq = lim,_,o0 voT(r) and let ji = lim, o fiS(s). We have already argued
that these limits exist. Applying S(t) and passing to the limit in the following

inequalities proves (4.16).

Tim |S(t)ia(A) = S(t)jia(A)]

< lim St (A) = SOjia(A) + lim [j1a(A) = S()jia(A)]
< Jim [S(8)7a(A) = T(#)7a(A)] + m [fia(4) = S(#)jia(A)| + lim [fia(4) = S(1)
< 3PA[A! # A, for some s > 0].
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Suppose now that limy_, . Ve, S(t) = limy_, V4, S(t). We have

b ({X(9)) = lim BXO, ((X*(1)})

t—o0

= PXO[X*(t) = 0 eventually] + EX (lim 7o, ({X (D} 1x-020ve0})-

But since PX)({X*(t) # OVt,D}) — 1 on A, by the arguments given for
Lemma 4.3.4 and since EX)(limy_,o 70, ({X(t)})) = a;(X(s)), then it follows

that oy Rovs.

For the opposite direction if we assume that o Ras, then

lim (v, S(t) = Ve, S(1)(A) = lim B (0o, (A7) — lim (0, (4)))

t—00 t—o0
= S P ente) = Jim BT o) =0
xEAY TEAY

For part (b) it is enough to show that the extreme points of J" are {ji, € J :
a € H*NH'}. Then applying (4.16) along with Lemma 4.3.5 (a) completes the
proof. To prove J! = {fio. € J : @« € H* N'H'} note that if Amy + (1 — \)my =
w e J! for my,m € J then m,m € J' and hence m = m = p. Therefore
we JNT = {fia:a € H* NH}. On the other hand if « € H* and i, € J’,

then fi, is an extreme point of J’. O

4.4 Proofs of the theorems

Proof of Theorem 4.1.1. Suppose condition (4.2) holds. By Proposition 4.2.1 we
need only show that for any two measures py, pg € P, the limits lim;_,o, S()11;(A)
exist and are equal for all A € Y. But Lemma 4.3.2 implies that

lim S(t)4i;(A) = PA[A; = () eventually]

t—o00

which is independent of u; proving one direction of the theorem.
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For the opposite direction suppose that (4.2) does not hold. Lemma 4.3.2
implies that PA[A; = () or A7 = A eventually] < 1 for some A € Y. Therefore

lim S(t)61(A) = PA[AF = 0 eventually] + PA[A} £ 0V¢, D]

t—o0
is not equal to

lim S(t)dy(A) = PA[AF = () eventually]

t—o0

for some A € Y showing that the process is not ergodic. O

Proof of Theorem 4.1.2. By Proposition 4.2.1, lim;_,, §;5(¢) exists since

lim S(t)d;(A) = 1 — PA[DA).

t—o00

Similarly, lim;_,, d9S(t) exists since

lim S(t)0o(A) = PA[A, = 0 eventually]

t—o00

completing the proof of part (a).

Turning to part (b) let 4 € Z. By Lemma 4.3.3 and a coupling argument it
can be seen that if lim, ., E*u({X(t)}) exists, it is independent of our choice
of z. So now using Proposition 4.2.1 and Lemma 4.3.3 together with the Strong
Markov Property, we have

) = BA(A) (4.17)
= PA[A; = eventually] + PA[tlim |[A}| = 1, D] lim E*ju({X(1)}).
—00 —00
Since we have assumed that (4.2) does not hold then PA[lim, . |Af| =1,D] >0
so that the last limit on the right-hand side exists.
Let A = limy_.. E*({X(t)}) and consider the invariant measure p* = Au' +

(1 — A\)u®. We have that for all A € Y,

fMA) = EApMNAY) = PAJA; = () eventually] + AP4 [lim |A7] = 1, DJ.
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Since PA[A7 = ) eventually] and P4[lim;_,+, |A}| = 1, D] do not depend on y or
p*, comparing the above equation with (4.17) gives us p = p* showing that every

invariant measure is a mixture of ! and p°. This proves part (b).

We have already proved one direction of part (c) above. For the converse,
suppose that (4.4) holds. Let 7 be the first time that |A;| = 1. Lemma 4.3.3
implies that 7 is finite with probability one. As before, by the Strong Markov

Property
lim E4u(Ay) = EA[tlim EA (A
—00

t—o00

This limit exists and is equal to A by (4.4).
This completes the proof of part (c) since the proof of part (b) implies that
limg oo pS(t) = At + (1 — A\ is equivalent to
lim EAp(Ay) = X
O

Proof of Corollary 4.1.3. We need only show that the recurrence of Z(t) = X (t)—
Y (t) implies (4.3).

Let R be the set of all y € Z? such that |y| < N. By our assumptions we can
choose z € S so that ¢,(0,z) > 0. If E; = {x,y:} is the two particle exclusion

process then we will say that E; = z if 2, — y; = 2z and E; € R if |z, — y| < N.

Since Z(t) is recurrent, Z(t) jumps to 0 infinitely often and therefore X () and
Y (t) meet infinitely often. If there are infinitely many jumps of Z(t) to 0 caused
by the ¢,(x,y) rates then (4.3) automatically holds by arguments similar to those
of Lemma 4.3.1. Thus we will henceforth assume that there are infinitely many

jumps of Z(t) to 0 caused by the ¢.(z,y) rates giving us

P9 (Z(t) € R for some t > 0) =1 for all z,y € S.
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By coupling Z(t) and E; together until the first time that X (¢) and Y'(¢) meet,

we have in fact that
P& (B, € R for some t > 0) =1 for all {z,y} € S>.
If Ey is the embedded Markov Chain for E; then the above equation implies that

PV (B, € R infinitely often) = 1 for all {z,y} € S,.

For a fixed ¢ > 0 let m = min,eg{P*(E; = 2)}. Since our process is irreducible

m > 0, therefore
PV (B, = 2 infinitely often) = 1 for all {z,y} € S,. (4.18)

Now by the same argument given to show (4.13) in the proof of Lemma 4.3.7,

(ol [ 0B dr = oo} = (ol 3 () = oo}
0 k=0
almost surely. By (4.18) we get that (4.3) holds as desired. ]

Proof of Theorem 4.1.4. Again let T(t) be the semigroup for the voter model
with rates ¢(z,y). Chapter V in IPS tells us lim; oo v,7(t) = fio exists for
all « € H. By coupling the dual of our process together with the dual of the
voter model so that they move together as much as possible, it is clear that
St a(A) < T(t)jia(A) = jia(A). Applying S(s) to both sides gives S(t +
S)iia(A) < S(s)jia(A). Part (a) follows from this monotonicity along with the

arguments laid out in Theorem 4.3.9.

Concerning the rest of the proof we will only prove part (b) since the proof of
part (c) is basically the same as that of (b) except for replacing the use of Lemma

4.3.8 with Lemma 4.3.7. Just as in the proof of Theorem 4.3.9 the general idea
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is to show that there exists a bijective, affine map o between Z and [J where
Je = {limy_y00 v, T(t) : v € H*}.

For part (b) we will prove only the case where 5(z) = §(z) = 0 so that A} = A;.
The general result follows from the arguments laid out in the proof of Theorem
4.3.9 except for a slight change in the independent processes Xi(t),..., X, (t)
starting from A = {xy,...,x,}. For the proof here we must use the coupling of
the X;(t) processes that we used in the proof of Lemma 4.3.8 instead of letting

them be independent. We now prove the case f(z) = §(x) = 0.

Take p € Z and suppose that both A; and V; start with initial set A. By

coupling the two processes so that A; contains V;, we see that
1S(HA(A) = T(t)a(A)] < f(A) = PA[A, # V for some ¢ > 0].
By the invariance of u
[(A) = T(t)a(A)] < f(A) (4.19)
so that

T(s)(A) = Tt + s)a(A)] < T(s)f(A).

By Lemma 4.3.8 and the fact that S(s)f(A) — 0 implies that T'(s)f(A) — 0,
the right-hand side goes to 0. This in turn shows that lim; ., T'(t)(A) exists.
The duality of the voter model which is a special case of Proposition 4.2.1, implies

that limy . pu7(t) = v exists and is invariant for the voter model with rates
q(z,y).

By passing to the limit in (4.19)

|4(A) = (A)] < F(A).

Hence Lemma 4.3.8 tells us limy_,o, vS(t) = p.
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For u € Z, if we define o(u) = lim; o uT'(t) = v, then the above arguments
have shown that o is injective. A similar arguments proves ¢ maps onto J. To

see that it is affine note that

We now conclude the proof of the case B(x) = d(xz) = 0 by showing that for
fo, = limy_, oo v, T(1),

tlgglo Ve S(t) = tlggo faS(t).
Applying S(s) to the following inequality and passing to the limit proves the

above equation.

A

lim [S(#)70(A) = S(t)fa(A)]

< lim [S()a(A) — T()ia(A)] + lim [fia(A) — S(t)jia(A)] < 2f(A).

Proof of Theorem 4.1.5. Putting A = {z1,...,x,} let

Wa(t)i(A) = B4 p({X1(t),..., Xa(t)})

be the semigroup for n independent processes. Then the assumptions of the

theorem tell us Ws(t)g(z,y) — 0 so that

PV X (t) = Y (t) infinitely often] = 0. (4.20)

The proof that (4.9) is necessary and sufficient for lim,_, 4S(t) = p, is proven
in Theorem 8.7 in Schwartz(1976). The only thing to note is that the assumption
that X (¢) is transient is needed only to show that when ¢(x,y) = ¢(y, x), (4.20)
holds.
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The rest of the proof is similar to the proof of Theorems V.1.9 in IPS. Assume
that u satisfies (4.7) and (4.8). By Proposition 4.2.1 and the definition of p,, it
suffices to show that for each A € Y,

hm EAu(AY) = llm EA H alx (4.21)

TC€AY

where we make the convention that a(A) =0 and [[ 4 a(z) = 1.

Conditions (4.7) and (4.8) are equivalent to the assertion that for each x € S

> pl,y)n(y)

converges in probability to a(z) with respect to pu. This in turn is equivalent to

n

lim B (X0 (8), . Xa(0))) = [T ale) (4.22)

i=1
where the X;(¢) are all independent.

Let 7 be the first time that either X;(t) = X;(¢) for some 1 < i < j < n,
Ay = A, or |Af| decreases. Still putting A = {xy,...,x,}, let 75 be the first
time starting from A} that any of the three events described above occur unless

A¥ = A in which case we will let 7, = co. Continuing in this way we can define

T, for all k& > 1.

By (4.22) and the Strong Markov Property, if the limits below exist then

lim EA[u(A?), 7 = o] = tlirgo EAR({ X1 (1), ..., Xn(t)}), 71 = 00](4.23)

= HO((JJZ) — tlgglo EA[ﬂ({Xl(t), LX)}, T < o)

= o) - B lim B Xt [({X, (1), .., Xa(t)}), 7 < o0

t—o00

— T A _ A
N tlggoE [Ha(x),ﬁ— —tlggloE Hoz

T€A} €A
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By the convergence theorem for bounded submartingales limy o [[,c 4, a(2) ex-
ists almost surely so by the Dominated Convergence Theorem the above limits

exist.

Using the Strong Markov Property once more we can get

lim EA[u(A4]), 71 < o0o] = E*lim (B [u(A]), 1 < 00,72 = 00]) (4.24)
t—o0 t—o0
A q: A* 1~ *
+ £ tlg(r)lo (B [(A)), 72 < 00]) .

But by the argument given for (4.23) the first term on the right-hand side above

equals

EAtligloEAil[H a(x), 7 < 00, Ty = x|
rE€A}

= tngoEA[H a(z), 71 < 00,7 = 00| P[AL # 0 # Al + P[AZ, = 0].
TEA:

The second term on the right-hand side of (4.24) equals

E* lim (B [u(A]), 72 < 00,73 = o0]) + E4 tlim (B [(A}), 5 < o0]) .
—00

t—o00

Since (4.20) holds we have that P[r, = oo for some k| = 1. By repeated use of
the arguments above it follows that (4.21) holds. O

Proof of Corollary 4.1.6. Take u € T and again let W, (¢) be the semigroup for
n independent random walks X (£) = (X1(t), ..., Xn(t)). Couple A, and X (t) so
that they move together until the first time that two coordinates of X () meet.
We then have that

1S (A) = Wn(H)a(A)] < g(A). (4.25)

Since S(t)i1(A) = f1(A) then
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Corollary I1.7.3 of IPS tells us that X () has no nonconstant bounded harmonic
functions. By Proposition 5.19 of Kemeny, Snell, and Knapp(1976) W,,(¢)g(A) —
0 so that limy_,e W, (t)/i(A) exists and is harmonic for the random walk X (¢) on

S". Such harmonic functions are constant so we can write

lim W, (t)i1(A) = a, for |A| = n.

t—o00

The proof of Theorem 2.6 in Liggett(2002) shows that there exists a random
variable G taking values in [0, 1] with moment sequence «,,. Since a, < 1 we
can use Carleman’s Condition to show that the random variables >, pi(z,y)n(y)

with respect to the measure p converge in distribution to G.
If v is the probability measure on [0, 1] for G, let p, = fol e y(da). Using the

arguments presented in Theorem 4.1.5 we can show that for each A € Y,

lim E4(A;) = lim EGH = lim B4, (A).

t—o00
Thus ¢ = p. and is hence a mixture of the measures {u, : @ € [0,1]}. By
Theorem 4.1.5, each measure p, has a different domain of attraction proving

that Z, = {ua : « € [0, 1]}. O

4.5 Further results

The brief discussion below shows how one might adapt Schwartz(1976) and Chap-

ter V in IPS in order to obtain a general result. Let

E={w: /Oooqv(Et) dt = oo}.

In the introduction we argued that lim, ., a(X (¢)) exists almost surely so we can

define H to be the set of all o € H such that

lim a(X(t)) =0 or 1 a.s. on &

t—o00
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where X (t) starts from z if Fy = {x,y}. For those that are keeping track, £ and

~

‘H are analogous to £ and H*.

Following Schwartz(1976) and Chapter V in IPS, we conjecture that Z, = {4 :
aeH r}. In order to prove this one would have to generalize Theorem 4.1.5 and

show that for u € Z,
AEX (), Y (@)} = a({X (O a{Y ()}). (4.26)

As mentioned in the introduction, it is the monotonicity of S(¢)7,(A) that
allows us to do this for the pure voter model or the pure symmetric exclusion
process. If one were to prove (4.26) and Theorem 4.1.5 in general, new techniques

would be needed.

4.6 An ergodic theorem for a related process

The proof of Theorem 4.1.7 requires the following lemma:

Lemma 4.6.1. Suppose {a,} is bounded above by kin*2=1 for some ki, ko > 0

and that a, > 0 for all n. Then there exists a sequence {wy,} such that

e e - nw
(i) liminf— =1 and (i) lim sup—— 0.
=0 Wy n—00 =0 Wi

Proof. If for some sequence {w, } we have that w;/l** > w, /n*? for [ < n then
— Wy, g, Wy (n— 1)kt
w; > Ity L2 > _nit

lz:; IZ:; nk2 nk2 ke +1
so that condition (ii) holds. So it remains to find a sequence {w,} satisfying
condition (i) and the inequality w;/I* > w, /n** for | < n. Let wy = ao and let

W, = w,_1 unless a,/n*? = min<, a;/I*? in which case we let w, = a,. Then

wy /¥ > w,/n*? for | < n. Now since {a,} is bounded above by kink~! it
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follows that a, /n*> — 0 and hence a, /n*? = min;<, a;/I** infinitely often so that

wy, = a, infinitely often. Therefore (i) is also satisfied by this choice of {w,}. O

Using the basic coupling for the exclusion process combined with the basic
coupling for spin systems, we have that the basic coupling for a noisy exclusion

process has generator

Qf(n.¢) = S 4@ ) ey &) — F0,6)]
n(z) = £(x) = 1
n(y) =&(y) =0
+ Z Qe(x> y) [f(nxln 5) - f(777 f)]

n(z) =1,n(y) = 0 and

E(y)=1lor&(z)=0
+ Z q6<x7 y) [f<n7 gmy) - f(777 6)]

§(z) =1,£(y) =0 and

n(y) =1orn(x) =0
+ Z Cl(%n)[f(nz,f) - f<777€)] + Z 02($7€)[f(77a Sx) - f(T/,f)]

i (z)#£E(x) zn(z)#E(T)

+ > e ) (e &) — f(0,€)]

zim(z)=¢(z)

where

aag) = § T R ZO g
d(z) when n(x) =1

——
=
8
N~—
=
=
9]
=
AL
=
I
o

B(z) when n(z) = £(x) = 0

and c(z,n,§) =
o8 { d(z) when n(x) =&(x) = 1.

Let Z be the set of invariant measures for this coupling.

In order to simplify the notation we define the functions

fo(n, &) = [1 = n(z)|¢(2), hye(n, &) = [1 = n(y)][1 = W) f2(n,€),
9yz(1,6) = n(W)EW) f2(n,€), and  fua(n,§) = n(y)[1 — &) f2(n,6).
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In particular, for 7" a finite subset of S we have

0 (Z ﬁ(mf)) == > (@(@,y) + @y, 7)) fra(n,€) (4.27)

€T zeT ,yesS

— > (Bx) +6(x)) fo(n, )

xzeT
+ Z [QG(ma y)gxy - Qe(ya x).gyczz] + Z [Qe(ya x)hxy - QE(x7 y)hyx]
€T y¢T zeT,y¢T

Proof of Theorem 4.1.7. Recall that T,, = {z € Z? : |x;| < n}. Couple two noisy

exclusion processes, 1; and &, with v € Z so that

/o (Z fxm,st)) dv = 0.

IGTn

If we let [ fo(m,&)dv = a(x) then since fy.(m, &) > 0, equation (4.27) gives us

> (Blx) +6(x)) alz) (4.28)

xETn
§ Z Qe(ajay) /(gocy - hyx)dy + Z Qe(yvaj) /(hxy - gy:r:)dl/
€T, y¢Tn €Ty, y¢Th
< Y g@myay)+ D aly)aly)
€T, y¢Tn €Ty, y¢Th
2N +1)?
< % daly)+ > aly) <G Y aly)

yeTY yeTy yeTy
for some constant Cy. If we define

ap = Z a(y)

N
YET, 0y

then by the inequality S(z) + d(z) > b, for = € T;V(l) we can rewrite (4.28) as

n—1

Zblal < Ciap. (4.29)
1=0

Now suppose d = 1 and condition (a) in the theorem holds. Then since a(z) <

1, we have a, < 2N for all n. In light of equation (4.29) we then have that
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> 150 biar < 00. On the other hand, if we multiply both sides of (4.29) by b, and
then sum over n we get
Zb Zblal < Clzb a, < 00.
n>0 =0 n>0
Rewriting the left hand side we get
Zb Zblal Zblalen<oo.
n>0 =0 1>0 n>l
This implies that b;a; = 0 for all [ since condition (a) gives us Y b = co. So we

have a(z) = [ f.dv = 0 for all x so that the marginals of v are exactly the same.

Suppose now that d > 2 and that condition (b) of the theorem holds. Since
p(l) < kl* we have that a, is bounded above by kin*2~! for some ki, ko. If we
assume that for all n, a,, > 0 then by Lemma 4.6.1, there exists a sequence w,,
such that liminf a, /w, = 1 and limsup nw, /31— w; < oco. By condition (b),
we have then that

lim inf nb,a, /w, = oo (4.30)

However, we also have that there exists a subsequence {n;} for which

n;—1

n;—1
> by < Cray, < Cow,, < Cs Zl L < g Z (4.31)

=0

Notice now that if the limit of the right hand side is infinite, (4.30) and (4.31)

n;—1

contradict each other so that we must have a,, = 0 for some n and consequently

z) = [ fudv = 0 for all & by irreducibility. If the right hand side is bounded
then we can use the argument given above for the case d = 1 to show that
a(x) = [ fudv = 0 for all z. In either case we have that the marginals of v are

the same, and we thus have ergodicity of the process. O]

We now restrict ourselves to the case where d = 1 and the transition rates are

Ge(x,z+1) =p>1/2 and ¢.(zr,r — 1) =1 —p = q < 1/2 for all z. In order
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to show the importance of the condition that there exist a sequence b; satisfying
by < B(z)+d(x) for all x € T;fv(z)a we will find examples of processes on Z that are
not ergodic but satisfy Y f(z) = oo.

To start off, consider the case where we have 8 > 0 and 6 > 0 for a single fixed z
and no births and deaths at any other site. Choose ¢ so that c¢n(z)/(1+cn(2)) =
B/(B + 6) for a reversible measure m(z) on Z. The product measure v° with
marginals v°{n(z) = 1} = cn(z)/(1 + em(z)) is reversible with respect to the
exclusion process, and its marginal measure at the site z is reversible with respect
to the birth and death process so that v¢ is reversible with respect to the noisy
exclusion process. The product measure v, where p = % is also invariant with
respect to the exclusion process, and again, its marginal measure at the site z

is reversible with respect to the birth and death process. So v, is also invariant

with respect to the noisy exclusion process.

We have two more invariant measures by starting the process off with initial
states 0y and ¢;. This is because some subsequence of lim,, T% fo " 68 (t)dt
for T,, — oo must lie above both of the invariant measures we have constructed
above. Similarly some subsequence of lim,, .. % fo " §oS(t)dt lies below the two
invariant measures. We note here that using extensions of these arguments we can
construct examples of nonergodic processes for which ¢.(x,y) is not translation
invariant. In particular, such an example is the process described above modified

tolet go(z —1,2) = qe(2 — 1,2 — 2) = 1/2 so that g.(x,y) is translation invariant
except at z = z — 1.

In order to show that the noisy exclusion process with 5(z;) > 0 if and only if
d(z;) > 0 for a finite number of sites {z1,..., 2} is not ergodic (this is a special

case of Proposition 4.6.2 below) we will need the following coupling for two noisy

exclusion processes with the same transition and death rates, but different birth
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rates. If §;(z) for the process 1, is greater than fy(z) for the process & for all x
then we can couple the two processes in such a way that n, > &. Formally, we

have the coupling given by

QUMY = Y. (@ [f Oy &ay) — F0.9)]

n(z) =¢&(z) =1
n(y) =&(y) =0

+ Z Qe('ra y)[f(nm;?g) - f(nvé)]

n(z) = 1,n(y) =0 and
E(y) =1or&(z)=0

+ Z Qe(xa y)[f(na gzy) - f(nvg)]

&(z) = 1,&(y) = 0 and
n(y) =1 orn(z) =0

+ Z Cl(%’?)[f(ﬂac,f) —f(ﬁvf)] + Z 02(x>£)[f(777£x) —f(7775)]
(z)#¢(2) z:n(z)#E(w)

Z C(:B777a€)[f(77x>€a:) - f(ﬂ»g)]

x:n
zin(x)=¢(x)

+ (B1(x) = Ba(2))[f (12, €) = [ (0, €)]

and c(x,n, &) =

Similarly, we can couple two processes together so that n; < & when 7, and &
have the same transition and birth rates, but death rates such that d;(x) > do(x)

for all z.

Proposition 4.6.2. Suppose that q.(z,z+1) =p > 1 and g.(xv,x—1) =1-p=gq
for all x and that B(x) > 0 if and only if §(x) > 0. If there exists a z such that
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B(x) = 0 for either all x < z or for all x > z and if there exist a; and ay such

that 11;7;(726) < B(Iﬁ)fg(x) < 1122:(9: for all x where B(x) > 0, then the process is

not ergodic.

Proof. Without loss of generality suppose that G(z) = 0 for all positive x and
let {#;} denote the set of points where S(x) > 0. If n; is the process described
in the hypothesis of the proposition, let the process & be the same as 7, except

that we change the death rates of & so that ﬁ(zg(i?(zi) = 11517(2 for all {z;}. Let

the process (; be the same as 7, except that we change the birth rates of (; so

that 6(2?)(f<5)(z,-) = 1132552) for all {z,} We can triple couple &, 7;, and (; so that
& < mp < (4. Since the measure v* is invariant for & and v*? is invariant for (;,

then 7, has an invariant measure p; with v* < p; < v*

Let M = max; (L))) Note that this maximum is achieved since we

B(z:i)+6(zi
assumed earlier that 5(z) = 0 for all positive x and consequently if there exist
an infinite number of z;’s then lim; , % = 0. Now let the process (; be

the same as 7, except that we change the birth rates of (; so that W =M

for all {z;}. Again, we can couple 7, and (; so that n, < ;. The measure vy is
invariant for ;. So 7, has an invariant measure o such that us < v, Since po

is different from g, the process is not ergodic. O]

Note that using the above proposition, we can construct examples of nonergodic

processes that satisfy all of the hypotheses for Schwartz’s ergodic theorem except

for ge(z,y) = qe(y, ).
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