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A Motivational Example

Consider, again, the average velocity around 2 given by
v(t) = (s(2) — s(t))/(2 — t) on the left-hand side now.

Interval (t) | (1.5,2) | (1.9,2) | (1.99,2) | (1.999,2) | (1.9999,2)
Average | 14 | 156 | 1596 | 15.996 | 15.9996

As we approach 2 on the left-hand of our interval, the average
velocity appears to approach 16 as well.

In this case, v(t) approaches 16 (monotonically) on both the left-
and right-hand sides. We say that the limit of v(t) as t — 2 is 16.
And we write Iim2v(t) = 16.

t—



The Limit

Definition (Limit of a Function)

The function f has the limit L as it approaches a, written

fimv() = L

if the value of f(x) can be made arbitrarily close to L by taking x
sufficiently close to (but not equal to) a.



Evaluating a Limit

There are some general approaches to evaluating limits you may
find useful.

At a point of continuity, just plug in.

At a point of discontinuity, if the discontinuity is removable,
you can evaluate using the continuous part.

Limits do not exist at singularities and non-removable
discontinuities.
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In this case, we can just look at the continuous part and plug in.
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Example: Non-Removable Discontinuity

x x>0
f(X):{ 1 x<0

Evaluate |im0f(x). As we approach 2 from the left, f(x)
X—

approaches 1. As we approach 2 from the right, f(x) approaches
0. So, Iimof(x) does not exist.
X—
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“Infinite” Limits

Some functions tend towards infinity as you approach an input
value.

Take f(x) =1/x. As x tends to zero from the right, f(x) grows
without bound, i.e. f(x) tends to infinity.

As x tends to zero from the left, |f(x)| grows without bound while
f(x) remains negative, i.e. f(x) tends to negative infinity.

In this case, we also say the limit does not exist. In fact, if the
function approaches infinity on either side of the x-value, the limit
cannot exist.
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Graph of “Infinite” Limit

“Infinite” limits produce vertical asymptotes.

f(x)

\

T f(x)=1/x
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Some limits do not exist for more exotic reasons. Why doesn’t this

limit exist?
ﬂ / f(x) = sin)L)
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Properties of Limits

Theorem (Properties of Limits)

Suppose lim f(x) = L and lim g(x) = M, then
X—a X—a

[lim £(x)'] = [lim F())" = L7, r >0
)I(@a[c f(x)] = c)l(inaf(x) =cl, ceR

fim [£() & £(] = fim F(x) & limg(x) = L& M



Properties of Limits Continued

Theorem (Properties of Limits)

Suppose )I([)naf(x) =L and )I(inag(x) = M, then

lim [£(x)g(x)] = [fim F()][lim g (x)] = LM



Properties of Limits Continued

Theorem (Properties of Limits)

Suppose )I([)naf(x) =L and )I(inag(x) = M, then

Tim [F()g()] = [lim FG)]lim g()] = LM
.
o [f(x)] _dmf) o
x—a|g(x)|  limg(x) M’

X—a
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Example

. . .. . 2x2_3x
Using the properties of the limit, calculate )!927(”2)()(_4) :
2x2 — 3x )I<i212(2x2 = 3x)

o O+ 2)(x —4) 5 Tim (x + 2)(x — &) «z3

lim
x—2
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Example

Using the properties of the limit, calculate I|m ﬁ )
2% —3x )I<i212(2x2 —3x) I|m 2x2% — )!@23X

i 2 =4 5 Tim (x +2)(x — 4) 43 Xm(x F2)lim (x— 4)

2[lim x]? — 3lim x
X—2 X—2
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Example

Using the properties of the limit, calculate I|m ﬁ )
232 _ 3x )I<i212(2x2 —3x) I|m 2x2% — )!@23X

i 2 =4 5 Tim (x +2)(x — 4) 43 Xm(x F2)lim (x— 4)

2 .
2Limpd” — 3jimx 212 -

18283 (Ignx—k lim 2)(I|m2x— I|m4) 2+2)(2—-4) -
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Example

Using the properties of the limit, calculate I|m ﬁ )
2% —3x )I<i212(2x2 —3x) I|m 2x2 — )!@23X

i 2 =4 5 Tim (x +2)(x — 4) 43 Xm(x F2)lim (x— 4)

2 _
2Limd — 3fim PP-32 1
18,283 (Ilmx+ lim 2)(I|m2x— I|m4) (24 2)(2—4) 4
x—2 x—2

Notice, the truth of this statement arises from the last
computation. (Read the theorem carefully.)
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Indeterminant Forms

Sometimes, calculating a limit can not be done
straightforwardly. Take our earlier average velocity function:

v(t) = w%f. If we wanted to calculate the limit as t — 2 (as we
did numerically before), we cannot simply plug in because we will
get the indeterminant form 0/0. But, if we notice that

16 —4t> 44—t _ 42-1)2+1t) _

_ _ 42
v(t) = —— 2t 2t (2+1)

then it's easy to see that limv(t) = 16.
t—2
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Strategy for Evaluating Indeterminant Forms

You can try tackling limit computation problems by

m replacing the given function with an appropriate one that
takes on the same values as the original function everywhere
except at the value where the limit is being evaluated

m evaluating the limit of this new function.

The first step usually involves factorization/cancellation (like in our

previous example) or multiplication by conjugates in the numerator
and denominator.
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V1+x—1
X

Evaluate lim . Notice:

x—0

vi+x—-1 V14+x—-1 y/1+x+1  14x-1
X B X VIitx+1 x(vVx+1+1)




Example: Conjugates

Evaluate lim Y2=*=1 Notice:
x—0 X
\/1—|-x—1_\/1+x—1 \/1—|—X—|—1_ 1+x-—1 B
X B X VIitx+1 x(vVx+1+1)

1
Vx+1+41



Example: Conjugates

Evaluate lim Y2=*=1 Notice:
x—0 X
\/1—|-x—1_\/1+x—1 \/1—|—X—|—1 1+x-—1
X X VIitx+1 x(vVx+1 +1)
1
Vx+14+1
Thus, lim VL — im =1

x—>0\/X+ 12
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Limits at Infinity

A limit of f(x) exists at infinity if, as x becomes arbitrarily
(positively) large, f(x) approaches a finite value. Limits at infinity
appear as horizontal asymptotes on the graph of the function.

Definition (Limit of a Function at Infinity)

A function f has a limit L as x increases without bound, written
lim f(x) = L, if f(x) can be made arbitrarily close to L by taking

X—00
x large enough.

A function f has a limit L as x decreases without bound, written
lim f(x) =L, if f(x) can be made arbitrarily close to L by taking
X—>—00

x negative and large (in absolute value) enough.
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Theorems for Limits at Infinity

Foralln>0, lim L =0, so long as L js defined.
x—FooX

Xn

Theorem

Specifically, for all polynomials p(x) and q(x), ll)fl] % =0if

the degree of q(x) is greater than the degree of p(x).

Moreover, if the degree of p(x) and q(x) are the same, then

Iirg % = g, where p and g are the leading coefficients of p and
X—> 00

q respectively.

Finally, if the degree of p(x) is greater than the degree of q(x),

then lim Z(—ig does not exist.

x—+oo (
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Examples

Evaluate the following limits.

; X43x—-1 1
= Xl'_ﬂlo 2ix-—2xZ2 — T 2
. 3 4_ .
m lim X3_+X7X_X21 = does not exist
X—>00
. x°4+3x—1 __
m lim 2 =

X—00



Examples

Evaluate the following limits.

: xX243x—1 1
B lim 2 e = — 3
. 3 4_ .
m lim X1 — does not exist
X—r00
. 5 _
m lim X +3x—1 -0

6 2 —
X—s00 —2XP—=2x
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Other Limit Issues

Does the limit of this function exist at positive or negative infinity?

f(x)

|

x)

(

\ N / f(x) = sin(




Assignment

Read 2.5. Do problems 6, 12, 16, 34, 46, 60, 62, 68, 76, 96 in 2.4.





