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Abstract

We develop Markov approximations for very general suspension
flows. Based on this, we obtain a stretched exponential bound on
time correlation functions for 3-D Anosov flows that verify ‘uniform
nonintegrability of foliations’. These include contact Anosov flows and
geodesic flows on compact surfaces of variable negative curvature. Our
bound on correlations is stable under small smooth perturbations.

1 Introduction

Let ¢! : M — M be a measurable flow preserving a probability measure
1, and F, G two square integrable functions on M. The time correlation
function is defined by

Cra(t) =/M F(¢'y)G(y) duly) — (/M F(y) du(y)) : (/M G(y) du(y)> (1.1)

0% Partially supported by NSF grant DMS-9401417.




The flow ¢' is mixing if and only if the correlation function (1.1) converges
to zero (decays) as t — oo. The asymptotics of Cr(t), as t — oo, is of great
interest in the theory of chaotic dynamics and statistical physics.

The basic classes of mixing flows are Anosov and Axiom A flows, including
geodesic flows on manifolds with negative curvature. In 1975 Bowen and
Ruelle [7, 30] raised a question:

Do the correlations for mixzing Azxiom A flows with Gibbs invariant measures
and smooth functions F,G decay exponentially in t?

Since then it has been a major challenging problem to obtain upper
bounds on correlations for mixing flows. Formally, a negative answer to
the above question was given by Ruelle [31] and Pollicott [25] who found
mixing Axiom A flows for which the correlations decay arbitrarily slowly.
There are no examples of mixing Anosov flows or geodesic flows on nega-
tively curved manifolds with a decay of correlations slower than exponential.
There is a strong belief and excessive numerical evidence that, normally, the
correlations for such flows decay exponentially fast in .

Only a few rigorous results exist in this direction, however. Exponen-
tial upper bounds on correlations have been established for geodesic flows on
manifolds of constant negative curvature in two dimensions (Moore [23], Rat-
ner [29], Collet et al. [13]) and three dimensions (Pollicott [26]). For these
flows representation group theory does the job, but it presumably cannot be
adapted to Anosov or Axiom A flows.

Our poor knowledge of the asymptotics of correlation functions for mixing
flows contrasts to the well established exponential bounds on correlations for
all the basic classes of discrete-time mixing systems, including Anosov and
Axiom A diffeomorphisms, expanding interval maps, etc. The reason why
the correlations for flows are substantially harder to estimate than those for
diffeomorphisms is that flows have a zero Lyapunov exponent in the direction
of the flow. The time ¢ map ¢’ is then only partially hyperbolic [8] for any
t € R. In other words, there is no exponential instability of trajectories in
the flow direction. The mechanism of mixing in the phase space of a flow is,
therefore, more subtle than that of a diffeomorphism.

The lack of rigorous bounds on the correlations for mixing flows is a real
headache for physicists. For example, the Green-Kubo formulas for transport
coefficients involve integrals of autocorrelation functions, [0 Cpr(t)dt, for
which nobody can rigorously prove integrability, let alone exponential decay.



In some cases bounds on time correlations are the only missing components
in rigorous proofs of Green-Kubo formulas and related transport laws [10].

In this paper we give a partial solution to this old problem, as described
below.

Let ¢! be a C? Anosov flow on a 3-D compact Riemannian manifold M.
We assume that it is topologically mixing and its stable and unstable folia-
tions satisfy a condition that we call ‘uniform nonintegrability of foliations’
(the exact meaning is given by the assumption (A5) stated in Sections 13).
Let p be the Sinai-Bowen-Ruelle (SBR) measure for ¢'. Let F,G be two so
called generalized Holder continuous functions (defined in Section 2).

Theorem 1.1 Under the above conditions we have
ICra(t)] < v(F,G) - coe %V (1.2)

Here cy > 0 and a, > 0 depend on the flow ¢' alone. On the contrary, the
factor v(F, G) is independent of the flow.

The exact expression for v(F, G) is given in (7.5).

The function of ¢ on the right-hand side of (1.2) is often called a stretched
exponential. It decays slower than any exponential, but fast enough for
virtually all physical applications.

We also show that this theorem covers all contact 3-D Anosov flows and
all geodesic flows on surfaces of variable negative curvature.

For physical applications mentioned before, it is important that the bound
on correlations be uniform for all flows close enough to the given one [10].
Responding to these needs, we study small perturbations of Anosov flows in
C! metric. Let ¢' and 1 be two flows on M satisfying the assumptions! of
Theorem 1.1.

Theorem 1.2 For any e > 0 there is a 6 > 0 such that if ¢¥' is §-close to ¢
in C1 metric, then |cy, — cg| < e and |ay — ay| < .

In other words, the values of a, and ¢, depend continuously on the flow
¢! in C! metric.

n (A5) stated in Section 13 two positive numbers d and d and a ball By C M are
involved. Those must be the same for both flows ¢! and .



The proofs of Theorems 1.1 and 1.2 rely on purely dynamical arguments.
We use Markov partitions and symbolic dynamics created by Sinai, Bowen
and Ruelle, and develop special approximations of mixing flows by Markov
chains.

The paper consists of two parts. In the first, spanning Sections 2-7, we
develop the techniques of Markov approximations to flows in a very general
setup — we work with suspension flows built under generalized Holder contin-
uous functions over measurable transformations of metric spaces. These are
‘bare bones’ of our techniques, readily applicable to wide classes of mixing
flows, including billiards, nonuniformly hyperbolic flows, etc. The results of
this part are summarized in Section 7, were we give sufficient conditions for
a stretched exponential bound on correlations.

In the second, principal part of the paper, presented in Sections 8-18,
we study Anosov flows and prove the above two theorems. The main The-
orem 1.1 is proved in Sections 8-16. Theorem 1.2 is proved in Section 17.
Contact and geodesic flows are discussed in Section 18.

Our method presently does not produce an exponential bound on cor-
relations. But we conjecture that under the assumptions of Theorem 1.1
the correlations do decay exponentially fast, and our method can be refined
to produce an exponential bound. We also believe that the present results
and proofs can be extended to physically interesting billiard models, and to
multi-dimensional Anosov flows.
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2 Suspension flows

Let €2 be a metric space with a metric p and a nonatomic Borel probability
measure v. Let T : 2 — () be an invertible measure-preserving transfor-
mation (i.e. v(A) = v(TA) = v(T'A) for every measurable A C Q). We
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assume that diam 2 < oo.
Now let [(x) be a positive bounded measurable function on €. A suspen-
sion flow build under the function {(z) is defined on the measurable space

M={(z,s): x€Q,0<s<I(x)} by the rule

‘ (r,s+1) for 0 <t<l(z)—s
(z,5) = { (Tx,s+t—1(x)) for l(z)—s<t<lTz)+1(zx)—s (2.1)

This flow is measurable and preserves the probability measure p on M de-
fined by du = ¢, - dv x ds, where ¢ = [ l(x)dv(x). The map T is often
called the base transformation and [(z) the ceiling function. For any point
y = (x,s) € M we denote its ‘coordinate’ projections by m(y) = = and
S(y) = s.

We intentionally do not assume any ergodic or mixing property of the
map 7" or the flow @', nor the existence of local coordinates in Q or M. All
we need for the machinery developed in Sections 2-7 is a metric on 2. The
metric p is extended to M in a natural way: for any y = (x,s) and y' = (2, )
we put p(y,y') = (p*(x,2") + |s — s'|?)1/2. Notice that diam M < oo.

Here we do not follow a tradition to identify points (z,[(x)) and (T'z,0)
of M. In our metric the distance between these points is positive, but this
will not be essential for our results.

We will study functions that satisfy the following generalized Holder con-
tinuity. Its definition is similar to the one introduced in [21]. Let M’ be
a metric space with a probability measure, y/. For any measurable func-
tion f : M’ — IR and a subset B C M’ we define the oscillation of f(z)
on B by osc(f, B) = supg f(z) — infp f(x). Let B.(z) be the ball in M’
with radius r centered at x € M'. We define the oscillations of f(x) by
osc,(f,z) = osc(f, B.(z)).

Definition (motivated by [21]). A function f(z) on a metric space M’ with
a measure ' is said to be generalized Holder continuous if there are a@ > 0
and C' > 0 such that

/M/ ose, (f, ) dp (z) < Or® (2.2)

for all r > 0. We call « the (generalized) Hélder exponent of f and denote
the class of functions satisfying (2.2) with some C' = Cf < oo by GH,(M').

Any (ordinary) Hélder continuous function on M’ with an exponent «
belongs in GH,(M'). If M’ is a compact manifold, the measure p’ has a
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bounded density and the function f is Holder continuous on a finite number
of domains in M’ with piecewise smooth boundary that make a partition
of M’, then f is also generalized Holder continuous. In particular, these
include characteristic functions of piecewise smooth domains. Yet, the class
GH,(M') is far larger than all the classes just mentioned.

For any f € GH,(M') we define the a-variation of f by

var,(f) = osc(f, M') +supr—® /M/ osc,(f, ) dp'(z) (2.3)

We now make two assumptions on the suspension flow ®?.

Assumption L1 (Generalized Hélder continuity of the ceiling
function). Let I(z) € GH,,(Q) for some oy € (0, 1].

Assumption L2 (Lower bound on the density of returns to ().
There are ty, > 0 and mgy > 1 such that for any point y = (z,s) € M its
trajectory {®'y} for 0 <t < to intersects the base Q no more than mg times,
ie.,

z)+UTz)+ -+ UT™x) > .

for any = € . Without loss of generality we assume that t; < 1, so that
mo/to Z 1.

In particular, L2 holds if the ceiling function [(x) has a positive lower
bound, [, > 0.

Next, we specify which correlation functions (1.1) will be studied. Let
F,G € GH,(M) be two generalized Hélder continuous functions on M for
some o > 0. We are interested in the asymptotics of Cr(t), as t — oo,
and so we always assume that ¢ > 1. Since Cpy.gri(t) = Cpe(t) for any
constants ¢ and d, we can (and will) assume that both functions F' and G
have zero means:

/M F(y)du(y) = /M G(y) du(y) = 0.

Note that in this case || F||x < 0scp(M) < var,(F) and ||G]|e < 0scg(M) <
var, (G).

We will assume that @ < ;. This simply means that the functions F
and G are not supposed to be any ‘better’ (smoother) than the function [.



This is not a restrictive assumption: if F,G € GH,(M) and o; < «, then
F.G € GH,, (M) as well. In any case, one cannot gain much by making
F and G ‘better’ (smoother) than [(x), since the smoothness of F(®'(y)) in
(1.1) will depend on how smooth both F' and [ are, not just F.

3 Markov approximations for the base map
T

We will employ the definition of Markov approximations to discrete time
dynamical systems introduced in [11].

Let A = {A;} be a finite or countable measurable partition of the space 2
into subsets of positive measure. By a Markov approximation to the map T
we mean a probabilistic stationary Markov chain with transition probabilities

and the stationary distribution
pi = v(A;). (3.2)

The ideas behind this approximation, its properties and existing applica-
tions are discussed in [11, 12]. If (2,7, v) is a hyperbolic dynamical system
with a smooth invariant measure and {4;} is a Markov partition or a Markov
sieve [9, 11], then the above Markov approximation leads to an effective es-
timation of the decay of correlations and gives a proof of the certain limit
theorem.

We now briefly recall the necessary properties of the above Markov chain.
The ‘discrepancy’ of the Markov approximation defined by (3.1) and (3.2),
within N iterates of the map T, is measured by the following quantity:

XN = sup Z V(A JTA;_ N---NT"A;_ ) —v(Ay, /TA; )|

NEN G0i 1 yeion

xu(TA;  N---NT"A; ) (3.3)

Here and further on v(A/B) means the conditional measure, = v(ANB)/v(B),
and we always set it to zero whenever v(B) = 0. The quantity xn measures



how distant the ‘long-memory’ and ‘short-memory’ conditional distributions
are within the first N iterates.

Recall that given two probability distributions P = {p;} and @ = {¢;} on
the same index set {i}, the distance in variation between P and @ is defined
to be

Var (P,Q) = 53 I — ail (3.4

Now (3.3) estimates twice the mean distance in variation between the long-
and short-memory conditional distributions on {4;}.

By means of (3.3) one can estimate how the finite dimensional distribu-
tions of the Markov chain,

Pi i ngreivio = PionTiningr " Ti_1ig (3.5)

are close to those of the dynamical system in the variational metric (3.4). It
is shown in [11] that

Z ‘V(Aio N TAZ'71 NN TnAiin) — pi,n~~~i71i0| S (n — ].)XN (36)

10,8—15--f—n

for any n < N.
For any = € Q, let A(x) be the atom of the partition A that contains x.
Let d(z) =diam A(x), measured in the metric p, and

D =D(A) = / d(z) dv(z). (3.7)

Q

The techniques of Markov approximations work well when both xn and
D(A) are small enough.

4 Discretization of the suspension flow

We will also define Markov approximations to the suspension flow ®¢, but
first we need to discretize this flow. We start with discretizing the ceiling

function [(x), which will be done in two steps. Let I(z) = E(I/A) be [
conditioned on the partition A, i.e.

) = w(A@) - [ i) dv(a)

A(z)



for any z € ). The function /() is constant on every atom of .A.
Next, let 6 > 0 be a small parameter, a ‘quantum’ of time. Consider
another discrete function on §2 defined by

~

i(x) = ls.a(w) == ([(x) /3] + 2)3 (4.1)

where [a] stands for the integral part of a real number a. Clearly, \Z (x) —
I(z)] < 26. The function I(z) is not only discrete, but its values are integral
multiples of §. Its minimum value on €2 is not less than 20.

Denote the suspension flow build under the function (x) by d'. We call
it a discrete flow. This flow acts on M = {(z,s) : z € Q,0 < s < [(z)}. The
metric p is defined on M in the same way as on M, so that we now have a
unique metric on M U M. The invariant measure of the flow Pt is

dfi = ¢ - dv x ds  with ¢ = /QZ(QZ)CZV(.T)

Note that on the set M N M we have dji/dy = ¢z /c,. Since I(z) < I(z) <

l(x) 4+ 29, we have
1< <1426, (4.2)
C
We assume that ¢ is small enough, so that at least ¢, /c; < 2.

We call ' the discrete version of the original flow ®' generated by the
partition A and § > 0. The smaller the values of § and D, the more similar
are the flows &' and ®'. Next, we specify how similar they are in terms of
the correlation function (1.1).

First, we extend the functions F and G to MUM by setting them to zero
on M \ M. This extension is not harmless, however, since it can increase the
oscillations of these functions. We thus have to prove that F' and G, after
their extension to M \ M, will be still generalized Holder continuous, i.e.
belong to both GH,(M) and GH,(M). Let us denote, for a moment, the
‘extended’ functions by F and G, respectively.

Let y = (z,5) € MUM and r > 0. Then either B,(y)N(M\M) = () and
then OSCT(F,y) =osc,(F,y), or B.(y) N M = () and then OSCT(F,y) =0, or
else there is a point ¢y = (2/,s') € B,(y) for which (s —(z))- (s’ —1(z")) < 0.
In the last case p(x,2’) <r, s’ > 1(2'), and |s — §'| < r, so that

s —U(z)] < |s—§|+|l(z) = 1(2")] <7+ osc.(l,z)
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In the last case we use the bound osc, (F,y) <osc (F, M) and then get

< varg(F) - [r* 4+ ¢, - (varg, (1) - 7 + 1))

/M osc, (F,y) du(y) < /M osc, (F,y) du(y) + ¢, | (osc,(l,x) 4+ 1) - osc (F, M) dv(z)

Due to our assumption a < a; we conclude that I € GH,(M). Similarly,
one can integrate over M and verify that F' € GH,(M). In all that follows,
we will denote the new, extended functions by the same symbols, ' and G,
and this will cause no confusion.

We now consider the correlation function of the discrete flow ®¢ on M:

Crolt) = [ F@0G) di)=( [, o) di))-( [, 6w dat)) (43)

Theorem 4.1 Let ® be a suspension flow and &t its discrete version gen-
erated by a partition A and § > 0. For any t > 1 we set N = [t/d]. Then

Cra(t) = Cra(NO)| < 01 - vara (F)varg(G) - [#(5 + Dev/tery /0

(4.4)
where the constant 01 > 0 is determined by the flow ®*, and 6, is a continuous
function of the following siz parameters of this flow: my, to, ¢, oy, vary, (1) and

diam M.

Convention. We will denote by 6;, ¢ > 1, various positive constants
determined by the suspension flow ®' and depending continuously on its
parameters listed above.

Note that we have ‘discretized’ the time also, by substituting N¢ for
t in (4.3). Theorem 4.1 shows that the difference between the correlation
functions of the original flow and that of its discrete version is bounded by
an algebraic function in § and D. Intuitively, this is clear because the smaller
0 and D, the finer is the partition A and the closer the two flows, after that
the (generalized) Holder continuity of F,G and [ provides the above power-
law estimates.

A complete proof of Theorem 4.1 is provided in Appendix.
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5 Markov approximation to the suspension
flow

We assume that the partition A of the base space 2 is fixed and the value of
0 is chosen. We will study the map T := & that acts on the space M and
preserves the measure fi. Then the quantity Cpc(NJ) entering (4.4) is the
correlation coefficient for the transformation 7" and its Nth iterate.

Denote by A the partition of the space M into atoms A; X [s8, (s 4 1)8),
where 4; € Aand s = 0,1,...,0(4;)/6 — 1. We denote the atoms of A by
X;, numbered in an arbitrary order. For any X; = A; X [sd, (s + 1)) we
denote A(X;) = m(X;) = A; € A and s(X;) = s. We call the atoms X;
with s(X;) = 0 the bottom atoms and those with s(X;) = [(A(X;))/d — 1
the top atoms. Over every atom A € A, there is a column of atoms of A
starting with a bottom atom and terminating with a top atom. Every atom
X except the top ones is shifted (elevated) by the map T one level up, so that
TX is another atom with A(TX) = A(X) and s(TX) = s(X)+1. Every top
atom breaks into pieces under T which ‘fall’ down into some bottom atoms
according to the action of T" on 2.

We now define the Markov approximation to the map T generated by the
partition A of the space M according to the rules similar to (3.1)-(3.2): w
take a Markov chain with transition probabilities

= i(X;/TXi) (5.1)
and stationary distribution

b = fi(X0). (5.2)
The quality of this approximation is given by the value similar to (3.3):

Ly = sup S (X /TXi N NTXG ) — (X /T X))
n<N G i i

xi(TX; , Nn---NT"X;_ ) (5.3)

Theorem 5.1 There are constants 0y, 05 and i determined by the flow {®'}
and depending continuously on its parameters, such that

Xnv <0 (92X[m] + 93Dal/(a’+1)> (5.4)

Furthermore, if the ceiling function l(x) has a positive lower bound, we can
set 03 = 0.
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Theorem 5.1 shows that if a partition A generates a good Markov ap-
proximation for the base transformation 7" and the atoms of A are small
enough, then A will generate a good Markov approximation for the map T.
The rather technical proof of Theorem 5.1 is provided in Appendix.

Let TT = ||7;;]| be the matrix of transition probabilities and P = ||pi|
its stationary row vector. We also denote by 7r N the N- step transition
probabilities for this Markov chain.

To bound the correlation coefficient C' r.c(ING), we will discretize the func-
tions F and G. Let I and G be the functions F' and G conditioned on the
partition A of M. That is, on every X; € A the function F' takes the value

F(X) = Fi= (X)) [ Fly)dily)

X
Similarly, we denote by G(X;) = G; the values of the function G. Let
AF(y) = F(y) — F(y) and AG(y) = G(y) — G(y) for any y e M.
For brevity, we denote by (f(y)) the average of a function f on M with

respect to the measure fi. The following expansion of the correlation function
is immediate:

~

Cra(NG) = (F(TNy)G(y)) — (F(y)) - (G(y))
HAF(TVy)G(y)) + (F(TVy)AG(y)) + (AF(TVy)AG(y)) (5.5)

Theorem 5.2 The last three terms in the expansion (5.5), combined, do not
exceed Oy - var,(F)var, (G) - (0 + D)*/(eF1),

The proof of Theorem 5.2 is provided in Appendix.
The main part of the expansion (5.5) is

CREM(N) = (F(y)G(TVy)) — (F(y)) - (G(y))
= Y GE - [(TVX N X)) - a(X)MX;)]  (5.6)

This last sum can be approximated in terms of the Markov chain (5.1)-(5.2)
as follows:

Cra™ (N) = LGl [pies” = it (5.7)
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with the discrepancy estimated by

main) (chain N
Cra™ (N) = CEE™ (N < 1IFllol|Glloo Y [T X: 0 XG) = Pty
7‘?.]
S ||F||oo||G||ooN>A(N
<t 1Pl G loo (O2xgen + 03D/ @D (5.8)

Here the middle inequality follows from the bound (3.6) applied to the
Markov chain (5.1)-(5.2), and the last inequality follows from Theorem 5.1.
The quantity (5.7) measures ‘intrinsic’ correlations in the Markov chain (5.1)-
(5.2).

The next construction is, at first sight, artificial. Its purpose will become
clear only in Section 16.

We perturb the chain (5.1)-(5.2) slightly, ‘smoothing it out’ in the di-
rection of the flow. The degree of ‘smoothing’ is specified by an integer
parameter n, 1 <n < § L.

First, we define an auxiliary Markov chain whose states are still X; € A,
as follows. Its transition probabilities, II* = ||7};[|, are defined for all i # j
by

T .
t 0 otherwise

. { L(@n1) i AX) = AXX) and [s(X) - s(X) <m0

and then we set 7j; = 13, 77, for every X; € A. Roughly speaking, every

atom X € A under the action of IT* is ‘dispersed’ uniformly into (21 4 1)
neighboring atoms that line up around X in the same column of A.

Since the distribution (5.2) is uniform within every column of atoms of
A, it is invariant for the auxiliary chain (5.9).

We now pick a point of time ¢; € (1,¢) and set K = [t;/d]. Let L = [N/K],
so that N = KL + Ly for some Ly < K. We also pick K7, 1 < K; < K, and
put Ky = K — K;. Denote the K-step transition probabilities of the Markov

chain (5.1)-(5.2) by 7;; = 7T,L(JK), and let Il = ||7;]] be the corresponding

matrix. Also, let II' = ||/ = H7T H and 11" = 75| = || H Then
obviously,
~ (N ~r |~ ~ Ka+L
Trz(j )= > Ty Tivia - Tigia -+ Ty 11L7Tz(L12LLO) (5.10)
i1y
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where 77,1 = 7. One can think of the action of a nonhomogeneous Markov
chain whose transition probabilities are taken firstly from II', then L — 1
times from II, and lastly, at the (L + 1)-st step, from [1K2+Lo,

We now consider another nonhomogeneous Markov chain, whose tran-
sition probabilities L times are taken from the matrix II' - II* - II”, and at
the last, (L + 1)-st step, they are taken from [1%0. The resulting transition
probability, that of the transition from X; to Xj, is then

(per) | x A~ (Ka+Lo)

~/ * L~ *
ﬂ-U . Z ﬂ-ijl ’ 7lell,71-11.7-271-]‘2l2 7T-lL IJLWJLZLWZL]L+1 (511)
Jisli,g2sl2, il

where jp11 = j. In other words, we perturb the homogeneous Markov chain
(5.1)-(5.2) by applying (5.9) first at the K;-th step and then after every
K, 4+ K5 = K steps. Based on obvious similarity of (5.10) and (5.11) we will
compare the quantity

ce) ZGF i — i (5.12)
with Clops (chain) (7 (N) defined by (5.7). If the perturbation parameter 7 is small
enough (<< 6~ 1), the Markov chains (5.10) and (5.11) are close. Precisely:
Theorem 5.3 We have

CEE™ (N)=CRE (N)| < O5-varg(F)vara(G) (DD 4 (¢ /t,)? (no)*/ )

(5.13)
This theorem is proved in Appendix.
The quantity (5.12) is bounded as follows:
CEG (N < 1P |0 |Gl oo - sz 2 — | (5.14)
Consider the Markov chain with the transition matrix
= ||7,]| =1 - 11" - 1" (5.15)
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whose stationary distribution is still P = ||f;||. For any n > 1 denote by ﬁfjn )
the n-step transition probabilities of this chain, i.e. ||7‘rl(j")\| = II". In virtue
of (5.11) and (5.14) we have ||7Tg-)er)|| = ITF . [T%0. Therefore,

er ~ | =(L ~
CRE (N < N1 Flloli Gl - o1 7 = ] (5.16)
Y]

since the correlations in Markov chains decay monotonically. We call the
quantity
_ 1
V(L) = = AZ'
2 %.:p

the mizing coefficient of the Markov chain (IT, P). As it turns out, it is this
coefficient that is ultimately responsible for the mixing rates of the flow ®.
We summarize the results of Sections 4-5 in the following corollary:

7 — by (5.17)

Corollary 5.4 For allt > 1 we have
Cra(t)] < 0 - vara(F)vara(G) - [t (n0)™ + D% + xjae)) + V]

According to our convention, the constants 6; > 0 and k depend continuously
on the parameters of the flow ®'. In particular, they do not depend on the
choice of t; or K.

6 Mixing coeflicients in Markov chains

From now on we assume that the partitions A and A are finite, so that all
the above Markov chains are finite.

In the previous section we ended up with the Markov chain (I1, P), whose
mixing coefficient V%) is yet to be estimated. It measures the mean distance
in variation between the L-step transition probabilities and the stationary
distribution P. In this section we find sufficient conditions under which the
mixing coefficients of Markov chains can be effectively bounded.

In order to display the results of this section in a general form, we will
work with an abstract homogeneous Markov chain with a finite number of
states. We denote the sates by 1,2,...,I, the matrix of transition prob-
abilities by II = ||m;|| with 1 < 4,5 < I and the stationary distribution
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by P = ||p:||- We denote by ngm) the m-step transition probabilities, i.e.
Hﬂfjm)H = II". We denote by J the set of indices {1,2,...,1}. Let

Pmin = mlnpz >0

For any m > 1 let

V(m) —

DN | —

I I
Sl gyl and VO =3 pv
i=1 i=1
V(™) is the mixing coefficient of the Markov chain. For every i,j € J let
Ny ikT jk
Vig =D~
k=1 Pk

Theorem 6.1 Suppose that the Markov chain satisfies the following reqular-
ity condition:
v =minv,; >0 (6.1)
4,7

Then for any m > 1 and all i € J we have

VO < sup V™ < 507 2pd - (1 - y/2)m

It is possible to relax the assumption (6.1) of this theorem: we will now
assume a positive lower bound on ; ; for an ‘overwhelming majority’ of pairs
(i, 7) rather than for every single pair (7, j). In that case the bound on v (m)
is weaker, but still sufficient for us. Let

QM) == > pi

(6:5): v, g <v
Theorem 6.2 For any v > 0 and any m > 1 we have
VO < const - [y 2pl, (1= 7/40)™ + m(pain + Q(7))] (6.2)

where const is an absolute constant (one can set const = 50 ).
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Note that Theorem 6.2 formally does not guarantee any convergence to
equilibrium. It can be used effectively only when m(pmim + Q(7)) < 1. We
will demonstrate how it works in the next section.

The last theorem in this section shows that the hypotheses of Theorem 6.2
are stable under certain perturbations. Consider two Markov chains with
matrices of transition probabilities Il = |[m;;|| and II" = [|7};|| and with a
common stationary distribution P = ||p;||. Let

I

TR,
%{,j = Z = and Q'(v) = Z DiD;
k=1 Pk ()7, ;<7
Theorem 6.3 Let ;
1
X = 2 > pilmi; — i < 1.
ij=1

Then for any v > 0 we have

Q'(v/2) < Q(v) + 5071y

Theorems 6.1, 6.2 and 6.3 are purely probabilistic. They are introduced
and proved in [12].

Remark. Theorem 6.1 alone would suffice for Anosov flows treated below
in Sections 8-18. Theorems 6.2 and 6.3 are designed for flows with singulari-
ties (hence, with countable Markov partitions) and we include them here for
future use.

7 Sufficient conditions for a stretched expo-
nential bound on correlations

We now turn back to the Markov chain (IT, P) defined in Section 5. Consider
yet another chain, with the following matrix of transition probabilities

M = |[735] == T, - TT* - T, (7.1)
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where for any k£ > 1 we set
My = [ (m) || = [1(X5 /T X))

The matrices IT and II have a common stationary vector, P. Furthermore,

Zﬁzﬁzj Tyl = Db Z (ﬂkWZzﬁz’;‘ - (WKl)ikWZl(WKz)lj)
] 2
< sz Zﬂ-zkﬂ-kl‘ﬂ'l] (7rez )i
irj

+ Zplzh-zk 7-‘-Kl Zk|ﬂ-kl(ﬂ-Kz)l
i,j

< Kitw + Koy = K (7.2)
where we have applied the bound (3.6) to the Markov chain (II, P).

We now apply Theorem 6.2 to the Markov chains (II, P) and (II, P). W
put

. TikT jik
rYi,j L= Z e J (73)
k Pk

@ (T5 X5 N X0, ) (X, N T2 X0) a(T5 X, 0 X)) (X, 0 T-52X5,)
SRS (o 1 PR XA K0 (X0

k lilal3ly

where the summation in 33(9 is taken over the quadruples (I1,19,13,14) sat-
isfying a “coupling” condition: the atoms X;, and X;, must be in the same
column in A separated by no more than n — 1 other atoms, and the same
must hold for the atoms X;, and X;,. For any v > 0 let

Q)= X Al(X)a(X;) (7.4)
(4:9):%i5 <y
Then, by virtue of Theorems 6.2 and 6.3 and due to (7.2) we can bound the
mixing coefficient V(¥ of the the Markov chain (II, P) by
V) < const - [y Pt (1= 7/80)%* + L(pmin + Q(7) + 257 ' K xw)]

for any v > 0, where, say, const= 2500. Here p.;, = minp; > 0. Recall that
LK < N and L = [t/6]/[t1/0] < t. By Theorem 5.1 we can bound xy and
obtain the following corollary.
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Corollary 7.1 For any v > 0 we have

VI < 01097 [Baia(1 = 7/80)"% +  (Prain + Q(7) + X[y + D™/}

We are now in a position to formulate all the assumptions under which a
stretched exponential bound on Cr(t) holds. The first assumption involves
only the base transformation 7

Assumption T. For any H > 1 there is an my > 0 such that for all
m > mpy there is a partition A = A1) of the base space 2 such that
(i) D=D(A) < c;e” ™,

(ii) coe™®™ < v(A) < cze”®™ for every A € A,

(iii) Xma) < cae™™™.

Here a; and ¢;, i = 1,...,4, are positive constants (independent of m and
H).

Note that the only nontrivial condition here is (iii), which requires a ‘good’
Markov approximation to the map 7 by the chain (3.1)-(3.2). Assumption T
does not require any ergodic or mixing properties of the transformation 7'.
In fact, it is satisfied for plenty of non-ergodic transformations, for example,
rational circle rotations: for a rotation z — e2™/"z it is enough to partition
the circle |z| = 1 into mn equal arcs for any m > 1.

The second assumption involves the flow {®'}.

Assumption F. For any H > 1 there is m}; > mpy such that for all
m > m/y there are
(i) 0 = cze= ™,
(i) n < cge™™ with ag < as, so that nd decays exponentially in m;
(ili) Ky = [Bim/d], Ky = [fam/¢], and K = Ky + Ko;
such that the partition A = A" entering Assumption T can be chosen so
that in the above notations we have

~

(iv) Q(70) < cre™™™.
where Q(v) is given by (7.3)-(7.4). Here 7o, 51, (2, and a;,¢;, i = 5,6,7, are
positive constants (independent of m and H).

The core of this assumption is, of course, the item (iv): this is a sufficient
condition for bounding the mixing coefficient of the approximating Markov
chain (II, P) in Corollary 7.1.
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Theorem 7.2 Under Assumptions T and F, there are constants ¢ > 0 and
a > 0 such that the correlation function for the suspension flow {®'} obeys
the bound

|Cpa(t)] < varg(F)vary(G) - ¢ - eV (7.5)

for all t > 0. The constants ¢ > 0 and a > 0 depend continuously on
Y, B, B2, My, ciya;, 1 < @ < 7, and on the parameters of the flow:
mo, to, Cu, iy, Vare, (1) and diam M.

Proof. Let m = [zy/t] with a sufficiently small z > 0 that will be chosen
below. We put H = 3 and take the partition A = A3 satisfying Assump-
tions T and F (one exists for every m > mj). The partition A and the value
0 given by Assumption F then specify the ‘discretized’ space (M, ft), the map
T on it and the partition A. The value pp, = min{i(X); X € A} satisfies
the bounds

—(az+as)m (az+as)m

CuCaCse < Pmin < Cuc3cs€

Next, for any z > 0 and all ¢t > (k/2® + 3/2)? (the constant & enters Corol-
lary 5.4) we have m3 > #t, and so

Xiat] < Xm3 < cqe” ™™

We then substitute the two above bounds into the inequalities in Corollar-
ies 5.4 and 7.1 (with v = 79) and we make use of Assumptions T and F
immediately obtaining exponential (in m) bounds on all the terms but one.
That one, ‘naughty’ term is p_3, (1 — 70/80)/3. Recall that

) 1/9 t= m
L= INTKY 2 S5 )+ 2l5mf] = 30 + Bom — 205 + )

Hence

If z is small enough, the exponent will be negative, and this term will decay
exponentially in m, too. The above estimates are valid for all

B2 (1= 4/80)1/% < d(cycacs) 2 exp ([m fas)+

t > t, = max{(m}/2)?, (#/2* + 3/2)?}
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and so we obtain (7.5) for all these values of ¢. On the finite interval ¢ €

0, ¢,] nothing can go wrong, since the function Cr (1) is always bounded by
||F||oo - ||G||co- Theorem 7.2 is proved.

Remark. Anosov flows discussed below satisfy some stronger assumptions
than our T and F. In particular, we will prove that x, < cse”*™ for alln > 1
in T and Q(y) =0 in F.

8 Anosov flows

In Sections 8-18 we work with transitive Anosov flows on 3-D manifolds.
We will first invoke the techniques of Markov partitions and symbolic dy-
namics and prove Assumption T. Then, under an extra condition stated in
Section 13, we prove Assumption F, which implies a stretched exponential
bound on correlations.

Here we use the terminology and results of classical works by Anosov,
Sinai, Bowen and Ruelle [1, 34, 5, 6, 7].

Let M be a compact connected C*° Riemannian manifold, dim M = 3.
Let ¢' : M — M be a flow of class at least C?. This means that its trajectories
are defined by ordinary differential equations d¢'/dt = v(y) with a C* vector
field v(y) on M. We assume that ¢’ is an Anosov flow, i.e.

(A1) M does not have fixed points, i.e. v(y) # 0 for every y € M;
(A2) for every y € M there is a D¢'-invariant splitting
TM=EDE DE; (8.1)

into three one-dimensional subspaces, such that 55’ is tangent to the flow,
and there are constants Cy, > 0 and A\, € (0, 1) such that

|ID¢'(v)|] < CoXgllv||  for ve &, t>0
1Dg~"(v)|| < Cpi||v]|  for ve EY, t>0.

The Anosov splitting (8.1) depends on y continuously [1]. It is even
Hoélder continuous, as it was proved in [2], see the proof in [20].

For any y € M there are local (strongly) stable and unstable fibers W
and Wy, respectively [1, 5]. These fibers are as smooth as the flow itself [3],
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i.e., they are at least C%2. However, the foliations of M by local stable and
unstable fibers may not be even C!, they are typically only Holder continuous
[24] (even in 3-D, despite Anosov’s original claim in [1]).

For small € > 0, we call the C? surfaces

Wit = gl =l (W) and - WY* = gl (W)

local weakly unstable and stable manifolds (or leaves), respectively. Here
and further on we adopt Bowen’s notation

PIMA == Uy p' A
for any A C M. For every two close points, 3/, y” € M the sets

Wyl =Wyt 0OWy, and [y, y"]s =W, N W

y//
are not empty and each consists of one point.

Remark. The above points [y, y"], and [¢/, y"]s obviously lie on one orbit
of the flow, so that [¢,y"]s = ¢"[y,y"]. for some |7| < e. We call this
7 = 7(y',y") the temporal distance between the fibers Wy, and W;,. This
distance will play a key role in Section 13.

Our next assumption is
(A3) Anosov flow ¢ is topologically transitive, i.e. it has a dense orbit?;

Equivalently, we can assume that periodic orbits of the Anosov flow ¢!
are dense in M, or that it has no wandering points in M. Under any of these
assumptions the Anosov flow ¢’ satisfies Smale’s Axiom A for flows [35, 5]
and its only basic set is the whole M.

A transitive Anosov flow is said to be topologically mizing if for some (and
then for all) points « € M their (full) stable and unstable fibers are dense in
M.

Fact (Alternative for Anosov flows [1, 7, 24]). For every transitive Anosov
flow ¢' there are exactly two possibilities:
(i) the flow ¢' is topologically mixing, then all its Gibbs invariant measures
(see below) are mixing and Bernoulli [28];

2Examples of nontransitive Anosov flows were constructed in [15].
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(ii) the flow ¢' has continuous nonconstant eigenfunctions (= a discrete com-
ponent in its spectrum), it is then a suspension flow under a constant ceiling
function, and it has no mixing invariant measures.

Naturally, we assume that
(A4) the flow ¢ is topologically mixing.

In the case of Axiom A flows, even this assumption does not guarantee
any bound on correlations, as it was demonstrated by Pollicott [25]. It is
unknown if (A4) guarantees any bound on correlations for Anosov flows. We
will prove Theorem 1.1 under an extra assumption, (A5), stated in Section 13.
On the other hand, many strong statistical properties, like the central limit
theorem and its invariance principle, have been established for both types of
Anosov (and Axiom A) flows [14].

We equip the flow ¢' with the so called Sinai-Bowen-Ruelle (SBR) mea-
sure p. It is defined [34] to be a ¢'-invariant probability measure whose
conditional measures on local unstable fibers are absolutely continuous with
respect to the Riemannian volume on those fibers (the volume, or the length,
is induced on the fibers by the Riemannian metric in M). Every topologi-
cally mixing Anosov flow has a unique SBR measure p. Likewise, there is a
unique invariant measure p_ absolutely continuous on stable fibers. These
two measures are generally different. They coincide iff the flow preserves an
absolutely continuous measure on M, and in this case u = p_ is that mea-
sure. Note, however, that typical Anosov flows do not enjoy this property,
they form an open dense subset in the space of C? flows [34]. Our main
results hold for both measures p and p_, but in view of the time symmetry
it is enough to study one.

The SBR measure p is a Gibbs measure, see [34] and Section 10 below. Its
other remarkable property is that for any absolutely continuous probability
measure po on M its image p; defined by p;(A) = po(¢~*A) weakly converges,
as t — 00, to u, see, e.g., [7]. In other words, any initial smooth probability
distribution on M converges under the action of ¢' to the SBR measure. In
nonequilibrium statistical physics, SBR measures describe stationary states
for nonhamiltonian systems [10, 16].

Denote by Af(y) the Jacobian of the linear map D¢’ : & — 0 Where
the Euclidean structure in &£ is induced by the Riemannian metric in M.
Let £ be any measurable partition of M whose atoms are local unstable
fibers. For any y € M denote by &(y) the atom of £ containing y and by
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fe(y) the density of the SBR measure p conditioned on {(y) with respect
to the Riemannian length on £(y). Then for every yi,y2 € £(y) we have a
remarkable formula [32, 20]

feyr) _ lim A (1)
fe(ya) == A (y2)

The function f¢ is at least Lipschitz continuous [32] on every fiber {(y), and
for any £ > 0 there is a 6 > 0 such that for any yi,ys € £(y) we have [7]

(8.2)

dist (y1,92) <6 = e ° < fe(y1)/fe(y2) <€ (8.3)

The foliations by local stable and unstable fibers and leaves are all abso-
lutely continuous [1, 3, 8] in the following sense. For any two close local unsta-
ble leaves Wi, W™ the map H : W™ — Wy defined by H(y) = W;nW3™
is called canonical isomorphism or holonomy map. Its Jacobian with respect
to the Riemannian area on unstable leaves is bounded away from 0 and oo.
Moreover, it is close to one if the leaves are close enough to each other. The
same property holds for stable leaves. Likewise, for two close local unstable
fibers Wi, Wy the map H : Wi' — Wy defined by H(y) = W,* N Wy can
also be termed a canonical isomorphism or holonomy map. Its Jacobian with
respect to the Riemannian length has similar properties, see Sect. 13 for a
detailed argument.

9 Markov families and special representations

A closed subset R C M is called a rectangle if there is a small closed smooth
disk D C M transversal to the flow ¢!, such that R C D, and for any
y',y” € R the point

W,y |z = DN Ny v}

exists and also belongs to R. A rectangle R is said to be proper if R = R*,
where R* is the set of the interior points of R considered as a subset of D.
For any rectangle R and y € R we put

W) (R) = RNW,/™ and WJ(R):=RNW,”
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Then R is a direct product of the sets W;(R) and W (R) in the set-theoretic
and topological senses.

Definition (cf. [5]). A finite collection of closed sets R = {Ry,..., R;} is
said to be a proper family of size a > 0 if

(i) M = ¢=*%(Q), where Q = Ry U---U Ry;

and there are disks D1, ..., D; containing these sets such that for every i
(ii) diam D; < o

(iii) R; = R}, where R} is the interior of R; considered as a subset of Dj;
(iv) for any i # j at least one of the two sets D; N ¢[®ID; and D; N ¢®l D,
is empty; in particular, D; N D; = 0.

It follows from (i) that for any x €  there is a smallest positive /() such
that ¢!@(z) € Q. According to (i) and (iv), the function I(x) is bounded
from above and below: 0 < i < [(2) < lpax < 00. The set €2 is called a
cross-section of the manifold M. It generates the first return map (Poincaré
map), T'(z) = ¢'® (x), which is a one-to-one map T : Q — Q. It is easy to
check that the functions (z) and T'(z) are locally as smooth as the flow ¢,
i.e. at least of class C2. They are not continuous globally on 2, but /() and
all iterations of 7" are continuous on the 7T-invariant set

O ={reQ: Thr e U_,R; forall keZ}

Definition. A proper family of sets R = {Ry,..., R;} of a small size « is
said to be a Markov famaly, if

(i) every R; € R is a (proper) rectangle;

(ii) if z € Ry NT7Y(R}), then WS(R;) € T-Y(Wj,(R;)) and T(W2(R;)) D
Wi, (R;).

Theorem 9.1 Any transitive 3-D Anosov flow ¢' : M — M has Markov
families of arbitrary small sizes whose rectangles are connected.

The existence of Markov families was proved by Bowen [5]. Marcus [22]
showed how to establish the connectivity of rectangles of Markov partitions
with one-dimensional stable and unstable fibers for Axiom A diffeomor-
phisms. He proved that every rectangle in Bowen’s construction of Markov
partitions [5, 6] consists of a finite number of connected subrectangles, and
those form a (naturally, finer) Markov family. Alternatively, one can use
Sinai’s construction of Markov partitions for Anosov diffeomorphisms [33] to
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construct Markov families for 3-D Anosov flows, and then all the rectangles
will be automatically connected.

We will only consider Markov families with connected rectangles. For
every connected rectangle R and x € R the sets W»*(R) are segments of
C%-smooth curves. The boundary dR consists of two parts: 0“R and 0°R,
where

O"R = U,cpOWS(R) and 9°R = U,cndW™(R)

Each part is the union of exactly two segments of smooth curves, 9“R =
Wiy(R)UW (R) and "R = Wi(R) U W, (R) for some y',y" € R. Every
connected rectangle R is then a curvilinear quadrilateral in the corresponding
disk D.

The set € is now a manifold with I connected components, each of which
is a smooth surface with boundary. The function [(x) and the Poincaré map
T are piecewise smooth (of class at least C*) on Q with a finite number of
discontinuity lines, which are formed by 9Q U T~(99). Here 9Q) = U,0R;.
We also put 0“*Q = U;0R;"".

For every R; € R and x € R; let E5" be the tangent lines to W2“(R;),
respectively. The splitting

7.0 =E, ® E} (9.1)
is DT-invariant and there are constants C'r > 0 and Ar € (0, 1) such that

|1 DT"(v)|| < CrAp|jv]| for ve E], n>0
DT (v < CrA3||v for ve EY, n>0. 9.2
T T

(at singular points z € 9Q U T-1(09Q) a one-sided derivative DT can be
defined and used in (9.2)). The Anosov splitting (9.1) depends on z con-
tinuously, it is even Holder continuous, since such is the splitting (8.1). At
every point x € R; € R the curves W*(R;) are stable and unstable fibers
for T, respectively. We denote by A“(z) the Jacobian of the linear map
DT : EY — EYF,. This is also a Holder continuous function on €.

Remark. The map T : 2 — € is not exactly an Anosov diffeomorphism,
since  is disconnected and T is discontinuous on Q N T19€). Nontheless,
all the main results by Sinai [32, 34] and Bowen [6] apply to T, because the
discontinuity lines of both T"and T~! coincide with some stable and unstable
fibers.
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The invariant measure p of the flow ¢’ induces an invariant measure v
for the Poincaré map T : 0 — 2. For any Borel A C €2 and a small ¢t > 0
we define v by u(¢*A) = tv(A). The measure v is a SBR measure for the
map T, i.e. its conditional measures on unstable fibers W*(R;), z € R;, are
absolutely continuous with respect to the Riemannian length. The ergodicity
of v is obviously equivalent to that of u. The measure v need not be mixing,
however, despite the mixing property of u. If v is not mixing, we have
Q=00U.-..uQ" with QO N QW =@ for i # j, so that T(QV) = QD
(with QUFD = QM) of course), every Q) is a union of some rectangles of R
and the map 77 is mixing on Q) see [7]. Then we replace Q by QM) the
function I(z) by I(z) + -+ +I(T"'x) and T by T". Thus, we can (and will)
always assume that the measure v is mixing.

We now represent every point y € M by a unique pair

y=(z,5): €, 0<s<l(x), y=o¢'z

Then the flow ¢' : M — M becomes isomorphic to a suspension flow built
under [(z) over the map T : Q@ — Q. This is called a special representation
of the flow ¢'. We will use the notations of Section 2 and denote this flow by
®' : M — M. The metric p on € is induced by the Riemannian metric on M,
and its extension to M was defined in Sect. 2. The ‘coordinate’ projections
T M—Qand S: M — [0, nax) are defined by m (y) = 2 and S(y) = s.

The isomorphism between (M, ¢') and (M, ®') is understood in the mea-
sure theoretic sense: it is a one-to-one map v : M — M that preserves the
dynamics, 1) o ¢! = ®' 0 1), and the invariant measure (we even use here the
same notations Q, T, [(x), 1, v as in Section 2, but there will be no confusion).
We often denote i-isomorphic subsets of M and M by the same symbols,
slightly abusing notations.

The isomorphism ) : M — M does not, however, preserve the metric or
even the topology of M, because 1 is only a piecewise smooth map. It is
locally a diffeomorphism with bounded derivatives, but it has a finite number
of discontinuity surfaces in M. The union of those is Q U ()1, where

O =, 100) = {(x,8): 2 €09, 0< s <I(n)} (9.3)

The set QU is a finite union of smooth compact surfaces in M. It is the
preimage of the boundary dM under the natural continuous extension of
™! to the closure M. We call the smooth components of ; ‘side walls’ of
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M, thinking of Q as its ‘floor’. We also put Q"* = 77 1(0%*Q). Note that
¢ () C QF and ¢~ H(QY) C Q¥ for all t > 0.

The discontinuities of 1) will not cause any problems for our main results.
Indeed, if F'is a generalized Holder continuous function on M, then so is the
function F = F o4~ on M. Moreover, the generalized Holder exponent o
for F, recall (2.2), will be also such for F. The ratio of the a-variations of
these two functions, defined by (2.3), is uniformly bounded:

0 < Ct <var,(F)/var,(F) < C < o0
where C' is determined by o and R. Therefore, we obtain

Proposition 9.2 If the stretched exponential bound (7.5) holds for the flow
ot . M — M, then it also holds for ¢' : M — M.

The ceiling function {(z) on intQ = U;R} is piecewise smooth with a
finite number of discontinuity lines, T-1(99Q) \ 0, coinciding with some
stable fibers of T' (we can disregard the discontinuities of I(z) on OS2 since
v(0Q2) = 0). The e-neighborhood of these lines has v-measure < const - €
because v is a SBR measure. Thus, [(x) belongs in GH,, (Q2) with oy = 1,
and we get Assumption L1 in Section 2. Assumption L2 is also ensured by
the lower bound on {(z): I(2) > lynin > 0. It will be enough, hence, to prove
Assumptions T and F, and then Theorem 1.1 will follow from Theorem 7.2.

10 Symbolic dynamics and Gibbs measures

Here we invoke the symbolic dynamics generated by the Markov family R
and study the necessary properties of Gibbs measures.
We recall the basic definitions of symbolic dynamics. A partition matrix

A = A(R) is defined by

: * —1 px
Aij:{ 1 if RRINT'R;#0 (10.1)

0 otherwise

Let J = {1,...,1} and ¥ = JZ denote the set of all doubly infinite
sequences w = {w;}*, . Fix a d < 1 and a metric p; on ¥ such that
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pa(w,w") = d", where n = max{n > 0 : w, = W/ V|i| < n}. Consider
the set
Yp={weX: A =1 forall —oo <i< oo}

WiWi+1
and a left shift homeomorphism o : ¥4 — X4 defined by (0(w)); = wit1.

The system (X4, o) is called a subshift of finite type, or a topological Markov
chain.

Fact [5]. There is a continuous onto map 7 : 4 — (2 such that?
(i) T(w) € Rup;
(ii) the projection 7 is one-to-one on the o-invariant subset 3% := 7~ 1(Q*),
and on this subset we have T'Tor =7 oo

Remark. The identity T om = moo may fail on ¥4\ X%, but it is possible
[5] to slightly redefine the function I(z) (and hence the map T'(z) = ¢'@)(z))
on 0f) so that this identity will hold on the entire ¥ 4. This will not be
important for us, however.

The subshift (X4, 0) is topologically transitive and topologically mixing.
Equivalently, the matrix A is irreducible and aperiodic, i.e. AX° contains no
zeroes for some Ky > 0.

For any Holder continuous function h on ¥4 (with respect to the metric
pa on X 4) there is a (unique) Gibbs o-invariant measure % on X4, see [6, 30]
for definitions and basic properties of Gibbs measures. We only recall that
there are 0 < (] < Cy < o0 and —oo < P < oo such that for any m > 1 and
all W' € ¥4 we have

vlw: wi=w, Vi=0,...,m—1}
¢ < BT . <C 10.2
' exph(W) + h(ow) + - + h(omTw) — Pm] T ° (102)

Here P = P(h) is the so called the topological pressure of h. For any Holder
continuous function f on € the function h = f o7 is [6] Holder continuous
on ¥4. Then the Gibbs measure % projected down to € is called the Gibbs
measure l/é on €) generated by the function f (or the equilibrium state for the
potential function f). It is T-invariant, and since the shift (X4, o) is topolog-
ically mixing, the measure yg; is ergodic and mixing. It is also Bernoulli and

enjoys strong statistical properties [6]. For any f we have v (Q\ Q%) = 0.

3The map ~ is Lipschitz continuous [5] with respect to the metric pg for some d > 0.
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Fact. The SBR measure v for the map T is a Gibbs measure for a Holder
continuous potential function g on §2. Moreover, the function g can be chosen
so that
(i) for some m, > 1 and b, > 0 and for all = € 2 we have

g(@) +g(Tz) + -+ g(T™ ') < —b, < 0 (10.3)
(ii) the topological pressure P = P(g o ) is zero.

Remark. This fact follows from [34, 6] with the function ¢; (z) = —In A*(z).
The bound (10.3) follows from (9.2). Alternatively, one can invoke the results
by Bowen and Ruelle for Axiom A flows [7, Propositions 3.1 and 4.4]. The
above fact then readily follows for the function g»(z) = —In Aj, (x), where
A¥(y) was defined in Sect. 8. The bound (10.3) then follows from (A2). Note
that the functions g;(z) and go(x) are homologous, i.e., there exists another
Holder continuous function h on €2, such that go(x) = g1(z) + h(Tz) — h(z).
Due to this, g;(x) and go(x) have the same equilibrium state (= v) and the
same pressure (= 0).

Next, for any two integers —oo < p < 0 < ¢ < oo and a symbolic string

(W), whyy, .. wh) € TPH the set

Cpq = Cp,q(w;,~--,w;) ={weXs: w=w, foralp<i<g}

is called a cylinder (of length ¢ — p + 1, or a cylinder ‘from p to ¢’). The
projection 7(C,,) of any cylinder down to 2 is a proper connected rectangle
R C Q (more precisely, R C R, € R).

Lemma 10.1 There are positive constants by, by, b and A\, Ao, A3 € (0,1)
determined by the Markov family R such that for every cylinder C,, the

rectangle R = w(C,,) has the diameter less than bl)\lflin{‘M’Q}, and the measure

bo AP < J(R) < by APITY

Proof. The bound on the diameter follows from (9.2). The bounds on
the measure readily follow from (10.2), since the potential g of the measure
v satisfies (10.3) and its topological pressure P is zero. Hence the lemma.

Remark. This lemma can be easily proved for an arbitrary Gibbs measure
vl with constants b;, \; depending continuously on the potential function h,
but we will not need this.
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11 Markov partitions for the map T

Let T be a finite partition of X4 into disjoint cylinders (generally, of different
lengths). Its projection 7(Y) = {x(C) : C € T} down to Q will be a finite
covering of (2 by proper connected rectangles, which can intersect only in
boundary points.

Definition [6]. A finite covering of 2 by closed proper rectangles is called
a Markov partition for the map T if they intersect only in boundary points,
and for any two rectangles R', R” and any point x € (R)* N T 1(R")* we
have W(R') Cc T-Y(W3,.(R")) and T(W2(R")) D Wi .(R").

The Markovian property of the family R implies that the partition of €2
into the rectangles Ry, ..., R; is a Markov partition for the map 7. Let us
note that there is a different definition and construction of Markov partitions
for Anosov flows, due to Ratner [27], but we will not use those in this paper.

Definition. We say that a finite partition T of ¥ 4 into cylinders satisfies the
Markov condition (MC) if for any two cylinders C" = Cpy , and C” = Cpr
in T such that o(C")NC" # 0 we have p’ — 1 < p” and ¢ — 1 < ¢".

Lemma 11.1 Let T be a finite partition of ¥4 into cylinders. The covering
7(T) of Q is a Markov partition iff the partition T satisfies the Markov
condition (MC).

The proof is a direct inspection, and we omit it. We will only work with
partitions T of ¥4 satisfying the Markov condition.

The ‘longer’ the cylinders C' € T are, the smaller are the rectangles of
the Markov partition 7(T). It is customary to refine Markov partitions by
taking R_,,,, = T""R V --- VT ™R, which corresponds to the (canonical)
partition T,, of ¥4 into cylinders of constant length, C_, ,, i.e. all cylinders
‘from —n to n’. We will also need partitions into cylinders of variable length.
For any finite partition T of ¥4 into cylinders we put

Tmin(T) = min {[pl ¢} and 7ua(T) = max {Jp], ¢}

C

Lemma 11.2 Let C,, C ¥4 be a cylinder, r = min{|p|,q}, and = an ar-
bitrary point in the rectangle R = n(Cp,) C Q. Then there is a product
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measure dvy, = dvy x dviy’ on R, where the measures dvyy' and dviy are
defined on some WX (R') and W:(R'), respectively, such that vh, is equivalent

tov on R and
dl/}%/

exp (—by\)) < < exp (by\)) (11.1)

v

Here by > 0 and Ay € (0,1) are constants determined by the Markov family
R.

Proof. Our proof of this lemma works for an arbitrary Gibbs measure v/2,

where h is a Holder continuous function on ¥ 4. For any n > 1 let
var, (h) = sup{|h(w) — h(u)] : w; =W, V|i| < n}

We pick an arbitrary w® € C, . Let

(0)

Cr,=lweXs:wi=w ' Vi<qg}

and
C’qu ={weX,s: w :wgo) Vi > p}

Note that 7(C}7) = W3»*(R'), where x = m(w®). We then define a product
measure on the cylinder (), , obtained by multiplying two conditional mea-
sures generated by & on C,, and C}  respectively, and then multiplying
the product by a constant factor, v&(C, ).

Gibbs measures have locally a product structure, see, e.g., [17]. Haydn
[17] obtained an exact formula for the Radon-Nikodym derivative involved

in (11.1), from which it follows that

d;ﬁ, < exp [2 i varn(h)] (11.2)

v n=r

<

exp l—Q > var,(h)

We also mention another way to prove (11.2), suggested by K. Khanin. A
standard definition of Gibbs measures is based on its conditional distributions
on finite cylinders with fixed boundary conditions, see, e.g., Ruelle’s book
[30]. We can specify the boundary conditions by the above element w(® € ¥ 4.
Then (11.2) can be obtained by a direct (but lengthy) calculation.

Now, since the function h is Holder continuous on X 4, we have var, (h) <
cp By for some ¢, > 0 and 3, € (0,1). Lemma 11.2 then follows from (11.2).

Note that the values of by and A4 depend continuously on ¢, and (.
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The next lemma is specific for SBR measures. Recall [6] that R” C R’
is called a u-subrectangle in a rectangle R’ if W*(R') C R” for all x € R".
Similarly, R” C R’ is an s-subrectangle in R" if W?(R') C R" for all z € R".

Lemma 11.3 There is a constant A5 = A5(R) € (0,1) such that for any
s-subrectangle R C R’ of any rectangle R' C Q and any point x € R" we
have

WERY| (R [WHRY)
We(E)| = w(@) = W)

where | - | stands for the Riemannian length of a curve.

As

Proof. First, we show that for any rectangle R C Q and z/,2” € R we

have
Ao < W (R)|/[Wai (R)] < A6 (11.3)

for some constant A\g = A\g(R) € (0,1). Indeed, let H : W4(R') — W4 (R')
be the holonomy map defined by H(z) = W:(R')NW2 (R'). Let DH(z) for
z € WH(R') be the Jacobian of H with respect to the Riemannian length on
fibers. Then Anosov-Sinai’s formula [3, Equation (5.3)] says that

DH(z) = lim QAA(T(% (11.4)

Since A"(-) is a Holder continuous function on 2 and the points z and H(z)
belong to the same stable fiber, we get (11.3). Now, Lemma 11.3 follows
from (8.3).

Proposition 11.4 Let Y be a finite partition of ¥ 4 into cylinders that satisfy
the Markov condition (MC). Then the partition A = w(Y) of Q enjoys the
following properties (in notations of Section 3):

(i) D = D(A) < by Ap=;
(ii) bz)\gT“‘a"(T) <v(A) < bg)\?mi“m) for every A € A;
(iil) xn < exp (4b4)\zm‘“(T)> —1 for alln > 1.

Proof. The parts (i) and (ii) follow from Lemma 10.1, and for these
we do not need the Markov condition (MC). The proof of (iii) is based on
the fact that the atoms A;,,..., A;_, in (3.3) are rectangles of the Markov

in
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partition A. The set A; , N T~'A,, is then an s-subrectangle in A; , and
A NTA;,_,N---NT" A, is a u-subrectangle in A; ,. The existence of
the product measure Vfli,l stated in Lemma 11.2 then readily gives

Vi (T Ay /A, - NT AL = (T Ay /AL

and so

Aio/TAi_1 N---N TnAz_n)
V(Aio/TAi—l)

exp (—454)\?1‘1“)) < A < exp (4b4AZmi“(T))

The part (iii) now easily follows. Proposition 11.4 is proved.

Corollary 11.5 Let 0 < dy < dy < co. Then for any m > 1 any partition T
of ¥4 into cylinders that satisfies the Markov condition (MC) and such that

dim < Tin(T) < Tmax (1) < dam (11.5)

will generate a partition A = w(1) of Q which satisfies Assumption T for
any H > 1 with some a;, c; depending on the Markov family R and dq, ds.

Remarks. We actually proved something more than Assumption T, be-
cause Y, < cge” %™ for all n > 1. Assumption T is weak enough, it can be
easily proved for arbitrary Anosov or Axiom A flows with Gibbs measures.

12 Uniform transitivity of unstable fibers

Here we prove an auxiliary property of Anosov flows with mixing Gibbs
measures.

Let W* C M be an unstable fiber. Its image, ¢'W", as t grows, gets
longer, and it will fill the space M more and more densely. We will estimate,
roughly speaking, how much of the fiber ¢'V* ends up in a given domain
UcCM.

Without loss of generality, we assume that there is a rectangle R’ =
T(Cp ¢), for some cylinder Cpy  C Xy, such that m(W*) = W ()
for any y € W". Let v be an arbitrary Gibbs measure on 2 and p the
corresponding measure on M, and thus on M. The measure p is then a
mixing Gibbs measure for the suspension flow ®* : M — M, see [7]. The
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Gibbs measure v, restricted on R’, induces a one-dimensional probability
measure on the unstable fiber w3 (W*). We lift this measure up onto W*
(under ;1) and denote the obtained measure on W* by v¢. For every t > 0
we denote by v} the image of 1% on the fiber ¢'W".

Lemma 12.1 For any open domain U C M there are constants By > 0 and
ty > 0 such that for all t > ty we have

Vtu1+t(U) > By >0

where t1 = ¢' - lnax. The constants By and ty are independent of the fiber YW*
(but they depend on the Gibbs measure v, see the end of this section).

Remark. In particular, v can be the SBR measure for 7. In that case,
in view of (8.3), we can simply replace v/} by the (normalized) Riemannian
length on W*, and the statement of Lemma 12.1 will hold true. For this case,
a discrete-time version of the lemma was proved in [9], and it was called there
the uniform transitivity of unstable fibers.

Before we start the proof, we introduce some convenient terminology. Let
R C ) be a proper connected rectangle. For small 0 < s; < sy we call the
set

X = 2R = R x [s1, 53] C M
a box. For all y € X we denote by

WEses(X) = Weues A X and WSS (X) = Wi N X

the unstable and stable leaves and unstable and stable fibers in the box X,
respectively. Every box X is a closed connected domain in M with piecewise
smooth boundary consisting of six faces. These include two stable leaves,
two unstable leaves and two surfaces parallel to R C €2, which we call the
top and bottom of X. Every box X is foliated by both stable and unstable
leaves, which are canonically isomorphic in the following natural sense: the
map H : Wy'(X) — Wy (X) defined by H(z,s) = (W; x {s}) N Wy is
one-to-one.

On the contrary, the unstable and stable fibers W,*(.X) are not all canon-
ically isomorphic (in the sense of Sect. 8). Some of them may cross all stable
and unstable leaves W;”s’“’“(X ), respectively, and we call them full-size fibers.
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Some other fibers in X may terminate on its top or bottom, and will not be
then full-size.

Proof of Lemma 12.1. Pick a ball By.(y9) C U of some radius 2r > 0
centered at some yy € U. Let vy = sup,cy ||do'(y)/dt|| be the maximum
speed of the flow in U. We put

T = min{lmin/l(), T/(10U1)7 T/]‘O}

For any ¢ > 1 we take the partition T, into cylinders C_, ,, see Section 11.
It generates a Markov partition A, = 7(Y,) = {qu), . ,Agf)} of the space
Q). Consider closed boxes

Yk,j _ ¢[k‘r,(k+2)ﬂA§.‘1) cM

for 1 <j<Jand k=0,1,... kpax = lmax/7 + 1. There are K = Jkyax of
those boxes, and they cover M. Moreover, they overlap, so that every point
of M is covered at least twice.

We now pick ¢ > 1 large enough (thus making the rectangles qu) € A,
small enough compared to 7), so that for every y € Y}, the projection
S(W, (Yy;)) of the curve Wy(Yy ;) on the s-axis in M will be a segment
of length < 7. This is clearly possible due to the transversality of () and
the flow ¢'. Then it is easy to check that any point y € M belongs to a
full-size unstable fiber in some box Y}, ;. Consequently, if an unstable fiber
Wi C M terminates on stable ‘side walls’ €27, then it can be covered by
full-size unstable fibers

W? = ng (Y/ﬂ,jl) U---u W;L (Yk/'ijL) (12'1)

i.e. every Wy (Yy, j;) crosses all stable leaves in the box Yy, ;.

By increasing ¢, if necessary, we can ensure that [W; (Y}, ;)| < Cy Yr/2
for all y € Yj ;. It is then clear that for any Y} ;, any ¢ > 0 and any point
y € Yi; N o~ B,(yo) we have W,*(Y. ;) C ¢ By, (yo). The mixing property
of the measure p on M implies that there is a ¢y > 0 such that for all Y}, ;
we have

1(Yi; N ¢~ Br(yo)) = 0.50(Yr)i( Br(yo))
(ty also depends on the domains Yy, ;, i.e. on ¢ and 7, but these are deter-
mined by U). Hence, for every k,j there is a subset Y;’; C Y;; which is a
union of stable leaves in Y} ; and

Ve, Co™U  and (YY) > 0.5u(Ye;)u(Br(yo)) (12.2)
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The set
AZJ — qﬁ[_lmax—gT,O]Yks’j m qu)

is an s-subrectangle in the rectangle Ag-q). Then the bound in (12.2) can be
rewritten as

v(A} ;) > 0.50(A)u(B, (o))

Note that all our constructions were so far independent of the fiber WW".

We now take the unstable fiber W*. 1t is clear that for every ¢ > t; the
fiber ¢'W" terminates on €25. Due to (12.1) there is a box Y}, ;, in which the
full-size unstable fibers Wi, C ¢'W* 1Y}, 5., 1 > 1, satisfy

VU = 1K (12.3)

The curves m (W}4), [ > 1, are unstable fibers in the rectangle Ag-f), which

we denote by W). Let 1/, be the one-dimensional probability measure on
W}, induced by the Gibbs measure v on Ag-f).

Let R = Agf) and dvy, = dviy' x dvyy’ be the product measure on R’
involved in Lemma 11.2. For every | we can certainly pick dvg’ = v}, cf.
the proof of Lemma 11.2. It is then immediate that

I/llft (Az‘t,jt) = V%/ (Azt,jt)/ygl (R/)

> exp(204A7) - V(AL 5,)/ V()
> 0.5 exp(2b4A]) - (Br (%))

Summing up over | and combining with (12.3) gives vj(Yy ;) > K" -

0.5 exp(204A)) (B, (yo)). Now, Lemma 12.1 follows with Gy = (2K) ! exp(2047\]) (B, (v0))-

Remark. For any U C M the values of ¢y and By depend on the Gibbs
measure g continuously (in the weak topology of measures), but certainly
not uniformly in U.

13 Uniform nonintegrability of foliations

We now turn to the proof of Assumption F. For this, we need an extra
assumption on the Anosov flow ¢
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Denote by B,.(y) C M an open ball of radius » > 0 centered at y € M. If r
is small enough, then both families of stable and unstable fibers are orientable
inside B,(y). Pick a gy € M, a small 7y > 0 and fix some orientations of
the families of stable and unstable fibers in By = B,,(%). Let y € By and
0 < ro a small number. On the fibers W' and W, we take two positively
oriented segments of length 9, starting at y and ending at some y; € Wy and
y2 € Wy, respectively. We denote by 7,(d) = 7(y1,2) the temporal distance
between the fibers Wy, and W, defined in Section 8.

The foliations by local stable and unstable fibers are said to be jointly
integrable [24] in By if 7,(0) = 0 for all y € By and small § > 0. In that case
those are subfoliations of the same C"! foliation of By by surfaces. Plante’s [24]
results imply that the flow ¢! is topologically mixing iff its stable and unstable
foliations are not jointly integrable in some ball By. Our next assumption is
a sort of ‘uniform nonitegrability’ for stable and unstable foliations:

(A5) there is an open ball By = B,,(9o) C M where both families of stable
and unstable fibers are orientable, and for some orientation we have, at every
y € B,

0)  — 0) =
0<d< hIn(SHOTy;Q) < lim(;HoTy(S(Q ) <d< oo (131)

where d and d do not depend on .

Remarks. Obviously, (A5) implies the previous assumption (A4). The
lower bound (d > 0) is a principal one here. The upper bound (d < o)
is assumed for mere convenience. We could relax it, but this would cause
unpleasant complications in our proofs.

Remark. One can also measure the length of fibers in the metric of M
rather than M. This will not alter (A5), only the values of d,d may change.
All the subsequent arguments in this section are valid for both metrics.

We can assume that the radius rq of the ball By is so small that there are
local coordinates in By in which for any points y, vy’ € By the angles between
&, and £}, and also between &7 and &, do not exceed /100, where 7 is the
smallest angle between 55’, &, and ;. This means that all the stable fibers
in By are almost parallel, and so are all unstable fibers. We also can assume
that the speed of the flow, |d¢'/dt|, is almost constant in By, i.e. for some
Uy > 0 we have

0.997 < |d¢"/dt] < 1.01%
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Without loss of generality, we can assume that vy = 1 (this amounts to just a
rescaling of time or length). In the metric of M we always have d®'/dt = 1.
For two points y,y’ on the same local unstable (or stable) fiber we will
denote by |y — /|, (resp., |y —y'|s) the length of that fiber between y and y'.
For any two unstable fibers Wi, W5 C By denote by H : W} — W4 the
holonomy map, see Sect. 8. Let DH(y) be the Jacobian of H with respect
to the length on unstable fibers.

Lemma 13.1 For any two unstable fibers Wi, Wy € By the Jacobian DH
1s uniformly bounded away from 0 and oo. Moreover, by making the ball By
smaller if necessary, we can ensure that 0.99 < DH(y) < 1.01 for ally € W}
at which H(y) is defined.

Proof. Let Wyt = ¢l-romhwu. Put y, = W, N Wy, Denote by H.
the holonomy map Wi — W;'. (Note that H, depends on y.) There is a
7| < 1o such that ¢™W,' = Wy. Then we have DH(y) = DH.(y) - AY (y.).
For the Jacobian DH,(y) an analog of Anosov-Sinai formula (11.4) holds,
which says that DH,(y) = limy_., A} (y)/A¥(y.). The existence of this limit
and its closeness to one follows from the fact that y, € W;, and the function
A} () is Holder continuous on M for any ¢. Lemma 13.1 is proved.

Remark. Similarly, the Jacobian of the holonomy map between any two
stable fibers in By will be in the interval [0.99, 1.01].

Let 0 < r; < 19/1000, so that r| < rg.

Definition. We call an H-frame any triple of fibers {W; ;W' ,
in the ball By, all terminating on 0B, such that

(i) Yo € By, (%0) and y1,y2 € Wy

(ii) the point yo lies between y; and y, on the fiber Wy , and this fiber is
positively oriented from y; to ys;

(iil) 3r < |y — yols < bry for I =1, 2.

One can visualize an H-frame as a letter H, it consists of two unstable fibers
joined by a stable one.

For any H-frame {W; , W' , W, } and any y € W, we denote by 7.(y) =
7(y, y2) the temporal distance between the fibers W, and W,. Our assump-

tion (A5), along with Lemma 13.1 and the subsequent remark, implies that

W, } lying
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the function 7,(y) is monotone increasing as y moves along W,, in the positive
direction, and
|7 (') — 7 (y")]

Y =yl
for all y',y" € W, such that max{[y" — y1lu, [¥" — y1]u} < 1007;.

We now fix an H-frame {W; , W W} with 2y = 7o, the center of the
ball By, and |21 — 2¢|s = |22 — 20|s = 471. Let D2(21) and D;(z2) be two open
discs on the surface Wi# with a small radius 0 < r < 7y centered at 21 and 2y,
respectively. Denote by U! and U? the unions of all local unstable fibers in By
terminating on 0By and crossing the discs D?(z1) and D$(z2), respectively.
For small r, the set U} and U? are kind of tubular neighborhoods of the
fibers W and W, respectively. They are ‘distorted’ cylinders (of radius )
with axes W, | = 1,2. We put 7 = ry = r{d, so that r, < r1. Then (13.2)
immediately implies

47”1d S S 127"18 (132)

Proposition 13.2 Let y; € D}, (z1) and y, € D;,(22). Then there is a local
stable fiber W, = for some yo € B, (go) that crosses the unstable fibers W;:‘,l
and W;g at some points y; and ys, respectively. The points y; and yo lie in
the r1-neighborhoods of the discs D;,(z1) and D;,(22), respectively.

Remark. All triples of fibers {W; , W, W;. } involved in this proposition
are H-frames. In other words, we have plenty of H-frames around: one can
take any pair of unstable fiber Wy € U} and Wy € U7, and join them by a

stable fiber W* making an H-frame.

Note that all the points 2, y;, y;, { = 1,2, in the above constructions, and
their r-neighborhoods, are in the ball Bag,, (4o). We put By = Bsor, (%0),
so that By C By. Without loss of generality we can assume that there
is a cylinder Cp, 4 C X4 such that the rectangle Ry = m(C), ) satisfies
m(B1) C Ry C m(By) and there is a box

Y = ¢lr2IRy = Ry x [s1, 8]

such that By C Y C B,.

Remark. In Sections 14-15 three extra conditions, (B1)-(B3), will be
imposed on domains Y, By, By and the values of rg,r,ry. After that all of
them will be fixed.
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We now construct special tubular neighborhoods of the middle bar (stable
fiber) of an H-frame.

For any H-frame {W; W, ,W,,} and | = 1,2 let D(y;) be a disc on
the surface W, centered at y, with radius ¢ € (0,71). Due to (A5) and
Lemma 13.1, for any point y € D¥(y;) we have |7(y,y3—;)| < doe, where
dy = 15r;d + 2. For 7 small enough, we have dy < 3. Let V. C Y be the
union of stable fibers terminating on JY that cross both discs D¥(y;) and
D¥(y2). Then V. is a sort of tubular neighborhood of the stable fiber W , it
is a ‘distorted’ cylinder of radius ¢ stretching across the box Y. We call V.,
a stable e-tube corresponding to the given H-frame. Our previous estimates
imply that

Venw, o Dgglg(yl) D D) (13.3)

forl =1,2.

Lemma 13.3 Let {W, , W, ,W,.} be an H-frame. For all ¢ € (0,11) its
stable e-tube V. satisfies pu(V.) > r1e*, where k; = r1(Y) > 0 does not

depend on the frame.

Proof. Due to (13.3), it is enough to show that v(m(VZ)) > ke with some
ky = kYY) > 0. Put 2y = m(y1) € Rp. The set m(VZ) is an s-subrectangle
in Ry such that |[W} (m(Vz))| > wfe with some ] = £{(Y) > 0, due to
(13.3) and the transversality of  and the flow ¢'. Now the result follows
from Lemma 11.3. Lemma 13.3 is proved.

Remark. The proof of this lemma is the only place where we rely on
the fact that p is the SBR measure (otherwise Lemma 11.3 could not be
applied). Lemma 13.3 will be only used at the very end of Section 16. All
the other arguments in Sections 8-16 hold true for arbitrary Gibbs measures.
It would be desirable to extend Theorem 1.1 to arbitrary Gibbs measures,
but for its present proof the use of Lemma 11.3 here and that of Lemma 13.3
in Section 16 seem to be indispensable.

14 Markov partitions for the flow ¢

Let T be a finite partition of the symbolic space ¥ 4 into cylinders, which sat-
isfy the Markov condition (MC). Its projection A = 7(Y) is then a Markov
partition {A;} of the space 2, whose atoms are connected rectangles. We
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consider A as a (mod 0) partition of the space (2, neglecting possible inter-
sections of its atoms in boundary points.

For any such A and § > 0 we can use the notations and constructions of
Sections 4-5 thinking of § as a quantum of time. In particular, ot M — M
is a discrete approximation to the flow ®' : M — M, and T = i)&, and
A is a partition of M. Since the base € is a manifold with boundary, the
space M is also a manifold with boundary. Every atom X € A is a box
in the terminology of Section 12. It is a direct product of the rectangle

A(X) = m(X) € A and the segment S(X) of length ¢ on the s axis. One
can think of M as made of boxes, as of building blocks. They are piled up
over () lining up in nice columns, each consisting of identical boxes (in the
metric of M).

We call X’ € X a u-subbox (s-subbox) in a box X € A if X’ = int X’ and
X' is a connected union of some unstable (stable) leaves of X. Obviously, in
this case m;(X’) is a u-subrectangle (s-subrectangle) of the rectangle A(X).

For any boxes X', X" € A and n > 1 the intersection X' N X" (with a
nonempty interior) consists of one or more u-subboxes in X" and T-"X"NX'
will consist of s-subboxes in X’. We refer to this as the Markov property of
the partition A of M. One can restate the Markov property in this way: for
any stable leaf W,;’*(X) of any box X its image T”(W;”s(X)), n > 1, lies
entirely in one atom of /l, and so does every preimage of any unstable leaf
of any box.

The ceiling function [(z) is C? up to the singularity set 9Q U T~1(99).
Due to Lemma 10.1 there is a constant b5 = b5(R) > 0 such that

osc (I, A) < s\ for any A € A. (14.1)

Lemma 14.1 There is a constant bg = bg(R) > 0 such that if 6 > bGX{m‘n(T),
then every unstable leaf W, (X) of every box X € A will contain a full-size

unstable fiber. Likewise, every stable leaf in X must contain a full-size stable
fiber.

Proof. 1t is enough to establish the lemma for the bottom boxes X € A
only, i.e. those with S(X) = [0, 6], because the boxes in every column are
identical. Then the lemma readily follows from the transversality of the

cross-section 2 to the flow ¢! and from Lemma 10.1, which provides a bound
on diam A(X).
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Given a partition T, we fix
§ = max{bs, b} - A" (14.2)
so that Lemma 14.1 will always apply. It also follows from (14.1) that
sup{|l(z) — I(z)| : © € Q} <36 (14.3)

For ¢ small enough (< ;) it is clear that the maps ® and P! are close
to each other as long as |t| < §~!. Precisely,

Lemma 14.2 Lety = (z,5) € MNOM and y; = (1, 5) = ®'y. Then either
min{s, [(z;) — 5} < 36(t|/lmin + 2) (14.4)

or
p(®'y, ®'y) < 35(|t]/lmin + 2) (14.5)

Proof. 1t is enough to do this for ¢ > 0. The trajectory ®°y, 0 < s < ¢,
can cross the surface {2 not more than ¢/l,;, + 1 times. Every time the
‘asynchronism’ between the two flows can grow by at most 36 due to (14.3).
It may happen that the trajectories ®°y and @sy, 0 < s <t cross () a
different number of times, and then we have (14.4). Otherwise we have
(14.5), and Lemma 14.2 is proved.

We now turn back to the constructions of Section 13, including the balls
B1, By, the box Y and the quantities ro < 71 < 9. By making all of these
smaller, if necessary, we can ensure two extra properties:

(B1) for any point y = (z,s) € By we have s > 1y and li(x) — 5 > 19, so that
By is a way from the bottom and top of the manifold M.
(B2) for every y € By we have SOV, NY') C [s1 + 271, 52 — 211

Note that, in virtue of (B2), for every y € B; the fibers W;*(Y) =
W,»*NY will be full-size in the box Y (crossing all the leaves of the opposite
foliation).

4the metric p defined in Sect. 2 is here simply the ‘distance in time’ along an orbit of
the flow.
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We will then consider only partitions T of ¥4 into cylinders such that

Tmin (L) > max{|po|,q} and ¢ < ry/100 (14.6)
where § is defined by (14.2). Let
0 < t < Linra/(200) (14.7)

and put n = [t/d]. Let X; € A. Consider closely the intersection 7"X; NY.
Pick a point 3 € int X; with a full-size unstable fiber Wy (X;) (one exists
due to Lemma 14.1). Its image, ®*(W,/(X;)), may intersect the box Y in a

finite number of smooth curves. Denote by V~VC, (=1,...,7; all of those
curves which (i) also intersect the smaller ball B; and (ii) do not terminate
at the image of either endpoint of the original fiber Wy, (X;). Due to (B2),

every curve WC in this collection crosses all the stable leaves of the box Y.
Next, for any ( the set

Xf = Uyeé—tw,; st (Xi)

is an s-subbox in X;. We also put X¢ = T”(XC) d(X¢). Due to (B1),
(14.6), (14.7) and Lemma 14.2, the set X¢ lies in the gi-neighborhood of the
curve W, with

et = 30t /lnin + 85 < 13 /4 (14.8)

In virtue of (B2), this set lies wholly in the box Y. According to the Markov
property of the partition A, for every box X; C Y the intersection X ‘N X,
(if it has a nonempty interior) will be a u-subbox in X;, which we denote by
X¢[l). Tts projection m (X¢[l]) € Q will be a u-subrectangle in the rectangle
A(X)) that covers the curve 7 (W,) N A(X;). The projection 7 (X}) will be
then a long narrow u-subrectangle in the rectangle Ry = m1(Y’), completely
covering the curve 7 (W,).

Summarizing, we may think of )E'f as a chain of u-subboxes in some
boxes X; C Y. This chain stretches along the curve WC and stays in its
gi-neighborhood. For every rectangle A € A in R, that intersects the curve
7T1(V~V<) there is exactly one box X; in the column of boxes over A (i.e., one
with A(X;) = A) which contains a nonempty u-subbox X[I] of this chain.

A dual property, obviously, holds true for the set T"X,NY for any box
X, € A, under again the condition (14.7). That set contains the chains of
s-subboxes, X¢ 0, ¢ =1,...,Z, lining up along stable fibers stretching across
the box Y. We also put X,g[l] = X: N X,
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15 Synchronization

Here we construct a rich family of finite partitions of ¥ 4 into cylinders that
enjoy a special property, which we call synchronization.

For any y € M and ¢t > 0 denote by J(y,t) the number of times the reverse
trajectory ¢"y, —t < 7 < 0, crosses the surface 2. For any subset B C M we
put J*(B,t) = max{J(y,t) : y € B} and J (B,t) = min{J(y,t) : y € B}.
For any cylinder C), , C ¥4 we put

M(Cyq) = ¥~ (m (7(Cpg))) € M

Next, for every large integer § > 1 we define an increasing sequence of
finite partitions, Y, 7, n > 1, of ¥4 into cylinders, such that for any atom
Cpq € T,z we will have p < —¢ and ¢ = ¢. Note first, that under these
conditions we will have 7y (Y, s) = ¢ for all n > 1, and so the value of
d = 0 defined by (14.2) will not depend on n. We will also assume that ¢
is large enough, so that (14.6) holds. In particular, 0 < [y, so that we will
have JT(B,(n+1)0) < J*(B,nd) + 1 for all n > 1 and any B C M.

Our definition of the sequence of partitions T, ; is recurrent in n. We put
T, 43 = Ty, a partition into cylinders C_z ;. For any n > 2 and any atom C), 4
of the partition Y,,_; ; we declare it an atom of Y, ; if J*(M(C,,),nd) < |p|,
otherwise we subdivide it into ‘longer’ cylinders C,_; , C C,, declaring them
all atoms of T,, 5. Clearly, for every n > 2 the cylinders C, , € T,, ; may have
different ‘lengths’ (different p’s but always ¢ = q).

Note that for any n > 1 and any C,, € T, ; we have

JH(M(Ch,q),n0) < Ip| (15.1)

and also
7= Tmin(Tng) < Tmax(Tng) < max{q, J© (M, nd)} (15.2)

Lemma 15.1 The partition Y,, ;5 satisfies the Markov condition (MC) for all
qg andn > 1.

Proof. The proof is inductive on n. Obviously, T, ; = T, satisfies (MC).
Suppose that (MC) is violated for Y, ; but holds for T,,_; ;. This can only
happen if there are two cylinders C, ,,C) | € T, 14, 0(C, ) D C)_; , such
that J*(M(C,,),nd) < |p| and J*(M(C)_,,),nd) > [p—1] = |[p| + 1. In
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that case the cylinder C} ; is an atom of T, 4, while C]_, - is not (it has to be
subdivided into C}’, , C C;_; ). But this is impossible, since the inclusion
o(C),) D C)  implies T'(7(C} ) D 7(C)_, ), so that J*(M(C,_, ,),nd) <
JH(M(C},),nd0) + 1. Lemma 15.1 is proved.

Now, for any n > 1 we have a Markov partition A = 7(Y, ;) of © and
d = 65 defined by (14.2). They generate the space M, its partition A into
boxes, and a map T=2a&: M- M.

We will always assume that n is bounded by
Linax@/0 < 1 < lyinT2/(206%) (15.3)

Note that the lower bound implies J~ (M, nd) > g, and so p < —q for every
atom C,, € T, ;. Consider an arbitrary C,, € T, ; and A = 7(C,,) € A.
Let X € A be a box ‘over’ A, i.e. m1(X) = A. Pick a point y € X with
a full-size stable fiber W7 (X) (one exists due to Lemma 14.1). The curve
W=¢" (W, (X)) is a stable fiber in M. It may be cut by surfaces of QU

into pieces, which correspond to the smooth components of w(W) Cc M.
The crucial observation is that, since J=(W;(X),nd) < |p|, which follows
from (15.1), then the above curve W cannot cross any ‘side wall’ in €. It can
only cross one or more times the ‘floor’ {2. Hence, due to the transversality
of Q and the flow ¢', the length of the curve W (in both metrics of M and
M) will be bounded by a constant C; = C;(R) < co. In particular, W can
cross ) not more than J; times, where J; = J1(R) € ZZ, is another constant.

Therefore, J*(W;(X),nd) — J~(W;(X),nd) < J;, and so
J+(M<Cp7q), n(5) — J_(M(C’p,q),né) S J2 = Jl + [lmax/lmin] + 3 (154)

Next, recall that |p| > ¢, so that C,, ¢ T1; = T;. Put ny = min{n’ <
n: Cpq € Yo g} Let Cpiq 4 be the atom of T,y ; that contains C,,,. Then
JH(M(Cpi1,4),m10) > [p+1| = |p| — 1. Since (15.4) also holds for M (Cpi1,4)
(with n; — 1 instead of n), we get J~ (M (Cpy1,4),n10) > |p| — Jo — 1. Since
M(C,,) C M(Cpt1,4) and ny < n, we get

Ip| —Jo —1 < J(M(Cpy),nd) < J+(M(Cp7q),n5) < |p| (15.5)

Now we impose the last condition on the box Y constructed in Section 13:

(B3) The rectangle m(Y) = Ry = m(Clpy4,) 1s small enough, so that |py| >
Jo + 1.
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We now turn back to the stable fiber W = ¢ " (Wi(X)). Let y; and
yo be its endpoints. Each of 71(y;) and m(y2) belongs to T7(9“Q) for some
j > 1. Due to (15.5) we have |p| — Jo — 1 < j < |p|. Since T-PI(9*A) C 9“1,
we have

1 (yl), 1 (yg) € TJ2+1((9UQ) (156)

Assume now that W N By # (). Then (B3) and (15.6) imply that yy, y, ¢
Y. By virtue of (B2), the fiber WY is full-size in Y.

Next, the set T-"X consists of s-subboxes in some boxes of A. Those
subboxes lie in the ¢, ;-neighborhood of the curve W where

Eng = 30°1/lnin + 86 < 1o/4

in view of (14.5), (14.6) and (15.3), unless they are separated from W by Q,
in which case (14.4) applies instead of (14.5). Therefore, the set 7-"X NY
is a chain of s-subboxes lining up along the curve WN'Y. We denote by X
the union of s-subboxes in this chain.

Lemma 15.2 In the above notations we have

AUX)/i(X) = k2 >0
for some constant ky = ko(Y,R) > 0, independent of X, n,q.

Proof. Let Ry = m(Y') C Ry, € R. Since J*(W;(X),nd) < |p| and 1%
does not cross any side walls £2; C M, there is a continuous function, s(y), on
W such that ¢*®y e RZO for all y € W and ¢*Wy = () for all y € WNY.
The curve W = {¢*® y:ye W} C R, is then a stable fiber for the map 7.

Now, for any y € T-"X we pick a z, € W such that dist (y,2y) < €ng
(if such a z, does not exist, we denote by z, the closest point on W to Y
in the metric of M). Let i} : T-"X — R;, be a map defined by #*(y) =
71 (¢ ) Hmin/20) - The image m(T~" X)) is a rectangle Ry C R;,, which covers
the curve W. Clearly, 7 (T""X NY) = Rx Nm(Y) is a u-subrectangle in
Ryx. The statement of Lemma 15.2 is now equivalent to

V[RX N 7T1(Y)]/V<Rx) Z K9 (157)

Let vf = 8" x v§"® be the product measure involved in Lemma 11.2, for the
rectangle R;,, with 15" and v defined on fibers W} (R;,) and W7 (Ry,),
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respectively, for some z € 7 (Y'), which we assume to be fixed (independent
of X,n,q). Then we have
vo(Bx Nm(Y)) _ w” (W5, (Rig) Nm(Y)) | v™ (Wi, (Rig) N mi(Y))
vy (Rx) v (W, (Rip), Rx]) = v (W5, (Ry))

where [W7 (R;,), Rx] = {W; (Ri,)"W,, : 2" € Rx}. Denote the last ratio by
Kk = Kkh(Y, R) > 0. Now, (15.7) readily follows from (11.1), with ky = e®*x),.
Lemma 15.2 is proved.

Proposition 15.3 (Synchronization) There is mo(R) > 0 such that for
every m > mo(R) there is a finite partition Y™ of ¥4 into cylinders sat-
isfying both the Markov condition (MC) and the bound (11.5) with some
0<di(R) < dy(R) < oo and enjoying the following property:

For every box X € A such that T-™/9 X, N B, # (), there is exactly one
chain® X} c T-™9X, NY and

A(X1E) > Kafu(Xy,) (15.8)

Proof. We put T =T, - with § = [m/2lya] + 1 and n = [m/d,]. Our
assumptions (14.6) on § = 7pin(Y™) and § = §; and (15.3) on n will hold
for all m > my(R) with some my(R) > 0. The inequalities (15.2) imply the
bounds (11.5) with

d1 = (2lmax)_1 and dg = 2/lmin

The main property (15.8) follows from Lemma 15.2. Proposition 15.3 is
proved.

Remark. The key idea of this proposition is that all the boxes X &€ A are
stretched under the map T—m/d) substantially, so that they are transformed
into long chains of s-subboxes, but at the same time ‘not too much’ (every box
is transformed into a few chains of finite total ‘length’). Broadly speaking,
the map T—m/3] stretches all the boxes ‘synchronically’.

5Here we again use the terminology and notations of the previous section.
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16 A proof of Assumption F

In this section we prove Assumption F stated in Section 7, and thus complete
the proof of Theorem 1.1.

For any m > mg(R) we take the partition Y™ of the symbolic space ¥4
into cylinders, which is provided by Proposition 15.3. It generates a Markov
partition A™) = 7(T™) of the base €, which verifies Assumption T due to
Corollary 11.5. The value of § defined by (14.2) verifies (i) of Assumption F.
We put

Ky = [ﬁlm/(s] with 61 = 4lmax/lmin and Ky = [m/é]
so that By = 1 in Assumption F. We also put
n = 1003,11,m

Clearly, the parts (i)-(iii) of Assumption F will hold for all m > my(R).

In view of our choice of § the bounds (14.6) and (14.7) with ¢t = K;J will
hold for all m > m;(R) with some m(R) > 0. Thus, for all ¢t < K;J we get
(14.8) and a stronger bound

et < 36% K, [limin + 85 < nd/10 (16.1)

We now turn back to the equation (7.3). We consider only such quadru-
ples (I1,1s,13,14) that X; C Y for all r = 1,2,3,4. The sets TE X, TKlXj
and T~%2X, admit the description in terms of chains of subboxes developed
in Sections 14-15. Let Xfl, ¢ =1,...,7;, be all the chains of u-subboxes
in (TAKlXZ») NY, also X]-CQ, G =1,...,Z;, be all the chains of u-subboxes in
(TM1X;)NY, and X} be the chain of s-subboxes in (T~*2X}) MY, this one
is unique for a given k due to Proposition 15.3.

Consider any pair of chains X{* and X}. The sets ;(X:") and 7 (X})
are a u- and s-subrectangles in Ry = m1(Y'), respectively. Therefore, they
intersect each other inside some rectangle A" € A. Hence, there is exactly
one column of boxes in A (the one over A’) in which both chains have ‘rep-
resentatives’, i.e. a u-subbox X'[l}] € X, and an s-subbox X}[ls] C X,.
We put Fflk = 1if |s(X},) — s(X,)| < nand Fflk = 0 otherwise®. Thus, every

6The difference |s(X;,) — s(X;,)| — 1 is the number of boxes between X;, and X;, in
the column of boxes over A’.
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pair of chains X' and X ! has at most one representative in (7.3), and it
does iff Fflk = 1, according to the “coupling” condition on [y,l3 in the setup

of equation (7. 3) A similar conclusion is, of course, true for every pair of
chains X © and X} k-

Lemma 16.1 Consider an arbitrary pair of chains )N(fl and )N(,%, and the
corresponding boxes X;,, X;, described above. We have

o 11X Cl)u(ff )iu(Xi,)
aV(Ro)d

AT XN X)) - (T X, N X, >

Proof.  First, it is enough to substitute (XS 1)) for A(TH X, N X))
and ((X{[ls]) for a(T~%2X;, N X;,). Then the lemma is equivalent to the
inequality

on V(T (X)) (m (X)) (A(X,, )
v(Ro)
Note that (X' [l1]) and (X} [ls]) are u- and s-subrectangles of A(X,),

respectively. It is then a simple calculation that for the product measure V%O
on Ry involved in Lemma 11.2 we have

a8 0D 4 (G40 = ST D MDA (X))

v(m (X)) - v(m (XL [ls)) 2

The bound (11.1) now implies the lemma.

A similar statement holds for any pair of chains X J-CZ and X}. This lemma
will allow us to ‘uncouple’ the indices i, 7, k from [y, 1y, 3,1, in (7.3). Com-
bining Lemma 16.1 and Proposition 15.3 gives

~

e €y (X A(XS) (X
bij = ZZkafﬁm - :

kGt 2(Ro) [(2n + 1)0]2a(X;) fu X)
L% €162 X/%) ) ( ~j)
2R 2 @ R CTEVFIE) o ﬂ (16:2)

We now invoke the constructions of Sect. 13. It is enough to sum in (16.2)
over such (y, (s and k that
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(i) the chain X <! intersects the tube s ,/2 and stretches completely across
the box Y';
(i) the chain X jgz intersects the tube U2 /2 and stretches completely across
the box Y.

For any pair of (1, (5 just specified, there are two unstable fibers WC“I C
HK1 X, and Wé C @Kl‘;Xj whose ¢k, s-neighborhoods contain the chains
X’il and )~(J§2, respectively. These fibers lie, respectively, in the tubes U}Q
and U32, due to (14.8). Then Proposition 13.2 says that there is a stable
fiber VVC o, C Y intersecting both W“ and W“ at some points y; and s,
respectlvely, so that these three ﬁbers make an H frame. Then every chain
xU 0 lylng in the vicinity of the fiber WC o MY must be ‘coupled’ with
X and X]CQ in Eq. (16.2). Precisely, the union of all the chains X} with
Fflk = ngk = 1 covers the stable e-tube V. = V1% of the above H-frame with
e =nd/4. This follows from Proposition 15.3 and the bound (16.1).

Remark. The necessity to take into account the asynchronism between the
flows @' and ', which is manifested in &, estimated by (14.8) and (16.1), was
the only reason why we introduced the parameter 1 and the corresponding
perturbed Markov chains in Section 5.

Now, Lemma 13.3 implies that

e MED L AVES)
2Ty + 197 2 [y Dap 2 /100

This reduces (16.2) to

[; e 12b4/€152 ch ,a(XzCl) . ZCQ /jL(XgCQ)
2 1002 a2(Ro)  (Xs) fi(X;)

(16.3)

Next, Lemma 12.1 can be applied to any full-size unstable fiber in the
boxes X;, X; and the open sets Uy = int (U}, ,,NY) and U = int (U7, ,NY),

respectively. In terms of Lemma 12.1, for any such fiber W* we have

v (Uy) > B, and v (Up) > B

for all t > laxdom + t., where t, = max{ty,,ty,} and 5, = min{Sy,, O, }
Note that K16 > laxdam +t. for all m > msy for some my = mo(R, Uy, Uy) >
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0. Once again, invoking (14.8), we get

STAUXS) = Buu(X) and Y (X$E) > Buin(X;)
¢1 C2

Finally, we obtain
i €
"7 100¢2 2 (Ry)

The right hand side of this bound is the constant =, for Assumption F.
Thus, we obtain B” > 7y for all pairs ¢,7. For all H > 1 we set my =

max{mg, mi, my} (independently of H). Then Assumption F is proved, and,

moreover, we get Q(%) = 0. As it was promised, we did prove something

more than Assumption F.

17 Smooth perturbations of Anosov flows

Here we sketch a proof of Theorem 1.2. The following theorem [1] establishes
the so called structural stability of Anosov flows:

Theorem 17.1 Let ¢' : M — M be an Anosov flow. Then for any other
flow ¢ : M — M close to ¢' in C* metric, there is a homeomorphism
U : M — M, close to identity in C° metric, which takes (directed) orbits of
@' to (directed) orbits of @Y.

Note that ¥ is not a conjugacy of the two flows, because it need not
preserve the parametrization of trajectories. The homeomorphism ¥ can be
chosen to be Holder continuous [20].

Any flow ¢! close to an Anosov flow ¢' in C! metric” will be also an
Anosov flow [1], for which the constants A\, and C, in (A2) can be chosen
the same as for ¢, see also [8]. Based on these general theorems and mere
definitions (A1)-(A2), it is easy to show that the Anosov splitting (8.1) and all
the local stable and unstable leaves and fibers depend uniformly continuously
on the flow ¢’ (in CY metric for fibers and C! metric for flows).

"The distance between two flows is defined to be the distance in C! metric between
their velocity vector fields.
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It is then easy to verify that all our constructions and parameters in
Sections 9-16 depend continuously on the flow ¢*. We only mention a few
crucial points.

The Markov family R can be built on the same disks Dq,..., D; for
all flows C* close to ¢!. The rectangles R; € R depend on the flow ¢!
continuously (in, say, the Hausdorff metric), and then the symbolic dynamics
o : 34 — X4 will be the same for all flows close to ¢', see also [7]. The space
M will then change continuously (in, again, the Hausdorff metric) with the
flow ¢!. The parameters of the suspension flow ®¢ : M — M, listed in
Theorem 4.1, will then depend continuously on ¢'.

The Gibbs measure vs; = 7! o v on ¥, depends continuously on ¢! in
the weak topology of measures [7]. The potential function g o 7 and the
ceiling function [ o on ¥4 are uniformly continuous in ¢f, see [7]. Hence,
our parameters b;, A;, d; and my, b, in Sect. 10-15 depend continuously on ¢'.

Our constructions in Section 13 are performed in a small ball By C M,
which is supposed to be independent of ¢!, see a footnote in Introduc-
tion. The parameters rg, 1,7 are also independent of ¢', and the domains
Y, U} ,U? depend on ¢' continuously. Then xy, ko will depend on ¢’ contin-
uously.

The parameters 3y and ¢y is Sect. 12 depend continuously on ¢f, but not
uniformly in U. However, Lemma 12.1 is only applied in Section 16 to just
two specific domains, U; and Us,, both depending on ¢' continuously. Thus,
the values of 3, and t, in Sect. 16 will depend on ¢' continuously as well.

Summarizing, we conclude that all the parameters affecting the values of
a and ¢ in Theorem 7.2 depend continuously on the flow ¢!. Theorem 1.2 is
proved.

Another interesting question is whether our assumptions (A1)-(A5) will
hold for any flow ¢! close to ¢! in C! metric. As we already mentioned, ¢! has
to be an Anosov flow, so that (A1) and (A2) will hold. If ¢' is topologically
transitive, then so is ¢} due to Theorem 17.1.

Proposition 17.2 If the Anosov flow ¢' is of codimension one (i.e., dim & =

1 or dim &y = 1) and topologically mizing, then so is any flow @} close to @'
in O metric.
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Proof. Tt follows from [24] that the (strongly) stable and unstable fo-
liations for the flow ¢' are not jointly integrable®, cf. Section 13. Hence,
7,(0) # 0 for some y € M and small § > 0. Since local stable and unstable
fibers depend continuously on the flow ¢’ (in C° metric), so does the value
of 7,(8). Hence, 7,(0) # 0 for any flow ¢! close to ¢', so that the stable and
unstable foliations of ¢} are not jointly integrable either. (If dim M > 3,
the argument is essentially the same.) It now follows from [24] that ¢} is
topologically mixing. Proposition 17.2 is proved.

Thus, our assumptions (A1)-(A4) are stable under smooth perturbations
of flows (for (A4), this is proved for codimension one flows). Assumption
(Ab) apparently is not stable under perturbations.

18 Contact Anosov flows

Here we discuss an important class of Anosov flows, which includes geodesic
flows on compact surfaces of negative curvature.

Let ¢! : M — M be a C? Anosov flow, dim M = 3. Assume that the
Anosov splitting (8.1) is C* smooth. Then the family of tangent 2-planes
Ey @& in TM is C* smooth (the converse is also true, see [20]).

In this case let w be a C! smooth ¢'-invariant 1-form in 7 M, such that
its kernel is & © & and w(v,) = 1, where v, = d¢'/dt. Denote by dw the
exterior derivative of w, it is a continuous ¢'-invariant 2-form.

Definition. The flow ¢’ is called an Anosov contact flow if the 3-form w A dw
is not degenerate. The form w is then called the contact form of ¢'. The
bundle of planes & @ &; is then called a contact structure [4].

Theorem 18.1 Let ¢' be a C? Anosov flow on a 3-D compact manifold with
C' smooth Anosov splitting. Then

(i) ¢ is topologically transitive;

(ii) @' is topologically mixing iff it is contact.

In the second case the 3-form w A dw gives an absolutely continuous ¢'-
invariant measure, and our assumption (A5) holds true.

8This was also conjectured in [24] for all transitive Anosov flows. If this is true, Propo-
sition 17.2 will cover all those flows as well.
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Proof. The part (i) was proved by Plante [24]. He also proved that ¢
is topologically mixing iff the family of the tangent planes & @ & is not
integrable, i.e. it is not a tangent bundle to a C! foliation of M by surfaces.
By Hartman’s theorem [24], this is equivalent to w A dw # 0, thus we get
(ii). Plante also proved [24] that in this case w A dw determines a ¢'-invariant
measure equivalent to the Riemannian volume on M.

It remains to verify (A5). It is proved in [19] that for contact Anosov
flows we have

(lsi_r)r(l] 7,(0)/0% = £dw(v!, v5) # 0 (18.1)

YUy

where vy € £ and vy € & are unit vectors (+ corresponds to the choice of
orientation). The value of dw(vy,v;) depends on y continuously, thus (A5)
follows. Theorem 18.1 is proved.

Therefore, in the case of C' Anosov splitting, our (A3) holds automati-
cally, and (A4) is equivalent to (A5) and both are equivalent to the contact
property. Thus, for the flows with C! Anosov splitting the correlations either
decay fast, as in (1.2), or do not decay at all.

For generic C? Anosov flows, the limit in (18.1) need not exist. In that
case our (A5) generalizes contactness. It is perhaps reasonable to call Anosov
flows satisfying (A1)-(A5) generalized contact Anosov flows.

It is well known that geodesic flows on C*° compact surfaces with nega-
tive curvature are contact Anosov flows. Indeed, they are Anosov [1], their
Anosov splittings are C! [18], and they are topologically mixing by Arnold’s
theorem, see an extensive discussion in [1]. Thus, these flows satisfy our
assumptions (A1)-(A5), and Theorem 1.1 applies. Theorem 1.2 then covers
small perturbations of geodesic flows, which preserve their contact structure.

Appendix

Here we provide the proofs of Theorems 4.1, 5.1, 5.2 and 5.3.

A.1. We start with a lemma on generalized Holder continuous functions.

Lemma A.1 Let M’ be a metric space with a Borel probability measure 1
and f(x) € GHo(M"). Let r(x) > 0 be an integrable function on M' and
R= [, r(x)dy'(x). Then

/ 08¢, (o) (f, ) dp () < var,(f) - R*/(@FY
Ml
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Proof. For any € > 0 we obviously have p/{x € M': r(z) > R/} < e.
Therefore,

/ oscr(:p)(f;a?)du'(x)é/ oscrye(f, ) dp'(x) + € - osc(f, M').
M M

Setting e = R*/(“*1) and utilizing the definitions (2.2) and (2.3) accomplishes
the proof.

Since diam A(z) = d(z), we have |I(z) — I(z)| < oscq) (I, ). Lemma A.1
and the definition (3.7) now imply that

/Q U(z) — I(z)| dv(z) < varg, (1) - D@/ @+, (A1)
Recall that |I(x) — I(z)] < 26, and so
/Q U(z) — I(2)] dv(z) < 26 + varg, (1) - D/ (@), (A.2)
As a result,

HMANM) + AMAM) < (Gt e) - [ i) = i(a)] dv(a)
< 3¢, (25 + varg, (1) - Dal/(al+1)) . (A3)

~ Fixat>0andset N = [t/d]. We will compare the maps ®' on M and
PN on M. For any y = (z,s) € M let Ji(y) be the number of times the
trajectory ®*y, 0 < s <'t, crosses the base (). Assumption L2 ensures that

Ji(y) < ([t/to] + 1)mq (A.4)
For any y = (x,5) € M let Al(y) = |I(z) — (z)| and
Aid(y) = Al(x) + Al(Tz) 4 - - - + ANTT W) + 6. (A.5)

Now denote the point ®'y by y; = (x4, s;) and define

Atl(y) _ { Add(y) if Ad(y) < miH{St,Z(It) — 5} (A.6)

diam M otherwise
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A direct inspection shows that for any point y € MNM we have p(Dly, PN y) <
Ayl(y), and so

|[F('y) — F(&™y)| < osca,yq,, (F, D'y)

Notice that the point PN y may lie in M \ M, where the function F' is set
to zero.

A.2. We are now in a position to prove Theorem 4.1. First, we have
| F@Gwduty) = [ F@y)G(y) duty)
M MNM

A F(2'y)G(y) du(y)

The latter integral does not exceed const-||F||so||G/||oo - (6 + D/ (@) wwith
const= 3¢, (2 + var,,(l)), according to (A.3). Next,

o FONCW dnty) = [ F@™yGly) du(y)
b [ F@y) = F@™9)Gly) dp(uiA.T)
The latter integral does not exceed

50N
1Glle [ 1F(@'y) = F@™ )] duy) < 1G]l [ 0505, (F@'y) dp(y)

=
a+1

16l [ 05Csia-oy) (Fr) dnly) < [|Gllwvara F) ( [ Al(y) duty))

(at the last step we use Lemma A.1 and the invariance of the measure p
under the flow ®'). In order to estimate the integral in the last bound, we
will integrate the equation (A.5). First, for any i > 0

/M AlTz) duly) = ¢, /Q I(z) - Al(T'z) dv(z)
< culmaX/QAl(T":c) dv(z)

where lna = maxq l(z). Notice that ¢,lmax < culc,' +osc(1,Q)) =1+¢, -
osc (1,92). By virtue of (A.2) we get

/ AUT'z) dp(y) < [1+ ¢, - varg, ()] - [20 + varg (1) - D™/ D]
M
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We now integrate (A.5) by using the bound (A.4) and get
/ Atl(y) du(y) < const - t(5 + Daz/(az+1))
M

where const= 2mgty " (2 + (1 + ¢, )varg, (1))
The definition of A,l(y) by (A.6) involves the function wu,(y) := min{s,, [(x;)—

A

s¢}. Let u/f (y) := max{u;(y),0}. Notice that u;(y) < 0 iff !(y) € M\ M.
It is an easy calculation that u{y € M : uf(y) < 7} < 2,7 4+ p(M\ M)
for all » > 0. It then follows that for any subset B C M such that
w(B) > p(M\ M) we have

/B ut (y) du(y) > (de,) " (B) — p(M\ M)

Therefore, for any subset B C M we have

u(B) <2 {Cu /B u/ (y) du(y)} o )
We now obtain that
ply € M Ad(y) # Ad(y)} = ply € M Ad(y) > u/f ()}
< 2 [ M)+ a0\ A

and so

/M Atl(y) dN(y) < /M Atl(y) du(y) + diam M - N{y . Atl(y) 7& Atl(y)}
< const - t(d + Dal/(az+1))1/2

with const= 10mgty ' (1 + ¢,)(1 + diam M)(2 + (1 + ¢, )var,,(1))?. Thus, the
last integral in (A.7) is properly bounded. The first integral in the RHS of
(A.7) equals

o FO0Gw) daty)

It differs from )
[ F@™)G) dir(y)

by less than 2¢,||F||«||G]|d due to (4.2).
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Finally, observe that, since [y, F(y)du(y) = 0, we have

[, P dilw)] < 20|l - u(M\ M)

A similar bound holds for GG, and then (A.3) gives

[ F@) i) [ Gw)dit)| < 1FlLlGllo366 2 vare, () (5 + D/’

Theorem 4.1 is now proved.

A.3. We now turn to the proof of Theorem 5.1 and consider the quan-
tity (5.3). First, notice that if X;, is not a bottom atom, then both con-
ditional measures in (5.3) are either equal to one or not defined (in which
case we set them to zero, recall the remark after equation (3.3)). Hence,
non-bottom atoms X, do not contribute to the value of xn. Now consider
an arbitrary bottom atom, X;, = A;; x [0,9). Both conditional measures in
(5.3) are now defined only if X; | is a top atom. Let A4; | = A(X; ,). Ob-
serve that now fi(X,,/TX;_,) = v(A;,/TA,_,). Furthermore, the intersection
TXL1 n-- -ﬂT”XLn in (5.3) has a nonzero measure only if the chain of atoms
Xi_,,...,X;_, has the following structure. The top atom X; , goes first, it
is followed by the whole column of atoms down to A(X;_,) x [0, ), then goes
another column of atoms over some A; , (listed from top to bottom), etc.
The last atom in the chain, X; _, is not necessarily a top or bottom one,
but it must terminate a subcolumn of atoms going down from a top one.
We denote by A, ,,..., A, , the atoms of A over which the above columns
(including the last subcolumn) are situated, listed in the above order. Now,
a direct inspection shows that

X /TXi N NTMX ) = w(Agy /TA; N NTRA )

and
/l(T,X};l MN---N Tan_n) = Cﬂ(SV(TAJ;l N---N TkAjik)
Here the value of k depends on n and on atoms A; ,, A, ,,..., and it is
uniquely defined by the inequalities
k=1 ko
DA, <nd < D U(A;L,) (A.8)
m=1 m=1
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We now turn back to the equation (5.3) and rewrite it as follows:

Xv=sup > |w(A/TA; n---NTFA; ) = v(A; /TA; )]

nsN k’jO:j*lrn’jfk
XCﬂ(;V(TAjil N---N TkAj_k> (Ag)

where the summation is taken over all the k, A;,, A; |,..., A; , that satisfy
the constraints (A.8). The summation in the RHS of (A.9) is performed in a
different way compared to that of (3.3), because k is variable in the former
and n is constant in the latter. We will eliminate this difference and reduce
(A.9) to (3.3). Observe that, in virtue of Assumption L2, for any xz € 2 and

all £ > 1 we have

kf W(1r"x) > l i ] to > lk;ll to (A.10)

m=1 mo + 1

The same bound with the function / instead of [ is not necessarily true. How-
ever, the following weaker bound involving the function [ will be established
on an ‘ample’ set of points z € :

Lemma A.2 For any k > 1 we have

k—1
4m0

k-1
I/{:L‘ €eQ: (T ™) >
m=1

] to} >1-— 8m0talvaral([) . Do/ (eu+1)
(A.11)

Proof. Tt is enough to prove (A.11) for the function [ instead of [ since

~ —

[(x) > I(z) for every point x € Q. Due to (A.1) we have
k=1 k—1

/ ST ) — S (T ")
Qlm=1 m=1

Together with (A.10) this completes the proof of Lemma A.2.

Since the function [ is constant on the atoms of A, the sum S5—L [(T-™z)
is constant on any intersection TA; , N---NT*A; . According to (A.11),
for an ample collection of such intersections we have

jgli(Ajm) > [k’_ 1] to

dv(z) < (k — 1) - vary, (1) - D*/(et)

4m0
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Along with (A.8), this implies k < [4moty'nd] + 4myg, and thus
k < K := [8myt] (A.12)
(recall that ¢y < 1). Then (A.11) implies the following ‘tail bound’:

> v(TA; , N---NTFA; ) < 8mygtyvar,, (1) - D@D (A 13)

k>K,50,0—1;-J—k

where the summation is taken, again, over k, A; ,,..., A; , that satisfy (A.8),
with an additional restriction & > K. Therefore, the total contribution to
the value of xn in (A.9) of all the ‘tail’ terms involved in (A.13), i.e. those
for which k& > K, does not exceed the value of the RHS of (A.13) times c¢;0.
All the terms in (A.9) with £ < K make the following contribution to yx:

)ACE\?lain) = sup Z |V(Ajo/TAj71 M---nN TkAJ'—k) o V(AJO/TAjfl)’

NEN L<K 0,1 —k

xcpov(TA; ,N---N TkAj_k)

< sup Z |V(A]'0/TA]'—1 M---N TKAj—K) - V(AjO/TAj—l)‘
nEN G051 oK
XCﬂal/(TA];l NN TKA];K>

< GoXK (A.14)

Here the first sum is taken over all k < K, jo,j_1,...,j_k that satisfy (A.8),
and the second sum is taken over all jg,j_1,...,j_g with the value of K
specified by (A.12). The first inequality allowing the transition from the first
sum, with a variable k, to the second one with a bigger but constant K, is
based on the following simple trick (valid for any Borel subsets B, C, D C Q):

v(B/C' N D) — v(B/C)| - v(C'ND) = |v(BNCND)—uv(B/C)w(C N D)|

=2 v(BNCNDNA)—v(B/C) 3 v(CNDNA)

A i

<> WBNCNDNA)—v(B/C)v(CNDNA)

=S W(B/CN DN A) = u(B/C)| - v(C N DN A)
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This trick allows us to ‘extend’ the conditions of the conditional measures
in the first sum of (A.14). Combining (A.13) with (A.14) gives the following
bound:

)A(N S C;QéX[Smot} + 8m0t616ﬂ5 : Val'al(l) . Dal/(al—H) (A15)

The main statement of Theorem 5.1 is now proved.

In the case when the function [(z) has a positive lower bound, ., > 0,
we obviously have [(z) > I(z) > Ly for every z € Q. Therefore, we can
set mog = 1, tg = lmin, and the bound (A.10) will also hold for the function
I(x) instead of I(z). Then (A.12) will be true uniformly (the ‘tail’ involved
in (A.13) will be empty). Thus, we get the second statement of Theorem 5.1
and complete its proof.

A.4. Next, we prove Theorem 5.2. The two middle integrals in the
expansion (5.5), combined, are bounded by

1Gll - [ IAF@)di(y) + [IF ]l - [ 1G] diy)

The last integral in (5.5) does not exceed either of the above two sum-
mands. Adopting again the notation y = (x, s) for points of M and invoking
Lemma A.1, we obtain

L IAFW) i) < [ oscayo(F.y) diy)

a/(a+1) )
) < varg(F) - (8 4 2lpax D)/ @+

< var,(F) - ((5 + / d(z)di(y)
M
The same bound is true for the function GG. Theorem 5.2 is proved.
A.5. We now turn to the proof of Theorem 5.3. Obviously,
~(chain er ~ A = oA (N 7 er
CES™(N) = CES(N) = Y. Gy Y [Fyay” = Fnf™] - (A16)
( J
We now compare the expansions (5.10) and (5.11) carefully. We will call
the string i1, 1o, ...,41,i+1 = j entering (5.10) an interior one if

Ln < s(X;,) < I(A(X;,))/6 — Ln

for all r = 1,...,L + 1. This means that every atom X;, in some column
of atoms in A is at least Ln atoms away from both top and bottom of that
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column. For any interior string we collect all the strings 71,01, ..., 5,0, Jr+1
entering (5.11) such that

(i) j1 = iy;

(i) A(X;,) = A(X;,) and [s(X),) —s(X;,)| <nforallr=1,..., L;

(iif) A(X;,) = A(X,,) and

r—1
s(Xj,) = s(Xi) + 3 (s(X0,) = s(X;,))
u=1
forallr=2,..., L+ 1.
For any string satisfying (i)-(ili) we have 7; ;. = 7, ,;, for all r =
2,...,L and 752t = 7T and also h, = (29 +1)7" for all ¢ =

1,..., L. The number of strings satisfying (i)-(iii) is equal to (2n + 1)L
Besides, the last atoms, X;, , and X; are in the same column of A, and

L+1 JL+1?
dist (X, ,,, Xj,.,) < (Ln —1)d. Hence,

L+1)

’FiL+l - F}L+1| < OSCd(ﬂU')+(L77+1)5(F7 y/) (A17>

for any point 3 = (2/,s") € X, .

We then substitute the expansions (5.10) and (5.11) into (A.16) and take
first the sum over the interior strings in (5.10) and their counterparts in
(5.11). Due to (A.17), the resulting sum will not exceed

Gl / | O+t (Fry) din(y)

By virtue of Lemma A.1 this quantity is bounded by

a/(a+1)
1G] lwvara(F) - ( [ ld(@) + (L + 1)0) di(y))

< NGl vt (F) - Reslo(D + (L + D/

Lastly, the contribution to (A.16) of all the strings in (5.10) other than
interior and the remaining strings in (5.11), combined, does not exceed
AL2¢, | Fllocl G oo

Theorem 5.3 is proved.

63



References

1]

2]

[10]

[11]

[12]

D.V. Anosov, Geodesic flows on closed Riemannian manifolds with neg-
ative curvature, Proc. Steklov Inst. Math., 90, (1967).

D.V. Anosov, On tangent fields of transversal foliations in Y-systems,
Matem. Zametki 2 (1967), 539-548.

D.V. Anosov and Ya.G. Sinai, Some smooth ergodic systems, Russ.
Math. Surveys 22 (1967), 103-167.

V.I. Arnold, Mathematical Methods of Classical Mechanics, Springer-
Verlag, N.Y., 1978.

R. Bowen, Symbolic dynamics for hyperbolic flows, Amer. J. Math., 95
(1973), 429-4509.

R. Bowen, Equilibrium states and the ergodic theory of Anosov diffeo-
morphisms, Lect. Notes Math., 470, Springer-Verlag, Berlin, 1975.

R. Bowen and D. Ruelle, The ergodic theory of Axiom A flows, Inven-
tiones math., 29 (1975), 181-202.

M.I. Brin and Ya.B. Pesin, Partially hyperbolic dynamical systems,
Math. USSR Izvestia 8 (1974) 177-218.

L.A. Bunimovich, Ya.G. Sinai and N.I. Chernov, Statistical properties
of two-dimensional hyperbolic billiards, Russ. Math. Surv., 46, (1991),
47-106.

N.I. Chernov, G.L. Eyink, J.L. Lebowitz and Ya.G. Sinai, Steady-state
electrical conduction in the periodic Lorentz gas, Comm. Math. Phys.
154 (1993), 569-601.

N.I. Chernov, Limit theorems and Markov approximations for chaotic
dynamical systems, to appear in Prob. Th. Rel. Fields, (1995).

N.I. Chernov, Markov approximations for chaotic dynamical systems, to
appear in Advances in Soviet Math. 19, Publ. Amer. Math. Soc. 1995.

64



[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

P. Collet, H. Epstein and G. Gallavotti, Perturbations of geodesic flows
on surfaces of constant negative curvature, Comm. Math. Phys. 95
(1984), 61-112.

M. Denker and W. Philipp, Approximation by Brownian motion for
Gibbs measures and flows under a function, Ergod. Th. Dyn. Sys. 4
(1984), 541-552.

J. Franks and R. Williams, Anomalous Anosov flows, Global Theory
of Dynamical Systems, Lecture Notes in Math. 819, Springer-Verlag,
Berlin, 1980, pp. 158-174.

G. Gallavotti and E.D.G. Cohen, Dynamical ensembles in stationary
states, to appear in J. Stat. Phys. (1995)

N.T. Haydn, Canonical product structure of equilibrium states, Random
Comp. Dynamics, 2 (1994) 79-96.

M. Hirsch and C. Pugh, Smoothness of horocycle foliations, J. Diff.
Geom. 10 (1975) 225-238.

A. Katok and K. Burns, Infinitesimal Lyapunov functions, invariant cone

families and Stochastic properties of smooth dynamical systems, Ergod.
Th. & Dynam. Sys. 14 (1994) 757-785.

A. Katok and B. Hasselblatt, Introduction to the Modern Theory of
Dynamical Systems, Cambridge Univ. Press, 1995.

J. Loviscach, A large class of functions with good properties under
Anosov maps, Preprint BiBoS no. 586/93, 1993.

B. Marcus, Unique ergodicity of some flows related to Axiom A diffeo-
morphisms, Israel J. Math. 21 (1975), 111-132.

C. Moore, Exponential decay of correlation coefficients for geodesic
flows, In: Group Representations Ergodic Theory, Operator Algebra
and Mathematical Physics, Springer, Berlin, 1987.

J. Plante, Anosov flows, Amer. J. Math., 94 (1972) 729-754.

65



[25]

[26]

[27]

28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

M. Pollicott, On the rate of mixing of Axiom A flows, Invent. Math. 81
(1985), 413-426.

M. Pollicott, Exponential mixing for the geodesic flow on hyperbolic
three-manifold, J. Stat. Phys. 67 (1992), 667-673.

M. Ratner, Markov partitions for Anosov flows on n-dimensional mani-
folds, Israel J. Math. 15 (1973) 92-114.

M. Ratner, Anosov flows with Gibbs measures are also Bernoullian,
Israel J. Math. 17 (1974) 380-391.

M. Ratner, The rate of mixing for geodesic and horocycle flows, Ergod.
Th. Dyn. Sys. 7 (1987), 267-288.

D. Ruelle, Thermodynamic Formalism, Addison-Wesley, Reading,
Mass., 1978.

D. Ruelle, Flots qui ne mélangent pas exponentiellement, C. R. Acad.
Sci. Paris 296 (1983), 191-193.

Ya.G. Sinai, Markov partitions and C-diffeomorphisms, Funct. Anal. Its
Appl., 2, (1968), 61-82.

Ya.G. Sinai, Construction of Markov partitions. Funct. Anal. Its Appl.,
2, (1968), 245-253.

Ya.G. Sinai, Gibbs measures in ergodic theory, Russ. Math. Surveys,
27, (1972), 21-69.

S. Smale, Differentiable dynamical systems, Bull. Amer. Math. Soc., 73,
(1967), 747-817.

66



