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1 Lebesgue measure

JPE, May 2011. Are the following true of false?

(a) If A is an open subset of [0, 1], then m(A) = m(A), where A is the closure of
the set.

(b) If A is a subset of [0,1] such that m(int(A)) = m(A), then A is measurable.
Here int(A) denotes the interior of the set.

(a) False. Counterexample: the complement to a modified Cantor set. Its measure
is < 1, but its closure is the entire interval [0, 1].

(b) True. Indeed, we have
OA = A\ int(A) = m(0A) = m(A) — m(int(A)) = 0.

Now

A= int(A)U(A\ int(4)), A\ int(4) C IA.



Hence A is the union of an open set, int(A), and a subset of the null set A. Since
the latter is always measurable, we conclude that A is a measurable set.

JPE, Sept 2010. Is the following true of false?
Let E be a subset of R", and int(F) the set of all interior points of E. Then
int(E£) = () if and only if p*(E) = 0. (Here p* denotes the outer measure.)

If w*(E) =0, then m(E) = 0, so int(E) is indeed empty. But the converse is
not true. The set of points with irrational coordinates has infinite measure and
empty interior.

JPE, May 2005. Show that if A C [0,1] and m(A) > 0, then there are z and y
in A such that |z — y| is an irrational number.

If | —y| € Q for any z,y € A, then A C z + Q for any point z € A, hence A
would be a countable set and we would have m(A) = 0.

JPE, Sept 2004 and Jan 1989. Is the following true or false?
There is a subset A of R which is not measurable, but such that B = {z €
A: x is irrational} is measurable.

False. The set A\ B C Q is countable, hence measurable. So if B was measur-
able, then A = BU (A \ B) would be measurable, too.
JPE, May 2001. Does there exist a non-measurable subset of R whose comple-
ment in R has outer measure zero?

No. If the outer measure of a set is zero, then its inner measure is also zero, so
the set is measurable. Then its complement is measurable, too.
JPE, May 2000. Do there exist two non-measurable sets whose union is mea-
surable?

Yes. If A is any non-measurable set, then its complement A€ is also non-
measurable, but their union is the whole space (a measurable set).
JPE, May 2000. Is the following true of false?

If the boundary of Q C R* has outer measure zero, then €2 is measurable.

True. Since the outer measure of 0f) is zero, its inner measure is zero, too,
hence its Lebesgue measure is zero. Then any subset of 02 is a null set, and
therefore it is measurable, too. Now (2 is the union of two sets:

Q= int(Q) U (2 int(2)).

Note that int(£2) is an open set, hence it is measurable. And (Q\ int(2)) C 99 is
a subset of a null set, hence it is also measurable. Therefore €2 is measurable.



JPE, May 1998. Let A C [0,1] be a non-measurable set. Let B = {(z,0) €
R%: z € A}.

(a) Is B a Lebesgue measurable subset of R??

(b) Can B be a closed subset of R? for some such A?

(a) Yes. The set B is a subset of a straight line (y = 0), so it has outer measure
zero. Thus it is Lebesgue measurable.

(b) No. If B was closed in R?, then A would be closed in [0, 1], and then it would
be measurable.

JPE, Sept 1997. For a measurable subset £ C R"”, prove or disprove:
(a) If E has Lebesgue measure zero, then its closure has Lebesgue measure zero.
(b) If the closure of £ has Lebesgue measure zero, then E has Lebesgue measure

Z€ero.

(a) False. Example: E consists of points with all rational coordinates. E is count-
able, hence m(E) = 0. On the other hand, F is dense in R”, hence its closure is R".

(b) True. Since E is a subset of its own closure, then E also has Lebesgue measure

Zero.

JPE, May 1993. Let r, be an enumeration of rational numbers in R.

(a) Show that R\ U2, (r, — 2,7, + -3) is never empty.

(b) Show that R\ U2, (r, — =, 7, + =) can be empty or non-empty, depending on
how the rationals are enumerated.

(a) By the o-subadditivity of the Lebesgue measure

o<
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thus these intervals cannot cover the entire R.

(b) Now the above estimate gives > oo | 2 = = 00, thus our previous argument would
not work. However presenting specific examples of enumeration so that the above
intervals cover (or do not cover) R is not easy. Let us not get into these complica-

tions...

JPE, May 1990. Does there exist a measure space (X, 9, ) such that there is
no countable collection of subsets X,, € M satisfying ©(X,,) < oo for all n and

Yes. Example: p is the counting measure on R with Borel o-algebra.

JPE, May 1989. Does there exist an open dense subset A C [0, 1] x [0, 1] such
that its complement ([0, 1] x [0,1]) \ A has positive Lebesgue measure?



Yes. The complement to a modified two-dimensional Cantor set.

2 Measurable functions

JPE, Sept 2011. Is the following true of false?
If f:[0,1] — R is continuous a.e., then f is measurable.

True. Let E C [0, 1] be the set of points where f is discontinuous. We have
m(E) = 0. The restriction of f to E¢ = [0, 1]\ E is continuous, hence for any open
set U C R its preimage f~'(U)NE* is open in E°, therefore f~1(U) = (VNE*)NB
for some open set V' C [0, 1] and some subset B C E. Any subset of the null set
E is measurable, hence f~!(U) is a measurable set.

JPE, Sept 2011 and May 2005. Let f: [0,1] — R. Is it true that if the set
{z €[0,1]: f(z) = ¢} is measurable for every ¢ € R, then f is measurable?

False. Let A C [0,1] be a non-measurable set. Define f(z) = z on A and
f(z) = —x on [0,1] \ A. This function is injective, hence {z € [0,1]: f(z) = ¢}
is either empty or a one-point set (a singleton) for each ¢ € R; in either case it is
measurable. But f7!(]0,1]) = A is a non-measurable set.

JPE, Sept 2009. Does there exist a sequence {fr} of Lebesgue measurable
functions such that fj converges to 0 in measure on R but no subsequence converges
uniformly on any subset of positive measure?

No. In one of the homework exercises, we proved that if f; converges in measure,
then there is a subsequence {f,, } that converges a.e. Now by Egorov’s theorem
the convergence must be uniform on a set of positive measure.

JPE, Sept 2007. Show that f,(x) = e "I1=*"@l converges in measure to f(z) = 0
on [a,b] C R.

We have

lfo—fl>e © el o 1 —sing| < % lné
Note that sinz = 1 whenever x = 7 + 2km (k € N). Thus the above inequality
|1 —sinz| < & In I specifies a neighborhood of each point 2 = 5 4 2km whose size
shrinks as n — oo. Note that there can only be finitely many points § + 2k7 in
any finite interval [a,b]. Thus the Lebesgue measure of the union of the above
neighborhoods of these points tends to zero as n — oc.

If we replace a finite interval [a,b] with an infinite interval, such as (a,o0) or
(—00,b), then there would be infinitely many of the above points 7 + 2k7 and
their neighborhoods within the given interval, and then their union would have an



infinite measure. In that case the convergence in measure would fail.

JPE, Sept 2005. Is the following true of false?
If f:]0,00) — R is differentiable, then f” is measurable.

True. The derivative can be computed as the following limit

— fz)

9
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f(x) = lim

n—oo
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which exists because f is assumed to be differentiable at every point « € R. Thus
f' is a limit of measurable functions, hence it is measurable.

JPE, May 2001. Does there exist a non-measurable function f > 0 such that
V/f is measurable?

No. Indeed, f = (v/f)? is a composition of a measurable function v/f and a con-
tinuous (and thus Borel) function, 2%, thus f is measurable.

JPE, May 1994 Let {f,} be a sequence of measurable functions on a measurable
space (X, ). Define the set

E={rxeX: lim f,(z) exists}

Show that F is a measurable set.

Let g(z) = limsup,,_,, fn(z) and h(x) = liminf,, . f.(z). We know that both
functions g(x) and h(x) are measurable. Also recall that lim, ... f,(z) exists if
and only if g(x) = h(x). Now E ={z € X: g(z) = h(z)}, hence F is measurable.

3 Lebesgue integral: definition via simple func-
tions

JPE, May 2008. Is the following true or false?
For every non-negative, bounded and measurable function f on [0, 1],

fdm = inf/ pdm
[0,1] [0,1]

, where the infimum is taken over all simple measurable functions ¢ with f < .

True. Since f is bounded, let M = sup f be its upper bound. Now for every
simple function ¢ > f there is a simple function v such that v» < M and f < ¢ <
. Indeed, it is enough to take ¢ = min{p, M}. Note that f[o g ¥dm < f[o % dm,



hence
inf/ pdm = inf Y dm,
[0,1]

I<e¢ f<yp<M [0,1]

i.e., it is enough to use only simple functions v satisfying f < ¢ < M.
Now g = M — f is a nonnegative measurable function bounded by M, thus

M—/ fdm = gdm:sup/ sdm
[0,1] [0,1] 0<s<g J[0,1]

where the infimum is taken over all simple functions s such that 0 < s < g.
For each such s we have ¢y = M — s a simple function satisfying f < ¢ < M.
Conversely, for every simple function v satisfying f < ¥ < M we have s = M —
a simple function satisfying 0 < s < g. Thus the above identity gives

fdm = — sup /[()H(—@D)dm: inf W dm.

[0,1] f<Y<M F<v<M Jio,

JPE, May 2004. Is the following true or false?
Let f > 0 be bounded and measurable on R. Then

/Rfdm:inf/Rgbdm

where the infimum is taken over all simple measurable functions ¢ with f < ¢?

False. This would be true if the measure of the whole space was finite (like in
the previous problem). But here m(R) = oo, in which case the claim is false.
A counterexample is any bounded function f(z) € L. (R) such that f(z) > 0

for all z € R. For example, f(z) = e or f(z) = ﬁ, which you might

remember from Calculus or Probability Theory. If you do not remember any, you
can construct f as follows:

f=2 2" Xpnsn
For this function we have
/fdm: Y 2M=3<c
R

n=—oo

Now since f(z) > 0 for all z € R, then any simple function ¢ > f must also be
positive everywhere, so that in the representation

(b = Z QXA
=1
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all the values «; are positive: «; > 0 for all i = 1,...,n. At the same time at least
one subset A;, must have infinite measure, i.e., m(A;,) = co. Therefore

/gbdm = iaim(Ai) > a;ym(A;,) = oo
i=1

for every simple function ¢ > f. Thus inf [, ¢ dm = oo, while [, fdm < cc.

4 Lebesgue integral: general

JPE, May 2011. Prove that a measurable function f(z) belongs to L'(0,1) if
and only if

> 2 m{z € [0,1]: |f(z)] > 2"} < co.

JPE, May 2006. Let ;(X) < co. Prove that a non-negative measurable function
f(x) belongs to L*(X, u) if and only if

iZ"-u{$€X:f(x)Z2"}<oo.

The above two problems are almost identical, we only solve the first one. Let
us partition [0, 1] into subsets

Ey =A{z: [f(z)] <2} glx) =1
By ={z:2 < |f(2)| <27} g(x) =2
B, ={2:2" <|f(2)] < 2"} glx) = 2"

and a new function g by g(z) = 2" for all z € E,,, as shown above. Note that

s -12lf@I <06 = [o-12 <2 o

thus f € L'(0,1) if and only if g € L'(0,1).

Denote -

S: =>"2"-mfz €[0,1]: |f(x)] > 2"}

n=1

and observe that

mia: |f()] 2 2 = 3 m(E),
k=n

7



Now on the one hand,

/ gdm = ZQ”m(En) < 2m(Ep) + ZZ”m{m: |f(x)] >2"} <24 8.
[0,1] n=0 n=1

On the other hand,

o0 [e%S) [e%S) k o0
S=> 2y m(E) =Y m(E) Y2 <> FmB <2 [ gdm
=1 k=n k=1 n=1 k=1 (0,1]
thus
S
— < / gdm < S+ 2.
27 Joy
This implies g € L*(0,1) if and only if S < oo.

JPE, May 2010. Is the following true or false?
Let { fx} be a sequence of non-negative measurable functions on R such that fr — f
a.e. in R. Then limj_, fR fr dm exists and

/ fdm < lim [ fidm.
R k—oo JR

False. The limit need not exist. For example, let
f=0  and  fi=k(1+ (=1)")x0x1

Then [, fix dm alternatively takes values 2 (for all even k) and 0 (for all odd k), so
it does not have a limit.

We note, however, that whenever limy_, fR frdm does exist, the claimed in-
deed immediately follows from Fatou’s Lemma.

JPE, May 2010. If f € L'(0,1), find

lim 1kln<1 + |f<x>|2> dz.

k—o0 0 k2

The limit is zero. The integrand can be written (and bounded above) as

1 [f(@)[P\* _ 1 F@r _ L 2
- < - o = =
: ln<1—|— 12 ) < Ine ? |f(x)|,

thus it converges to zero pointwise a.e. (more precisely, for every x € [0, 1] such
that |f(z)| < o). However, the Lebesgue Dominated Convergence does not apply
(yet), because | f?] is not necessarily in L'(0, 1), i.e., we may have fol |f(x)]?dz = o0

(example: f(x) =1/y/x isin L'(0,1), but fol |f(2)|? dx = 00).

8



To get a better upper bound we can use an elementary inequality In(1 +¢) <
2v/t, which is true for all t > 0; see a proof below. This inequality gives

etn(1 4+ LY <o gy

which is integrable. Now the Lebesgue Dominated Convergence applies and finishes
the job. Lastly, here is the proof of the elementary inequality:

In(1+t) <2Vt < 14+t<e?Vi= 1+2\f+2+

and the latter is obvious.

JPE, Sept 2009 and Sept 2004. Assume that {f.},{g.}, f,g are in L}(R"),
fn — [ pointwise a.e., g, — ¢ pointwise a.e., |f,| < g, a.e., and [, g, dm —
Jgn gdm. Show that [o, fodm — [o, fdm.

By the triangle inequality |f, — f| < g. + | f|, hence

gn+|f|_‘fn_f|20‘

Now by Fatou’s Lemma (as in the proof of Lebesgue Dominated Convergence)

/g+/yf| /hmmf(gnﬂf!—\fn—fl)
<timinf [ (g, +1f] = 1o~ f)
:hminf</gn+/\f|—/\fn—f|>
:/g+/|f|—limsup/|fn—f|

therefore [ |f, — f| — 0. Lastly, by the integral triangle inequality

‘/h—/ﬂz“ﬁwfﬂﬁ/m—ﬂﬁQ
therefore [ f, — [ f.

JPE, Sept 2009 and Oct 1990 Assume that {f;} and f are in L'(R") and
fe — f pointwise a.e. and [o. |fi] — [g. [f|]. Show that for any measurable set

ECR”
/ frdm — / fdm
E E
By the triangle inequality

1 fel = [fe = FI] <111

9



Since f € L'(R"), the Lebesgue Dominated Convergence gives

L= [ 1n=s1= [ (ni=1h=0 = [ 1

therefore [g, |fx — f| — 0. Lastly by the integral triangle inequality

fi#= 15

JPE, May 2009. Let f € L'([0,1]) be real-valued. Prove the following state-
ments:

(a) ¥ f(x) € L'([0,1]) for all k € N.

(b) limg_ o fol o f(z) dz = 0.

(c) If lim,; f(z) = a for some real number a, then

/(fk—f)‘§/|fk—f|§ femfl—0.
E E Rn

k—o0

1
lim k;/ ¥ f(x) dx = a.
0

(a) |2 f(x)] < |f(2)], hence 2* f(x) € L(]0,1]).

(b) We have z¥ f(z) — 0 as k — oo for all z € [0,1). Then the claim follows from
Part (a) and the Lebesgue Dominated Convergence.

(¢) An elegant solution exists when f is continuously differentiable. Since lim £ =

k
1, we can replace the factor k£ with k£ + 1 and then integrate by parts:

1 1 1 1
k _ k+1 _ k+1 _ k41 ¢
(k+1)/0 x f(x)d:v—/o f(z)dx x f(:v)‘o /0 " f(x) du.
The first terms is

) = 1 () - 0 () =

and the second converges to zero, due to Part (b).
Next we outline a solution for an arbitrary f € L'([0,1]).
(i) Choose small € > 0 and 6 > 0 such that |f(z) —a| < ¢ for all z € (1 -4, 1].

(ii) Show that limkaook:fol_é z*f(x)dx = 0 by using the Lebesgue Dominated
Convergence. Note that

sup sup kzF =supk(l —6)* < oo,
k>1 2€[0,1-6) k>1

which provides an integrable upper bound. Now it is enough to prove that

1
lim k:/ 2* f(x) dx = a.
1-5

k—o00

10



(iii) Note that a —e < f(x) < a + € on the interval [1 — ¢, 1], thus

1 1 1
(a—s)k/ xkdfcgk/ xkf(:c)dxg(a—i—a)k/ z* dx.
1-6 1-6 1-

1

Computing the integral

gives

(a —e)k
k+1

[1—(1—6)"] Sk:/léxkf(x)dxg 1

Taking the limit £ — oo shows that the middle integral will be eventually “squeezed”
between a — ¢ and a + €. Since € > 0 is arbitrary, Part (c) follows.

JPE, May 2009. Suppose that f, is a sequence of non-negative Lebesgue mea-
surable functions on (0, 10) such that f,(z) — f(x) for almost all z € (0,10). Let
F(z)= [} fdm and F,(z) = [; f,dm. Prove that

10 10
/ (f+ F)dm <liminf [ (f,+ F,)dm.
0

n—o0 0

We apply Fatou’s Lemma twice. First,
F(x) = / fdm = / liminf f, dm < liminf/ fndm = liminf F, (z).
0 0 0
Second,
10 10
/ (f+ F)dm < / (f + liminf F,) dm
’ O10
:/ liminf(f, + F,) dm
0

10
< lim inf/ (fu + F,) dm.
0

JPE, Sept 2008. Let f € L'(0,00). Prove that there is a sequence z,, — oo such
that lim,, . z,f(x,) = 0.

Denote ¢ = liminf, .., x|f(z)|. If ¢ = 0, then a sequence as above exists. If
¢ > 0, then there exists A > 0 such that z|f(z)| > ¢/2 for all z > A. Then

/ ]f\dmz/ ]f]dmz/ idyc:oo,
(0,00) (A,00) A 2z

11



which contradicts the assumption f € L'(0, 00).

JPE, May 2008 and Sept 2009. Is the following true or false?
There exists a sequence {f,} of functions in L'(0, c0) such that |f,(z)| < 1 for all
x and for all n, lim,,_, fn(z) = 0 for all z, and

lim fondm = 1.

0 J(0,00)

True. An example: f, = n" x(o.n)-

JPE, May 2003. Is the following true or false?
There exists a sequence {f,} of functions in L'(0,1) such that f, — 0 pointwise
and yet f[o j fudm — oo.

True. An example: f,, = n?x(on-1).

JPE, May 2008 and Oct 1991. Is the following true or false?
There exists a sequence {g,} of functions on [0, 1] such that

lim gndm =0

n—oo [071]

but g,(x) converges for no z € [0, 1].

True. See “Amazing shrinking sliding rectangles” in the class notes. Note:
in the 1991 version, the functions g, must be continuous. This requires a slight
modification of the “sliding rectangles” example.

JPE, Sept 2004. Is the following true or false?
There are measurable functions f,, n =1,2,..., and f on [0, 1] such that f,(z) —

f(z) for every x € [0, 1], but f[O,l] Jndm 7L>f[0,1] fdm.

True. Example: f, =ny 1) and f = 0.

12



JPE, May 2004. Let f > 0 on [0, 1] be measurable.
(a) Show that f[o jy /™ dm converges to a limit in [0, 00] as n — 0.

(b) If f[o 1 fdm = C < oo for all n = 1,2,..., then prove the existence of a
measurable subset B of [0,1] such that f(z) = xp(z) for almost every x.

(Question (b) was given, as a separate problem, in JPE, Jan 1989.)

JPE, May 1995. Let f > 0 on [0,1] be measurable. Suppose that
lim sup,, f[o j /" dm < oo. Prove that f(z) <1a.e. on|0,1].

JPE, Sept 1993. Let f > 0 on [0, 1] be measurable. Prove that lim,, f[o g f7dm
exists (as a finite number) if and only if m({z € [0,1]: f(z) > 1}) = 0.

See also a much harder version of this problem in Section on the L? spaces.

We solve the 2004 problem. The 1995 and 1993 problems will follow as a side
result.

Part (a): Let us partition [0, 1] into four subsets:

G={zxe€[0,1]: f(x) > 1}
E={xe€l0,1]: f(x) =1}
L={x€]0,1:0< f(x) < 1}
Z ={z€10,1]: f(z) = 0}.
Note that
/f”dm:m(E) and /f"dm:O
for all n = 1,2,.... Next, we have
fx)< )< fPa)<... > forall z€G
fx)> f2(z)> f2x)>... =0 for all = € L.

On the subset G C [0, 1] we apply the Lebesgue Monotone Convergence:

lim f"dm:/oodm:oo-m(G).
a

n—oo G

On the subset L C [0, 1], we have f™"(z) < 1 for all n and all € L, hence we can
apply the Lebesgue Dominated Convergence:

lim/f”dm:/Odmzo.

Putting it all together gives

lim ffdm = oo -m(G) +m(E).

13



solving Part (a). Note that

oo if m(G) >0
Oo'm(G>_{o if m(G) =0

which solves the 1995 problem, too.
Part (b): The assumption f[o,l] f"dm = C < oo implies that

lim ffdm=C < o

e J0.)

thus we must have m(G) = 0. In addition, we must have m(L) = 0. Indeed, if
m(L) > 0, then we would have

f(x)> f*(x) Vo el) = /Lfdm>/Lf2dm = fdm > fAdm

[0,1] [0,1]
As a result, f = yg a.e.

JPE, May 2001. Let f and f,, n = 1,2,..., be non-negative measurable func-
tions on [0, 1] such that f,, converges pointwise to f. Under each of the following

additional assumptions, either prove that fol fdm — fol f dm or show that this is
not generally true.
(a) fn, > f and f, € L'([0,1]) for all n.
(b) fn = fag1 for all n.
(¢) fu < f for all n.
(Question (b) was also given in JPE, Sept 1993 and Jan 1989.)
(Question (c) was also given in JPE, Sept 1995.)

(a) False: f,, = nx(0,1/m) and f = 0.
(b) False: f, =1/(nx) and f = 0. (Note that fol fndm = oo for all n.)

(c) True. First note that we cannot apply Lebesgue Dominated Convergence,
because f may not be integrable. We proceed as follows. On the one hand,

1 1 1 1
h<f = / fndmg/ fdm = hmsup/ fndmg/ fdm
0 0 0 0

On the other hand, by Fatou’s Lemma

1 1 1
/ fdm = / liminf f,, dm < lim inf/ fndm,
0 0 0

thus lim fol fn dm exists and is equal to f01 fdm.

14



JPE, May 1999. Let f € L'(R) and E; C Fy C --- be measurable subsets of R.
Prove that

lim fdm

n—oo En
exists.

The above limit equals [ g Jdm, where E = U, > E,. Indeed, we have

We know that u(A) = [, |f|dm is a measure on R, and p(R) = [; |f|dm < oc.
Thus by the continuity

/E\E [fldm = p(E\ B,) = p(E\ U2, Ey) = p(0) = 0.

JPE, Sept 1995, May 1995 and May 1989. Let a > 2 be a real number.
Define

E = {x € [0,1]: )x — 2‘ < ¢~ @ for infinitely many p, g € N2}.
q

Prove that m(E) = 0.
In the May 1995 and May 1989 versions, o was set to 3.

Denote

Ep,q:{xe[o,l]: ‘x—g <qia}

Note that m(E,,) = 2/¢%, and 0 < p < ¢g. Thus

Zm(Ep,tﬁ < Z 2(qq1— D < Z qa4_1 < o9,
p.q g=1

g=1

so the claim follows from the Borel-Cantelli lemma.

JPE, May 1995. Assume that f and f, are measurable functions on [0, 1] and
that f, > 0 a.e. on [0,1]. Prove that

foe~fmdm — fe=' dm.
[0,1] [0,1]

Note that it is not necessarily true that f[o 1 fndm — f[o 1 f dm under the given
conditions. For example, let f =0 and f, = ny 1). Then we have f,(z) — f(z)
for all z € [0, 1] but f[Ol] fadm=1#0= f[oufdm'

15



It is then really amazing that f[o . foe~Im dm — f[o . fe=!dm.

The reason is that f,(z)e @) — f(x)e=f® a.e. (quite obviously), and the
integrands here are bounded by one integrable function:

0 < fa(z)e ") < g(z) = 1.

In fact, the bound can be tightened: the function te* for ¢ > 0 reaches its maxi-
mum at ¢ = 1 and its maximum value is e™! < 1.
Now the Lebesgue Dominated Convergence applies and completes the solution.

JPE, Sept 1994. Let (X,9, 1) be a measure space with a positive measure p.
Let f be a non-negative function on X such that for any n = 1,2,... there are
two measurable functions g, and h,, on X such that g,(z) < f(z) < h,(z) for all
z € X, and [, (h, —gn)du < =. Prove that f is measurable and

/ fdp=lim [ g,duy.
X nmee Jx

Note that h, — g, > 0, hence [, (hy, — gn) dp = ||hy, — gnll1, s0 we have [|h, —
gnlli < 2,1, |hn—gulli — 0. By a corollary proved in class, there is a subsequence
ng such that h,, — g, — 0 a.e.

A side note: we can arrive at the same conclusion without using the corollary
or the 1-norm. We can first prove that fX(hn — gn) dp — 0 implies h,, — g, — 0 in
measure, and then refer to a homework exercise were we proved that convergence
in measure implies the existence of a subsequence converging a.e.

Now since hy, () — gn, () — 0 a.e. and g,, () < f(z) < hy, (z), then g, (z) —
f(x) a.e. In other words, there is a full measure set £ C X such that g,, (z) — f(x)
for all x € E. Thus the restriction f|g of f to E is a limit of measurable functions,
hence f|g is measurable. The values of f on the null set X \ E do not affect the
measurability of f, hence f is measurable on the whole space X.

Next we need to prove that [ « 9n dp exists in a certain sense. The function g,
is not necessarily non-negative, so the existence of [ « 9n dp is not a trivial issue.
Since h,(z) > f(x) > 0, we have

0 < g, (2) = max{0, —gn(z)} < max{0, hn(z) = gn(x)} = hn(z) = gn(2),

/g;duﬁ/(hn—gn)du<oo'
X X

This implies that [, g, du exists, at least in the extended sense (defined in class):;
though note that its value may be +o00. Also note that f > 0 and f — g, > 0, so
the existence of [, fdu and [, (f — gn)dp need no justification. Now we have

hence

f=gt(fog) = /deﬂz/xgndqu/X(f—gn)du.
16



Note that X
OS/(f—gn)dué/(hn—gn)dug -
X X n

Thus taking the limit n — oo proves the last claim of the problem.

JPE, May 1990. Does there exist a sequence of functions f, € L'(R) that
converges uniformly to zero on every compact set, but fR fndm =1 for all n?

Yes, Example: f, = X(nn+1)-

JPE, May 1990. Let f be a non-negative function defined on R. Assume that
for all n > 1

n2
L fwan <1
Show that f € LY(R) and || f|; < 1.

Note that for each x € R, the sequence n;l—sz monotonically increases and

converges to 1, as n — oo. Thus the integrand n{‘—jﬁ f(x) monotonically increases
(in n) and converges to f(x) as n — oco. By the Lebesgue Monotone Convergence

2
[ f@ydm = [ fwydm = |11

JPE, Sept 1989. Let f, be a sequence of continuous functions Lebesgue inte-

grable on [0, co) which converges uniformly to a function f Lebesgue integrable on
[0,00). Is it true that

(e}

lim |f(z) — fu(x)| dx = 0.

n—oo 0

False. Example: we set f(z) = 0 and define f,, by f,.(z) = %— =5 for x € (0,n)
and f(z) = 0 for > n. Then [°|f(2) — fu(z)| da = 5 for all n.

5 Lebesgue integral: “equipartitions”

Note: in all the problems of this section the function f must be real-valued, even
though this assumption is NOT made explicitly in any of them, for some reason.

JPE, May 2011. Let f € L'(—o00,00). Let {a,} be a sequence of strictly positive
numbers, i.e., a, > 0 for any n, such that ">~ a, = 1. Prove that there exists a

partition of R into measurable sets {E, };2; such that [, fdm = a, [ fdm for
all n.

17



Consider the function F(z) = f(foo o) fdm. It is a continuous function on R.
Indeed,

Fo+6) — F(z) /[ L

By the triangle inequality

Fx +6) — Fz)) < / |Fldm

[z,z+3)

We know that u(E) = [,|f|dm is a measure in R, and it is a finite measure
because j(R) = [, |f|dm < oo. Hence by the continuity we have

/[x’:”é) |fldm = p([z,x +5)) v p({z}) :/

{z

| dm =0,
}

because {z} is a singleton whose Lebesgue measure is zero. (Note: the continuity
of F(x) was a separate problem in JPE, Sept 1995 and May 1992.)
Next, we have the following limits:

r——00 T—00

lim F(x)=0, lim F(x) =1I: :/fdm.
R

Indeed,
F()] < /( 1l dm

and by the continuity we have

lim |f\dm:/|f|dm:0,
) 0

770 J(—o0,x
Similarly,
|I—F<x>|s/[ 1l dm

and by the continuity we have

lim ]f|dm:/\f]dm:0.
) 0

T—00 [.Z’,OO

Now suppose first that I # 0. By the intermediate value theorem there are points
—00 < X1 < Ty < +-+ < 00 such that

F(z,) = (a1 +---4+ay,)]  foral n>1.

Let z, = lim,, . x,. If z, = 0o, we choose E; = (—o0, 1] and E,, = (z,_1,x,] for
alln > 2. If z, < oo, then f[x o)/ dm =0, and we choose Ey = (—o00, z1)U[z, 00)
and E, = (x,_1,x,] for all n > 2.
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In the case I = 0, i.e., fR fdm = 0, we can just choose Es, Ej, ... to be arbitrary
disjoint null sets, and define Fy = R\ U, E,.

Note: in the case fR fdm = 0 we can also choose sets FE,, differently, so that
each of them has positive measure. To this end we need to apply the previous
argument to f* and f~ separately.

JPE, May 2003. Let f be integrable on [0, 1]. Prove that there exists ¢ € [0, 1]
such that f[o g fdm= f[c y fdm.

Similarly to the previous problem, let F(c) = f[O,c] fdm — f[ql] fdm. It is a
continuous function on [0,1] and F(0) = —F(1). If F(0) # 0, the existence of ¢
such that F'(c) = 0 follows from the intermediate value theorem. If F'(0) = 0, we
can choose ¢ =0 (or ¢ = 1).

Note: in the case F'(0) = 0 the choices ¢ = 0 and ¢ = 1 may be the only
possible. Example: f(z) = sin(rz). We have fol f(z) =0, but for any ¢ € (0,1)
we have [ f(z) > 0and [, f(z) <0.

JPE, Sept 2007 and May 2001. Let f € L'(R?). Prove that there exists a
subset E C R? such that

/ fdm = fdm.
E R2\E
Similarly to the previous two problems, let
F(T):/ fdm — fdm,
T RQ\DT

where D, = {(x,y): #* + y*> < r?} is the disk of radius r centered at the origin.
Let us prove that F(r) is a continuous function of r. Indeed,

F(r—i—é)—F(r):Q/ fdm
Ry ris

where R, ,,s = {r* < 2® +y? < (r + 9)?} is the ring with the inner radius r and
the outer radius r + §. By the triangle inequality

[F(r +8) — F(r)| < 2/ || dm

R'r', r+6

We know that u(E) = [, |f|dm is a measure in R?, and it is a finite measure
because 1(R?) =[5, |f|dm < oo. Hence by the continuity we have

lim/ \f\dm:/ fdm =0,
6—0 Rr,r+§ Rr,r

because R,, = {z*+y? = r?} is a circle (a “ring” with zero width) whose Lebesgue
measure is zero. Next, similarly to the previous problems,

F(0)=— | fdm and lim F(r)= [ fdm=—F(0).

R2 7—00 R2
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If F(0) # 0, the existence of r such that F(r) = 0 follows from the intermediate
value theorem, and we can choose E = D,. If F(0) = 0, we can choose E to be
any null set (or make R*\ £ a null set).

Note: in the case fRQ fdm = 0 we can choose a more “interesting” set E so
that m(E) > 0 and m(E°) > 0. To this end we need to apply the above argument
to f* and f~ separately.

6 Limits of integrals of specific functions

Preliminary Note. In many problems one has to use the following upper bound:
X n

1 —> < ef 1

( + n/ ¢ ( )

which holds for all
n>1 and x> -—n (2)

This bound needs to be proved! You cannot just refer to Calculus or Advanced
Calculus where this fact may have been mentioned.

To prove it, take logarithm of both sides in (1) and convert it to
r+n _xr x+n

S_
n n n

In -1

Since t = £ > 0 due to (2), the last inequality can be written as
Int<t-—1 Vi>0 (3)

which is a standard fact which I believe can be used.
With a little more effort we can show that the sequence

an:<1+£>
n

is monotonically increasing in n for all n satisfying (2). To prove this, treat n as
a continuous variable and take the derivative:

=0 0) )

Since a,, > 0, we have d;‘—n" > 0 if and only if

hlx—l—n > X
n r+n
or equivalently
n T n
In = = —1
r+n r—+n T+n



Since t = - due to (2), we again reduce our inequality to the standard fact (3).

JPE, May 2012. Find

lim <1 TS z>ne””‘” dx
[0,n]

n—o00 n

First, we can replace the above limit with

lim <1 + z) e " X[on) dx
n

70 J10,00)

Due to Preliminary Note, (1 + %)n is a monotonically increasing sequence con-

verging to e”. Thus the integrand monotonically converges to e*~™. Then we can
apply the Lebesgue Monotone Convergence Theorem and get

n 1
lim (1 + §> e ™dr = / e~ (T gy — .
=0 J10,n] n [0,00) m—1

JPE, May 2011. Find lim, . [, f. dm, where

1
fol#) = ———=—, = =0.
1 -+ g In(n+2011)

JPE, May 2006. Find

(o]
. 1
lim —_— dx.
n—oo [ 1 & 2 Tnn+2006

The above two problems are almost identical, we only solve the first one.
Note that
vn

lim ————— =
noso Inm 42001 )
hence we have pointwise convergence f,(x) — f(z), where

1 for 0<z<1
flx)y=4¢ 5 for =
0 for z>1

Also we have f,(z) <1 forall 0 <x <1 andn > 1. Next,

vn

_ >
Inn + 2011 —

for all n > ng for some ng > 1, hence

fal@) < 14 a2
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for all x > 1 and n > ng. Thus we have a dominating integrable function:

fn(x)gg(x):{ 1 for 0<z<1

1
1322 fOI' z>1

Thus by the Lebesgue Dominated Convergence, we have

/Ooofndm—>/ooofdm:1.

o d
lim <

el (148)' Ve

JPE, Sept 2010. Find

We have, for all, z > 0

lim - = — =e

pointwise. Due to Preliminary Note, (1 + %)k is a monotonically increasing se-

quence (converging to e*). Thus for all k£ > 2 the integrand is bounded by
1 1
P 3
(1+5)"yz  (1+%)

which is an integrable function (it is in L'(0,00)). Thus by Lebesgue Dominated
Convergence our integrals converge to [~ e " dx = 1.

JPE, May 2010 and May 1990. Is the following true or false?

1 1
lim e/ dy = / lim /™ dz.
0 0

n—oo n—oo

True. The integrand converges pointwise to f(x) = 1, and is bounded by
g(z) = €*°, which is a bounded, hence integrable function on (0,1). Thus Lebesgue
Dominated Convergence applies.

JPE, Sept 2009 and May 2008. Find

/2
lim \/msin £ dx.
n—oo 0 n

You can use the fact 0 <siné < 6 for 6 € [0, 7/2].

The pointwise limit of the integrand is y/z, which is also its upper bound.
Hence by Lebesgue Dominated Convergence the limit is foﬂ/ *rde = 2(z)32,
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JPE, May 2007. Find

o (22
[0,n]

n—00 €T

You can use the fact that |sinx| < z for all z > 0.
JPE, Sept 2006. Find
) rsinz\n
lim ( ) dz.
0

n— 00 78

sin x

< 1 hence

For all x > 0 we have

sinx\" o
— 0 pointwise.
€T n—oo

Next we find a good upper bound. First, the integrand is bounded by ¢;(z) = 1.
Second, for all n > 2 the integrand is bounded by go(x) = 1/2?. Thus we have

‘ <sinx>n
xr

and this upper bound is integrable (it belongs to L'(0,00)). Thus the Lebesgue
Dominated Convergence applies. Therefore the above limit is zero.

(13), 92(x>} = min{l, 1/3:2}

JPE, Sept 2005. Find the limit and justify your answer

<1
lm [ —22)
n—oo J; x4+ x2lnn

The integrand converges to f(z) = m% pointwise. Its upper bound is

2

Inn+Inz < 1 Inz

r+22lnn ~ x x?’

which is an integrable function (it is in L'(1, 00)). Thus the Lebesgue Dominated
Convergence applies and gives the limit fl % dr =

JPE, May 2005. Find the limit and justify your answer

lim sin(nx)
n—oo Jg 1 -+ x‘2

This problem is unusual, because the limit of the integral here is NOT equal
to the integral of the pointwise limit function. In fact, the pointwise limit of the

23



integrand does not even exist. We need to integrate by parts first:

/ sin(nx) da:':—l/ d cos(nx) s
0 0

14 22 n 14 22
_ 1 cos(na) c o1 /OO 2z cos(nx) i
nl+z22|, nJy (142272
1 1 [*2xcos(nzx)
n o n /0 (1 + 22)? v

For the last integral we have

2 2 <2
/ x cos(nx) de| < / |2 cos(nz)| dr < / rdr 1,
o (I+a2)? o (L4a?)? o (L+a2)?

Hence our original integral converges to zero.

JPE, May 2003 and Sept 1999 Let E = [0, 00). Prove that lim,, .o [, 1357 do
exists and find its value.

We have lim,, .o, 7%= = f(z) pointwise, where f(z) = x for x € [0, 1), f(z) =0
for x € (1,00), and f(1) = 0.5. For all n > 3 our integrand is bounded by the

function g such that g(z) = z for z € [0,1] and g(z) = 55 for z € (1,00). We

can easily see that g € L!'(F), thus Lebesgue Dominated Convergence applies, and
our integral converges to [, fdm = 0.5.

JPE, Sept 2002 and May 1994. Find the limit and justify your steps

1 2
lim ﬂdm.
oy W+ 2

This problem is unusual, because the limit of the integral here is NOT equal
to the integral of the pointwise limit function. In fact, the integrand converges to
zero pointwise while the integral converges to infinity.

A quick inspection shows that the integrand takes high values for x ~ 1//n.
So let us estimate the integral from below by

Now for all z € [0, \/%7] we have
(nx)® (nx) (nx)”
(1+22)» = 1+1/n)» = e
because (1 + 1/n)" < e. Therefore

/l(midx>1/l/ﬁ(nx)2dx:@—>oo.

L+a2)r  ~ e




(a) JPE, Sept 2001. Compute

k k
lim (1 — f) e/ dz.
0

k—oo k

(b) JPE, May 2000. Compute

k k
lim (1 — E) 2 dz.
k—oo 0 k

(a) Due to Preliminary Note, (1 — %)n is a monotonically increasing sequence con-
verging to e~*. Thus the integrand monotonically converges to f(z) = e~2*/3 point-

wise. By Lebesgue Monotone Convergence, our integral converges to fooo fdx = %

(b) The solution is almost identical to Part (a). The answer is 2.

JPE, May 2001 and May 1991. Compute

1 —
nx™ 1

dz.

lim
n—oo [o +x

(in JPE, May 1991, the value of the limit (= ) was given.)

This problem is unusual, because the limit of the integral here is NOT equal
to the integral of the pointwise limit function. In fact, the integrand converges to
zero pointwise while the integral converges to a positive number.

We can integrate by parts first:
1 1 "
+ —dx
0 /0 (2+ )2

/1 nxnfl /1 dz™ "
dr = =
0 2+ 0 24+ 24z
The first term on the right hand side is % The last integral converges to zero,
because the integrand converges to zero pointwise for all € [0,1) and is bounded

by an integrable function (in fact, it is bounded by a constant function: ﬁ <.
Alternatively, we can change variable y = z", which gives us
[t dy
lim

Now the integrand is bounded by % and its pointwise limit is %, so the integral

1
converges to 3.

JPE, Sept 1999. Find the limit

lim cos(z") dz.

25



For all € [0,1) we have

2" — 0 = cos(z") — cos0 = 1,

and for x = 1 we have cos(2") = cosl. Note that |cos(z™)| < 1, hence the
Lebesgue Dominated Convergence applies and gives

lim cos(z") dm = ldm = 1.
o0 J0,1] [0,1]

JPE, Sept 1998 and Sept 1993. Find the limit

< In(1
hm/ In(1+nz)
n—oo 1

1+ 22lnn

Note that
z>1, n>1 = nr <14+ nx < 2nz,

hence
Inn+Inx < In(1 + nz) < Inn+Inz+In2
14+ 22lnn — 14+ 22lnn — 14+ 22lnn

By the squeeze theorem, for each z > 1

lim In(1 + nz) _ i

n—oo 1 +22lnn 22
We also have the following upper bound:

In(l+nzx) 1 Inz In2
— S S5t+t—+t—=
1+22Inn = 22 2?2 x?

which is an integrable function on (1, 00). Thus the Lebesgue Dominated Conver-
gence applies and gives

*In(1 <1
lim/ In(1 + nz) dx:/ —dr = 1.
n—oo J;  1+22lnn . x?

JPE, May 1998 and Sept 1995. Find the limit

* nsin(z/n)

li dx.
n1—>Holo 0 x(l + x2) t
We have
lim sin(x/n) _q N lim nsin(x/n) _ 1
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for all x > 0, pointwise. Also note that sinf < 6 for all ¢ > 0, thus

nsin(x/n) 1
r(l4+22) = 1+2%

which is an integrable function on (0, 00). Thus the Lebesgue Dominated Conver-
gence applies and gives

lim nsm(az/n)d ':/
0

n—oo Jq 513'(1 + £E2)

T2 dr =tan'z| =n/2.
x 0

JPE, Sept 1997. Show that the hyperelliptic integral

z dx

/ V@ - )@ - D 2)

converges to the elliptic integral

/°° dx
» V@-D-2)
as € tends to zero.

For each > 2, we have pointwise convergence, as € — 0,

T T 1

V@@ - De-2 V@ -De-2) J@ - De-2)

An upper bound for the integrand is

T T T

V(@2 —e)(@? - 1)(z - 2) : V2 =12 =1 -2) (2 -1)/(z~-2)

This is an integrable function on (2, 00). Indeed, its tail, as  — oo, has asymptotic
~ 27%2 which is integrable. It grows to infinity near x = 2 at rate ~ O(1/v/z — 2),
which is also integrable. Thus the Lebesgue Dominated Convergence applies and
gives the result.

JPE, May 1994. Show that

N~ (D)™ (D™
1 _— = —
nl—%lomzzln—i—anJrl mzzlquLl

Let X = N and p be the counting measure. Then the above claim may be
stated in terms of Lebesgue integrals:

lim Hid,u:/ (=1 dp.

n—oo Jy n+nr?+1 x2+1
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We have pointwise convergence

(~1fn (-1

n+nr?4+1 2 +1

as n — OQ.

And for all n > 1 our integrand has an upper bound

‘ (—1) 1

In
<
n—i—nxQ—i—l‘ 2241

which is an integrable function on X, because > -, m++1 < 00. Thus the Lebesgue
Dominated Convergence applies and gives the result.

JPE, May 1993. Evaluate

2
Ooeac/n

dx

lim
n—oo J_ o 1 —+ 3}2

For every z € R the sequence {e_EQ/ "} monotonically increases and converges
to € = 1. Thus by the Lebesgue Monotone Convergence

. o0 o=a*/n * dx L
lim dr = / =tan x =T.
n—oo | 1+ r? 14 22 —00

[e.9] —0o0

JPE, Oct 1991. (1) Prove that f(t) = —%5 is a bounded function on (—oc0, o).

1+22
(2) Let
nr
@) = T

Then prove that f,(z) does not converge uniformly on [0, 1].
(3) Find lim,,_., fol fn(x) dx, if it exists.

(e0,1], n=1,2,...)

(1) This a calculus exercise. Let us just denote the bound by C' = max 75.

(2) For x = 1/n we have f,(x) = 1/2, thus there is no uniform convergence.

(3) We have pointwise convergence f,(z) — 0 for all z € [0,1] and a common
upper bound f,(z) < C. Thus Lebesgue Dominated Convergence applies.

JPE, Oct 1991. Let
fn = nax[ 101

")
where « is a constant, 1 < a < 2.
(i) Is there an integrable function ® on [0, 1] such that 0 < f,,(z) < ®(z) for all n
and z € [0,1]7
(ii) Find lim,, f[O,” fndm, if it exists.
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(i) No. Even if we set

o0
®(z) = sup fu(z) = ZnaX[n%l,%]
" n=1

then
/ dd f: ozH 1 1” ina_l >§: 1
m = n|—=, ]| = > = 00
[0,1] " n+l =" n -+ 1 " n -+ 1
(ii) The limit is zero:
a—1
fndm = n — 0.
[0,1] n + 1

JPE, Oct 1991. (i) Let f be a step function on a bounded interval [a,b]. Then
prove that

(%) lim [ f(z)sin(nz)dz.

n—oo
a

(ii) Let f be a bounded measurable function on [a, b]. Then prove (*).
(iii) Let f be an integrable function on (—o0,c0). Then prove (*).

This problem is almost a research project... We only sketch the solution. First,
let f(x) = ax(c,q) be a constant function on an interval (c,d). Then

d
/ f(z)sin(nz) dr = —% cos(nx)

= —2%(cos(nd) — cos(nc)),

hence

< 2 .
- n

/cdf(x) sin(nx) dx

Next, if f is a step function, then f = vazl Qi X(es,d;)» and the result follows by
additivity.

(i) If f is a bounded measurable function on [a,b], then f € L'([a,b]). We can

approximate f by step functions (in the L' norm) and apply Part (i).

(iii) The same strategy: approximate f by step functions (in the L' norm) and
apply Part (i).

JPE, May 1991. Let
n1/4€f:r2n
A v

(a) Prove that f,, € L'(0, 00).
(b) Find lim,, f(o 00) frdm.
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(a) Since e™**" < 1, we have

e 0
/ fadm < / dm =n"*tan ' z| =n'/*7/2,
(0,00) (0,00) 1+ 22 0

hence f, € L'(0,00).

(b) We will need a common upper bound for all f,’s. To this end we combine n'/*
with e~ as follows. The function g(t) = te™*" is bounded on (0,00). Indeed,
by a standard Calculus-I argument its maximum is achieved at ¢t = 1/4/2 and its

maximum value is C' = \/ié e~ /4 Therefore

$1/2n1/46—x2n S C = n1/4€—:(;2n < O/\/E

/ fndm§/ C/\/Edm<oo.
(0,00) (0,00)

1+ 22

So we have

The last integral is finite, because the integrand has tail O(2~°/?), as  — oo, which
is integrable. And it grows to infinity near x = 0 at a rate ~ O(1/+/z), which
is also integrable. Thus f, € L'(0,00) and f, are bounded by one integrable
function. It is easy to see that lim, .. f,(z) = 0 for each x > 0, thus by the
Lebesgue Dominated Convergence

lim fndm = 0Odm = 0.
n=0 J(0,00) (0,00)
JPE, May 1990. Let \
fo(z) = Vnoe ™",
(i) Find the maximum value assumed by f,, in the interval [0, 1].
(i) Find limy,—co fig; fu dm.

(i) This is a Calculus-I problem, never mind. And we do not need it for Part (ii).

(ii)) We need a common upper bound on all f,,’s. Just like in the previous problem,
the function g(t) = te™* is bounded on (0,00). Indeed, by a standard Calculus-
[ argument its maximum is achieved at ¢ = 1/ V2 and its maximum value is
C= \/Li e~'/2. Therefore

n'2g3 2 < ¢ = \/ﬁxe_”“S < C/y/x.
So we have

C
fndm < / —dm = 2C.
[0,1] [0,1] Vi

It is easy to see that lim, .. f,(z) = 0 for each z > 0, thus by the Lebesgue
Dominated Convergence

lim fndm = 0dm = 0.
=0 J0,1] [0,1]
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7 Series of non-negative functions

JPE, Sept 2010. For all n € N and k£ € N let f,; be a non-negative and
measurable on R and assume that fR fopdm < L Show that

= Zli;n inf f,x € LY(R).
n=1 e

Here the series and lim inf are defined pointwise

Since the integrands are non-negative functions, the summation and integration
“commute”. Next we use Fatou’s Lemma:

/fdm Z/hmlnffnkdm

lim inf / fordm

<
k—oo
n=1
DILEL
—t TL
thus f € L'(R).

JPE, Sept 2008 and Sept 2007. Let f,, n = 1,2 , be a sequence of

non-negative continuous functions on R such that fR fndm < % Let f(z) =
> Ja(x). Prove that f(z) is integrable on R.

For non-negative functions, the summation and integration “commute

0 o 1
/Rfdm:;/andm<;$<oo.

Note: the Contmuity of f,’s is not necessary, it is enough to assume their measur-
ability. The bound -5 can be relaxed to 2 or 1 — for any a > 0.

JPE, May 2006. Let f,, n =1,2,..., be a sequence of non-negative Lebesgue
measurable functions on R such that [ f, dm < 5=. Let f(z) = >_o" | fu(z). Show
that f € L*(0,00).

7 hence

For non-negative functions, the summation and integration “commute

oo (o] 1
/ fdm:Z/ fndm<22—n<oo.

Note: strangely, the domain of integration is not specified in the first formula of
the problem. One may naturally assume that it is R. But then it is not clear why

", hence
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they ask for f € L'(0,00), instead of f € L'(R).

JPE, Sept 1997. Evaluate

i /00(1 —e e dt.

1/2

Since the integrands are non-negative functions, the summation and integration
“commute”, hence

Z/ 1—et"’t2dt / Zl—et"’ﬁdt
1/2 1/

2 n=0

- / e 3 (1t
1/2 -0

* 1
1/2 1—(1-e7)

= / et dt
1/2

The last integral is computed by “completing the square” and changing variable:

/00 et dt = /4 /00 —(E=1/2% gy — ! /OO e ds = 61/4\/E/2.
1/2 1/2 0

Note: apparently it is assumed here that the students know the value of the inte-
gral fooo e~ ds, or can quickly compute it.

JPE, Sept 1995 and Oct 1991. Evaluate
o w/2
Z/ (1 — Vsinz)" cos x dz.
n=0"0

Since the integrands are non-negative functions, the summation and integration
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“commute”, hence

0 w/2 w/2 X
Z/ (1—\/sinx)"cosxdx:/ Z(l—\/sinx)”cosxdx
n=0 "0

0 n=0

w/2 1
= CcoS T dx
/0 1 —(1—+/sinx)
/ ™2 cosx
= — dx
0 VSsinxT
The last integral is rather elementary:
cosT ™2 dsinx /2
——— = 2Vsinx = 2.

v/sin x 0 Vsinzx 0

8 Riemann integral vs Lebesgue integral

JPE, Sept 2011. Is it true that the characteristic function of the Cantor set is
Lebesgue integrable in [0, 1] but not Riemann integrable?

False. The characteristic function of the Cantor set is continuous on the com-
plement to the Cantor set (that complement consists of open intervals on which
the function is identically zero). Thus the set of discontinuity points is exactly the
Cantor set, which measure zero. This implies Riemann integrability.

JPE, Sept 2004. Let f: [0,1] — R be defined by

x if x 1s irrational
f(@) = { Ve

0 otherwise

(i) Show that f is measurable.
(ii) Is f Lebesgue integrable? If yes, find its Lebesgue integral.
(iii) Is f Riemann integrable? If yes, find its Riemann integral.

(i) just like in some homework exercises.

(ii) yes, because f is measurable and bounded. Changing f on a set of measure
zero will not affect its Lebesgue integral, so we can replace f with g(x) = \/x for
all z € [0,1]. Now

1

2

/ fdm = gdm:/\/zdm:—
[0,1] [0,1] 0 3
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(iii) no, because f is discontinuous at every z > 0, hence the set of the disconti-
nuity points has positive Lebesgue measure.

JPE, Sept 2001. Let f: [0,1] — R be defined by

x if x 1s rational
f(o) = { Ve

0 otherwise

(i) Show that f is measurable.
(ii) Prove or disprove that f is of bounded variation on [0, 1].
(iii) Is f Lebesgue integrable but not Riemann integrable?

(i) just like in some homework exercises.
(ii) see some other section...

(iii) yes. It is Lebesgue integrable because it is measurable and bounded. It is not
Riemann integrable because f is discontinuous at every x > 0, hence the set of the
discontinuity points has positive Lebesgue measure.

9 L? spaces: general

JPE, May 2012. Let p € [1,00). Suppose that f, € L?([0,1]) converges a.e. to
f € LP(]0,1]). Show that f,, converges to f in LP([0, 1]) if and only if || .||, — || f]l,-

Note: this is the most popular JPE problem. Its variants were given in the
following exams: JPE, May 2005, Sept 1998, and Jan 1989 (for p = 2),
and JPE, May 2003, Sept 2002, Sept 2001, Sept 1999, May 1995, Sept
1994, and Sept 1993 (for p = 1). Sometimes [0, 1] is replaced with R or with an
unspecified measurable subset £ C R. See also a clever “extended” version of this
problem given in JPE, May 1994, in this section.

The “only if” part is simple: just use the triangle inequality

1fa = Fllo = [ILfalls = N £ 1]

hence || f = fllp — 0 implies || full, — [|.f[l,-
We now turn to the difficult “if” part. Consider first the simpler case p = 1.

There is a relatively fast solution that goes as follows. By the triangle inequality

| fal = 1fu = FI] <11

Since f € L'(]0,1]), the Lebesgue Dominated Convergence gives

[10d= [it=s1= [0n1-10= 1) — [11
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therefore [|f, — f| — 0, i.e., f, — f in L'. However, this solution does not seem
to generalize to the p > 1 case. Hence we present another solution below.
By the triangle inequality |f, — f| < |ful + |f], hence

‘fn’+’f’_’fn—f‘20.

Now by Fatou’s Lemma (as in the proof of Lebesgue Dominated Convergence)

2 [171= [ tmint( 5 + 111 = If. - 1)
<timinf [ (1fu]+ /]~ 1fu = 1)

—timint [ |fl+ [ 171 [ 15~ 1
:2/\f|_hmsup/\fn—f!-

Therefore limsup [ |f, — f| <0, which implies [ |f, — f| — 0, ie., f, — f in L.
In the case p > 1 we use the convexity of the function p(z) = |z|” on the entire
real line —oo < x < oo and Jensen’s inequality to get

fn_f _ fn+(_f)p<‘fn|p+|_f’p:|fn|p+|f|p
2 2 - 2 2

p

hence
2 ful? + 227 P = | fo = fIP > 0;

after that the previous solution for p = 1 is repeated almost verbatim.

JPE, May 2012 and Sept 2004. Are the following true of false?
(a) If f e LP([0,1]) for all p € (1,00), then f € L*([0,1]).
(b) If 1 < p < g < o0, then LI([1,00)) C LP([1,00)).

(a) False. Counterexample: f = Inz.

(b) False. Counterexample: f = x~" for any % <r< }D

JPE, Sept 2010 and Sept 1988. Is the following true of false?
Suppose f,, € L'(0,1) for all n € N, that f,(z) — g(x) for almost every z € [0, 1]
and that f, — f in L'(0,1). Then f(x) = g(x) for almost every x € [0, 1].

True. By a corollary proved in class: If f,, — f in the LP norm (p € [1,00)),
then there is a subsequence {f,, } such that f,, — f a.e. So the subsequence f,,
converges a.e. to f and to g. This implies f = g a.e.

JPE, Sept 2009. Is the following true of false?

If {fx} € LP(R™) N L"(R™) for some p,r € [1,00), fr — ¢ in LP(R™) and f; — h in
L"(R™). Then g(z) = h(z) a.e. in R™.
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True. By a corollary proved in class: If fi, — ¢ in the L” norm (p € [1,00)),
then there is a subsequence { fi, } such that f;, — ¢ a.e. Now that subsequence
converges to h in the L" norm, so by the same corollary there is a subsubsequence
{f&m.} such that f; ~— h a.e. Hence the same sequence of functions, {f,.},
converges to both g and h a.e. This implies g = h a.e.

JPE, Sept 2010. Let f, € L'(0,1) N L?(0,1) for all n € N. Prove or disprove:
(a) If || fulls — O, then || fy]l2 — 0.
(b) If [ full2 — O, then [| fu[ly — 0.

(a) False. Example: f,, = nx[o,-2. Here || f||1 = -~ — 0, but [|f][2 =1 (Vn € N).

n

(b) True. By the Schwarz inequality,

Il = [1l- <[ 1027 2] = 15l

hence || fu|l2 — 0 implies || fu|l1 — 0.

JPE, Sept 2010. Let f be a positive measurable function defined on a measurable
set £ with m(FE) < co. Prove that

(/Efdm> (/E%dm) > m?(E).

By the Schwarz inequality,

m(E):/Emm:/E\/?-\/demg ([Efdm>l/2(/E%dm)l/2.

JPE, May 2010 and May 2004. (a) Let f be measurable on [0,1]. For

1 < p < oo define
/ F@)Pdz)’

Show that ¢ is non-decreasing on [1, 00)
(b) Assume in addition that f ¢ LOO(O 1) Show that lim, .. g(p) = .

(a) Let p < q. By the Hélder inequality

[t v < ([ rwper ([ a)"
= ([ e )™
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where ¢’ = q/(q — p) is just the exponent conjugate to ¢/p. Now raising both sides
to the power 1/p proves that g(p) < g(q).

(b) For any A > 0 we have ms: = m{z: |f(z)| > A} > 0, hence

1/p
o= ([ lpds) z na = Anl
{z: |f(z)[>A}

Taking the limit p — oo gives liminf, .. g(p) > A. Since A is arbitrary, we have

lim, . g(p) = oo.

JPE, May 2009. Let (X, M, i) be a measure space with a positive, finite measure
p. Consider a function f € L*°(u) such that || f|l > 0.

(a) Show that, for every positive ¢, the set {z: |f(z)] > ||f|lec — €} has positive
measure.

(b) Show that

RS

|| flln = 2 Tl

(The convergence || f ||n — || f]lo Was also given, as a separate problem, in JPE,
May 1998, Sept 1995, May 1994, and May 1990.)

(a) Trivial. Let us just denote m.: = {x: |f(x)| > ||f]lcc — €} > 0.

= [[flle-

(b) First,
1f e < [IAIR (O™ = | Flloops(X)™.

Taking the limit n — oo gives limsup || f||» < ||f|lco- On the other hand, for any

e > 0 we have

11l > [(1Flloo = ©)"me] ™ = (|| Flloo — €)ml/™.

Taking the limit n — oo gives liminf || f||, > ||f|lcc — €. Since € > 0 is arbitrary,
we have iminf || f|l,, > || fllco. Thus lim || f||» = || ]| co-
Next, we have

||fHZIi=/XIfI”“dALS/XHfHooIfI”duS [1f oo 1£117,

thus

[Fl5;
If1%

On the other hand, by the Holder inequality

< [ lloe-

lim sup

1

HfHZ=/X!f!”-1du§ [/X\f\”“du}" [/}(1”*1@}“ Iy (X)) 7
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hence .
||f||n+1 ||f||n+1

Ifll — p(x)m

and taking the limit n — oo gives

lim inf

n+1
11 (X))

1 . n+1
(because [|fllut — [Iflloc and p(X)75 — 1). Thus lim Yt — 7))

JPE, May 2001. Show by example that there exist two functions f € L'(R) and
g € L*(R) such that f + g is neither in L'(R) nor in L*(R).

Here: f = x(0,1)/v* and g = x(1,00)/-

JPE, May 2000. Find a function f € L'(R) which does not belong to any LP(R)
with p > 1.

Here: f = x(o1)/(zIn” ).

JPE, Sept 1997. (i) Prove that convergence in L' implies convergence in measure.
(ii) Is the converse true?

(i) By way of contradiction, if f, converges to f in L' but not in measure, then
de > 0 such that for all N > 1 there is n > N such that

pl: [ fulz) = f(2)] > e} > e

In that case
/X o= fldu > epfas | fole) — [(2)] > e} > & >0,

thus f,, cannot converge to f in L', a contradiction.

(ii) The converse is false. Example: X = [0,1], p is the Lebesgue measure,
and f, = nxo1/m). Then f, — f = 0 in measure, but not in L', because
Jo [ = Fldp =1 for all n.

JPE, May 1997. Find a function f on (0, 00) such that f € LP(0, c0) if and only
ifl<p<2.

Here:

f(x):{ 1/vz if z€(0,1]

1/x  if z e (1,00)
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JPE, May 1995. Suppose that f, — f in L'([0,1]) and that h: R — R is a
continuous function. Prove or disprove: ho f, — ho f in L'([0,1]).

This is false. Example: f =0, f, = \/EX[O,l]v and h(x) = 2%

JPE, May 1995. Let M be a subspace of L?([0,1]) with the following property:
there is a constant C' so that if f € M, then |f(x)| < C||f]|2 for a.e. z € [0, 1].
Let fi1,..., f. be an orthonormal set in M.

(a) Show that Y 7, |f;(x)[> < C? for a.e. € [0,1].

(b) Show that the dimension of M is bounded above by C?.

(a) An orthonormal set fi,..., f, satisfies f[o,u fiTj dm = 0;;, which is the Kro-
necker delta symbol (the bar here means complex conjugate). Now let ¢y, ..., ¢,
be any complex numbers. Then ¢, f1 + -+ + ¢, f, € M, hence

e fu (@) + -+ nful@)] < Cllecfs + -+ + enfulla = Cller + -+ + [eal?]

for a.e. x € M. Setting ¢; = fi(z),..., ¢, = fo(z) and squaring gives

(S Ih@E) <23 5P

j=1 j=1
which completes the proof of (a).

(b) Integrating the inequality in (a) gives n < C?, thus the cardinality of any
orthonormal set does not exceed C?.

Comment: the subspace M cannot contain all functions with the given property
(i.e., there is a constant C' so that | f(z)| < C||f||2 for a.e. z € [0, 1]). For example,
let C' =10 and consider two functions: f =1+ 9x() and g = —1 + 9x(o,). Note
that || f]l2 > 1 and ||g|]|2 > 1, and at the same time |f(z)| < 10 and |g(x)| < 10 for
all x € [0,1]; hence f and g have the above property. Now f + g = 18x(g ), s0 we
have ||f + g|l2 = 184/ and ess-sup(|f + g|) = 18, thus f + g does NOT have the
above property (provided ¢ is sufficiently small).

JPE, May 1994. Let f, € L'(R) for n = 1,2,... and f, — f a.e. as n — oo.
Suppose || fn][1 — A as n — oc.

(a) Show that f is integrable on R and ||f — full1 — A — || f]]1.

(b) Must || |1 = A? Give a proof or a counterexample.

Note: this problem resembles the most popular JPE problem (see May 2012 in
this section), but it goes a little further: it allows the limit 1-norm of f,, to exceed
that of f, so that some “mass” of f,, “falls through cracks” and “does not reach” f.

(a) The convergence f,, — f a.e. implies |f,| — |f| a.e., so by Fatou’s Lemma

/|f|:/hminf|fn|Sliminf/|fn]:A<oo
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therefore f € L'(R).
Next, by the triangle inequality

Since f € L'(R), the Lebesgue Dominated Convergence gives

tﬂm—/m A= [0 =10 =10 — [1n

Wr#MZ/m—ﬂﬁA—Wh

(b) Not necessarily true. Example: f,, = nx(o 1/n)- We have f, — f = 0 pointwise
and A =lim||f,]1 =1, but ||f|i=0#1=

therefore

JPE, Sept 1993. Prove or disprove the following statement:
If (X, 90, ) is a measure space, ¢ is a convex function on (a,b) and f: X — (a,b)
is an integrable function, i.e. f € L)(X), then

w(/){f@) S/X(wf)du-

This looks very much like Jensen’s inequality, but a crucial assumption is miss-
ing: u(X) = 1. Without this assumption, the statement is false. Example: ¢ = 22,

X =[0,10], p the Lebesgue measure, and f = 1. Then go(fodu) = 10% = 100
and [, (po f)du = 10.
JPE, May 1993. Let f € L*(R). Prove that
n+1
lim fdm = 0.

n—oo
n

First, by the triangle inequality

n+1 n+1
/ fdm‘ < / | f] dm.

Now by the Schwarz inequality

n+1 n+1 1/2 n+1 1/2 n+1 1/2
/ ]f].ldmg(/ \f\zdm) (/ 12dm> :(/ |f]2dm) :

Next we show that the last integral converges to zero, as n — oco. Indeed, recall that
p(E) = [, |fI?dm is a measure on R, and it is finite because p(R) = [; | f|* dm <
o0o. Hence by the continuity

/n+ [f?dm = pu(ln,n +1]) < p[n, 00)) — p(My[n, 00)) = u(0) = 0.
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JPE, Oct 1991. Let f > 0 be Lebesgue measurable on [0, 1] and

/ fPdm = fdm = ftdm < oo
[0,1] [0,1] [0,1]

Show that f = f? a.e.
By the Schwarz inequality

4 1/2 2
f dm} — [ fdm.
0.1

f.demS[ fgdmr/Q.[

[0,1] [0,1] [0,1]

Thus we have an equality in the Schwarz inequality, which is only possible if the
two involved functions (in this case f and f?) are proportional to each other. From
the relation af = bf? a.e. with some a,b € R (at least one of which differs from
zero) we can easily show that f = f? a.e.

Note that f = f? a.e. implies that f only takes two values, 0 and 1 (a.e.), hence
f = xa a.e. for a subset A C [0, 1].

JPE, Sept 1989. Let p > 1 and f € Lp([—l, 1]), ie.

/ | f|P dm < oo.
[_171]

(i) Prove that f € L*'([-1,1]).
(i) Let I, = (—2,2) and v = &%, Then prove

PR

lim n” [ |f|dm =0.

n—oo I
n

(i) By the Holder inequality

1/p 1/q
/ ] Ldm < [/ yfypdm] U wm]
—1,1] [-1,1] [-1,1]

= 21| f]], < o0,

where ¢ = ]% is the exponent conjugate to p. Note that é = .

(ii) Again by the Holder inequality

1/p 1/q 9\ 1/p
s [ o] [ ]~ @Y ]

1/p
n’ \f|dm§27[ ]f]pdml :
In

In

Thus
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Next we show that the last integral converges to zero, as n — oo. Indeed, recall
that pu(E) = [, |f[?dm is a measure on [—1,1], it is finite because p([—1,1]) =
f[_l 1 | f|P dm < oo, hence by the continuity

117 dm = (L) — p(P2 1) = ({0}) = /{ Um0

In

10 L? spaces: estimation of specific integrals

JPE, May 2012. Let f € L*(]0,1]) and || f]|le < 1.

(a) Show that
2
/[0’1]\/1—f2dm§ \/1— </[071]fdm>

(b) Describe the class of functions for which the equality takes place.

(a) Denote g = /1 — f2. Observe that f2 + ¢g*> = 1 a.e. Now by the Schwarz
inequality, applied twice,

[/frJr[/grS/f2+/gz—/(f2+g2)—/1—1.

(b) For strictly convex functions, equality in Jensen’s inequality occurs if and only
if the integrand is constant a.e., hence f must be constant a.e.

JPE, Sept 2011. Given that fooo e~ *sinx dr = 5, prove that

1
2

/ e V3 +2sinzdx < 2.
0

First of all, in the given formula fooo e Fsinxdr = % the integral is a Riemann
integral. The corresponding Lebesgue integral f(O,oo) e~ *sinxzdm has the same
value, because the function is absolutely integrable:

o0 (o)
/ ‘e_:”sinx’dx < / e Pdr=1.
0 0

Next we apply the Schwarz inequality to f = e™*/? and ¢ = e~*/2\/3 + 2sin z:

1/2

1/2
/ e V34 2sinzdm < {/ e_xdm} [/ e (3 + 2sinx)dm
(0700) (0,00) (0700)

< 112, (3+2.%)1/2 = 2.
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JPE, Sept 2009. (i) Show that

oo 3/1
/ jxdxg%.
1 i

(ii) Show that the strict inequality holds in (i).
(i) By the Hoélder inequality

YTtz 1 © 14z V71 2/3
1 x 1 1 3/2

i x3

1 1/3
=(§“> 2=

(ii) The Holder inequality does not turn into an equality here, because the func-

tions 1” and — /2 are obviously not proportional to one another.

JPE, Sept 2008. Find all functions g(x) € L3(0, 1) satisfying the equation

3
4
(/ zg(z) d:z:) = %/ g*(x) dx.
[0,1] [0,1]

By the Holder inequality

2/3 1/3
/ zg(z)dr < (/ 23/ da:) (/ g* () dx)
0,1] 0,1] (0,1]
2\ 2/3 / . )1/3
= (= g°(x) dx .
G (),

Since the Holder inequality turns into an equality, the functions ¢® and z
be proportional, i.e., g(x) = ¢y/z, where ¢ € C is an arbitrary constant.

JPE, May 2008. Show that
1 3 5

x 16

——dx | < —.

(/ 1— )7 "”U) -8l

By the Hélder inequality
1 (/US p 1/5 . 4/5
/0 (1— )i/ X [(1—2) 1/5]5/4

(/ %) </ )
EANORNIE: >”5-
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Note: a much better bound can be achieved by

[ ([era) ([ i)

1 3/5 ; ol 1 2/5
= ([ 7a) ([ =)
1\3/5 12\ 2/5 1\1/5
-6 () =G
Here are the corresponding numerical values:

16 1/5 ]_ 1/5
2V 0723, (—) ~ 0.4503
(81) 54

and the exact value of the integral is

g8 5 5 15 5
T =221 20 2 03016
/0 (- »p“ 3173711 1 ’

which can be easily found by change of variable x = 1—y. One may wonder why we
care about applying Holder inequality to get a rough upper bound for something
that can be computed precisely by any Calculus-II student. Go figure...

JPE, Sept 2004. Prove that

1
2
/ Vm4+4x2+3d9€§§\/ﬁ.
0

By the Schwarz inequality

1 1
/ \/m4+4:1:2+3da::/ Va2 +3-Vz2+ 1dx
0 0

< (/Ol(a:? 1 3) dm) v </01(a:2 +1) dx) v

JPE, May 2001. (a) Let ay,...,a, be positive numbers. Prove that their har-
monic mean is bounded by their arithmetic mean, i.e.

1 n 1 -1 1 n
<5Za—k> Sﬁ;“k'

k=1

(b) Characterize the vectors for which equality holds in (a).
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(a) Let X ={1,2,...,n} and p be the counting measure on X. Let f: X — (0, 00)
be defined by f(k) = \/a;. Then by the Schwarz inequality

n:/xldu:/Xf%dugWXMWX%M: S [3o 4

(b) Equality holds whenever f is proportional to 1/f, i.e., ar = ¢/a; for some
constant ¢ and all k = 1,...,n. This implies a; = --- = a,.

JPE, May 1999. (i) Prove that

/2
/ Vasinzdr < L.
0 2\/§

(ii) Prove that in fact the inequality is strict.
(i) By the Schwarz inequality

/2 /2 1/2 /2 1/2
/ Vasinzdr < </ xd:c) (/ sinxdx)
0 0 0

1/2
:(1(3)2)/ e T
2\2 2v/2

(ii) The Schwarz inequality does not turn into an equality here, because the func-
tions x and sin x are obviously not proportional to one another.

JPE, Sept 1997. Show that

/1 z1/2 i 3< 8
—dx —.
o (1— x)l/?) =5
By the Holder inequality

[zmte= (e ([ spmts)

1 ; 1/3 1 1 2/3
o 3/2
‘(/“”C dx) </ <1—x>1/2d“")
B 2 1/3 2/3_ 8 1/3
—(5> 2 —<5> :

JPE, Sept 1994. Prove that

/Oox/l+x3 7
——dx < .
1 i 10
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By the Schwarz inequality

[ s[5 2]

6 T2

<3431\

0 3
/ e V1 +sinzxdr < \/;
0

—

o1|»—~

JPE, Sept 1993. Prove that

We apply the Schwarz inequality to f = e %2 and g = e~ %/2y/1 + sin z:

1/2

00 00 1/2 oo
/ e “V1+sinzdr < {/ e’ dx} [/ e (1 +sinx) dx}
0 0 0

3
1/2 1\1/2 __
<1V w1+§)/-vg.
1

Note that we needed to compute here the integral fooo e “sinzdr = ;. Even
though this is a routine Calculus-II exercise, it certainly takes valuable time dur-
ing the exam. At a later JPE (Sept 2011) the value of this elementary integral was
provided, to save time.

11 (P spaces
JPE, May 2000. Do there exist two sequences (a,,) € ¢* and (b,) € £* such that
(@, + by) is neither in ¢! nor in ¢2?

No. Any sequence in (a,,) € ¢! is also in £2. Indeed, there are only finitely many
a,’s such that |a,| > 1, and for all the other terms we have |a,|* < |a,|. Hence
the convergence of 3 |a,| implies the convergence of > |a,|*. Thus (a, + b,) will
be in /2.

JPE, May 1998. Does there exist a sequence (z,,) which is in ¢!+ for all € > 0
but which is not in ¢'?

Yes, z, = 1/n.
JPE, May 1997. Suppose 1 < p < ¢ < oco. Prove or disprove: ¢ C /9.

The inclusion is true. If p = oo, then ¢ = oo and the inclusion is trivial. If
p < oo and (a,,) € 7, then there are only finitely many a,,’s such that |a,| > 1. This
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implies (a,,) € £*°. Now suppose ¢ < co. Then for all a,, such that |a,| < 1 we have
la,|? < |a,|P. Hence the convergence of > |a,|P implies the convergence of > |a,|?.

JPE, May 1991. Find a sequence (a,) which is in ¢3 but not in ¢2.

Here: a, = 1/y/n. (More generally: a, =n~" with any s <b < 1.)
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