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@ Quantum Heisenberg Models



Spin Matrices

Many interesting observables are given in terms on spin matrices
S', 82, 83, operators on H, = C25t1 such that

8%, 8| =i &upyS",  S=(S",8%8P).
Y
For spin-1 we can pick the matrices
1 010 1 [0 —i 0] 1 0 O
S'=—|1 0 1],8%=—|i 0 -i[,S*=|0 0 0.
V2o 1 0 V2o ;i o 00 1
We will also use a rectangular lattice:
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The Heisenberg model

@ The most general two-body SU(2) invariant spin-1
Hamiltonian can be written as

HiE =2 3 (9(808))+ (s-8)).
{x,y}e&

@ We define the associated Gibbs state as

1.
N2 1 . _'BH/\102
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@ In particular we will later be interested in the correlation

o0 = (192 - 2} (52 - §)>;AJO
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Heisenberg antiferromagnet
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The nematic region

@ In the nematic region of the diagram (excluding the line
Ji = 0) the interaction is not known to be reflection positive,
this was an essential property for showing long-range order of
the antiferromagnet.

@ Fortunately there is a probabilistic representation that is valid
on this region and is reflection positive, this representation is
called the random loop model.

@ Two loop models were introduced in the 90’s, the model of
Aizenman and Nachtergaele is valid on the line J;1 = 0 and
the model of Téth on the line J; = J>. Recently the model was
extended to the region inbetween by Ueltschi.
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Long-range order for J; = 0

For the line J; = 0 we don’t need the random loop model to prove
long-range order, we can just use methods in quantum mechanics.

Let S =1. Assume h =0and L4, ..., Ly are even. Then we have
the bounds
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The case J; < 0

The method to prove the previous theorem uses the reflection
positivity of the interaction. For J; < 0 the interaction J;(Sx - Sy) is
also reflection positive.

Let S=1,J> > 0and Ly, ..., Ly be even. Then there exists J? < 0,
Bo and C = C(B, J1) > 0 such that if J% < J; < 0and B > B, then

l%lzp(x)zc
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Proof outline

@ The proof uses the method of reflection positivity and infrared
bounds.

@ In order to apply these techniques we need a nice
representation of the interaction.

@ Once we have this representation we can quickly move from
reflection positivity to obtain an infrared bound on the
Duhamel correlation function.

@ Transferring this infrared bound to the normal correlation is a
big calculation.
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Matrix representation of the interaction

@ For our representation of the system we introduce the
following matrix:

(S1)2-1S(S+1) slis? s)s?
Qx = S1iSE (85)2-55(5+1) iSzs%
sls? i5253 (S8)2-18(5+1)

@ Now using a (slightly artificial) version of matrix multiplication
we have the identity

]
TR(QQy) = (S1S) — S5S7 + S3S5)° - §52(5 +1)21.

@ Also if we introduce the unitary operator U = [y, €75 then
U (Sx-S,) U= (S]S] - S252 + SIS2)2.
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Infrared bound

@ With this representation we can (with a bit of calculation and
careful thought) show reflection positivity, and use this to give
an infrared bound for the Duhamel correlation function.

@ We set our Fourier transform as

F()(k) = F(k) = > e f(x) ke N,

X€eN

on ( Ly L 2n | Lg Ly
/\* = —— 1,...,_ W X — 9= 17“’
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Infrared bound

@ Recall the infrared bound given in Dyson, Lieb, Simon:
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Infrared bound

@ Recall the infrared bound given in Dyson, Lieb, Simon:

1

33
F(SoSx)pun(k) < 205K

where

11 P
A, B)puh = ——— f dsTrA*e~sHBe~(B-s)H
(A-Blow = Z6y5 Jo

@ here we have

1 1
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Infrared bound

@ to get an infrared bound for p(x) = <((S§’)2 - %) ((S)?)2 - %))
we us the Falk-Bruch inequality

1 1 ‘
S(ATA +AAT) < (A, A)pun + 5 \/(A’A)Duh<[A*v [H, A]]) .

@ This is a difficult calculation for general spins because we take
A= 7—'((8)?)2 - %) (k), because of this we specialise to S = 1
and take advantage of relations there (for example in spin-1
S'Sis’ = ).

@ After some work we obtain the bound in theorem 1. Extending
to J1 < 0 is easy given what has already been done!
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