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Quantum Spin Systems
We consider quantum spin systems defined over a countable set I'.

In many examples, [ = Z” with v > 1 (or some finite subset

thereof), but this is not necessary.

To each x €T, associate a single site Hilbert space, Hyx = C™
with n, > 2.

To each finite A C I, associate the Hilbert space of states in A:

H/\ = ®Hx

xeN

and an algebra of observables in A:
Ap = B(Ha)

As Ha have finite dim., these A\ are just the matrices over Ha.



Observables and Support

For finite Ag C A C T, Ap, C Ap in the sense that each A € Aj,
can be associated to A = A® Ia\p, € A

We say that A € Ap is supported on X C A if A can be written as
A=A® I\ x for some A € Ax. The mimimal such set X is
called the support of A; denoted by supp(A).

Note that spatially disjoint observables commute, i.e., if A€ Ax
and B€ Ay and XN'Y =0, then

[A,B] =0

where, with some abuse of notation, we are regarding A and B as
observables in some Ap for A with XU Y C A.



Models

A model is defined through an interaction, i.e., a mapping ® from
the set of finite subsets of I' to the local observable algebra with:
P(X)* = &(X) € Ax for each finite X CT.

Given an interaction, one can define local Hamiltonians i.e., for any
finite A C T set

Ha= > o(X)

XCA
and (using the spectral theorem) the corresponding Heisenberg

dynamics, i.e.,

™MA) = et Ae=tn  for any A€ Ap .



Example
Take ' = Z¥ for some v > 1.

For all n € ZV, take H, = C2. In this case, with each finite
N C Z%, the Hilbert space is

Hp = ®(C2 ="

neN

Recall the Pauli matrices, i.e., 0 with « € {x,y, z} is given by

. (01 , (o0 —i , (10
o = y 07 = . y 0 =
10 i 0 0 -1
For finite A C Z" and any n € A denote by 6% € Ay = B(Ha)

0" =1 - 1c*®1®---®1 with ¢% in the n-th factor.



Example (cont.)

Let @ be defined by

o(X) = J(o%o%, + onoh + oZoZ) if X ={n,m} and |n— m| =1,
B 0 otherwise.

where J is a real parameter.
Then, for each finite A C ZV,

Hy = ) o(X)

_ 2 : X __X z _z
- J (Unam + O-%O-%/n + Unam)
<n,m>€eN

is a nearest-neighbor Heisenberg Hamiltonian.



Quasi-Locality of the Dynamics
The basic idea:

Fix T and ®. Let X, Y C T with XNY =.

Take Aec Ax, Be Ay, and A C T finite with XU Y C A.
It is clear that
[70'(A), Bl = [A, B] =0
Note, however, that for general ®, supp(7/'(A)) = A for any t # 0,
since this is a non-relativistic system.

A typical Lieb-Robinson bound proves: for every p > 0, there exist
C and v for which

I[FM(A), B]|| < CIA]|||Bl|e#(X-Y)=vIe)
In particular, these bounds show the commutator is still small for

1 < d(X,Y)
14



Heuristic sketch of supports at time t.

'support’ of 7\(A)



On the Structure of I
Generally, T is a countable set equipped with a metric d.
If T is finite, no further assumptions are necessary. Otherwise:

We assume there is a non-increasing function F : [0, 00) — (0, 00)

for which:

i) F is uniformly integrable

IFll =sup ) F(d(x,y)) < oo
xeryer

ii) F satisfies the convolution condition

= FlG2)F(d(z,)
€= 30 2 " F (o)

< 00



On I continued

Given a set I and a function F satisfying i) and ii), it is easy to see
that for any a >0
Fa(x) = e ™ F(x)
also satisfies i) and ii) with ||F,|| < ||F|| and C; < C.
Example: Let [ = Z for some v > 1. Then, for any € > 0, take

1

Fix)= ————
(9= o
then F satisfies i) and ii) with

C < 21/+6+1 Z F(|Z‘)

zeZv



A Norm on Interactions

Fix I equipped with F as above. For any a > 0, let B,(I") be the
set of those ® for which

[(X)l

(0] = sup —_— < XX

I9lla = w6 > £ g6y
x,yeX

This is a large class of interactions.
In fact, on Z” with F as above:

General finite range, uniformly bounded interactions satisfy
|®]|s < oo for all a > 0.



A Lieb-Robinson Bound

Theorem (Lieb-Robinson Bound)
Let I be equipped with F as above. Fix a > 0 and take

® € B,(I"). There exist positive numbers ¢ and v for which:
Given any finite X,Y C T with XNY =10, any A € Ax and
B e Ay, and finite NC T with XU Y C A, then

I (A), BII| < cllAl[| Bl min[|X], | Y [Je~2(dCY)=velt)

for all t € R. Here one can take

__ 2Rl

2||®||.C
Ca and V¢_“L|aa.



Some Comments

> Only useful for small times as

I7(A), BIl < 2||A]| Bl

v

Still a bound if X N'Y # (), but the above may be better . . .

v

min[|X], | Y] can be replaced by boundaries; not volumes. . .

v

E.g. on Z¥, with finite range, uniformly bounded ®, one can
optimize v over a > 0. This produces a best possible
estimate; often dubbed a Lieb-Robinson velocity.

v

Our methods also apply in the case that a=0. . .



An Important Lemma

Let H be a separable Hilbert space over C and denote by B(H)
the bounded linear operators over H. A mapping A: R — B(H) is
said to be strongly cont. (resp. strongly diff.) if: For all ¢ € H,
A(t) is cont. (resp. diff.) in t w.r.t. the norm-topology on H.

Lemma
Let A, B : R — B(H) be strongly continuous with A also being
self-adjoint, i.e. A(t)* = A(t) for all t. The strong solution of

f'(t) = i[A(t), f(t)] + B(t) with f(0)=fh e B(H) (1)

(which is unique) satisfies the estimate

I ()] < [ foll +/t+ 1B(s)]| ds

for all t € R. Here t_ = min|0, t] and t; = max|0, t].



Proof of Lemma

The Dyson series

Ut—Il+Z // / -A(tn)dt, -

can be used to construct a mapping g : R — B(H)
g(t) = Urgo Ut
which is a strong solution of
g'(t) = i[A(t),g(t)] with g(0) = go € B(H)
As U; is unitary, it is clear that g is norm-preserving, i.e.,

llg(t)|l = |lgol| for all t.

-dty



Proof of Lemma (cont.)
The mapping  : R — B(H) given by

t
£(t) = U, (fo +/ Uz B(s)Us ds) Uz
0

is easily seen to be a strong solution of (1). As such, it satisfies

I ()] < [ foll +/t+ 1B(s)]| ds

again, using unitarity of U;. Uniqueness (in the context of both g

and f) follows from an application of the Gronwall lemma.



Proof of the LRB
Consider the function f : R — Ap given by

f(e) = [r2(A), B] = | A=, B]

It is clear that

d _ . ~
ZT0A) = irl ([Hn, A)) = iml (1, A))
where
Ax= Y (2
ZCN:
ZNX#D

since A is supported in X. In this case,
F(t) = il (1fx.A)) B
= i [ [, )] B]
= —i[[mA), B] ()| - i [ [B. 7 E)] A
by Jacobi, i.e. [[A, B], C] + [[B, C],A] +[[C, A], B].= 0.



Proof of the LRB(cont.)

Re-writing things, we have shown that the function f satisfies
f'(t) = i[A(t), f(¢t)] + B(t) with £(0) = [A, B]
where we have set
At) = T0(FHx) and B(t) = i [r(A), [B. ()|
Using our lemma, we find that
17 (A), BIII < [I[A, Bl +2||A] /f 78 (Fix), B]|l ds
It is now convenient to define 7

Co(x. 1) — sup IFEA). Bl

A€ Ay: HAH
A£0
and observe that for t > 0 we have shown
Co(X,1) < Ca(X,0)+2 3 [[o(2 y/ Co(Z, 5)
ZCA:

ZNXZ0



Proof of the LRB(cont.)
For any Z C A,
Cs(Z,0) < 2||B|6v(2)

and so iteration yields

oo
(2[t])"
Ca(X,t) <2]BI Y
n=0
with
n
> > > w@]]le
ZiCA: ZyCA: ZnCA: i=1
ZiNX#AD ZoNZ1 #0 ZyNZp—17#0
Now

a< > @<l D Faldxy)

xeX yeY Zox,y xeX yeY
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Proof of the LRB(cont.)

and
2 < SN je@) Y ez)
xeX yeY zeN zch Z,CA
x,z€2, z,y€Z>
< OIE> 0D Fad(x, 2))Fa(d(z,y))
xeX yeY zel
< H‘DHECQ Z Z Fa(d(x

xeX yeY
and similarly
an < [[D15C YD Fald(x, y))
xeXyeY
Since
DO Fa(d(x,y)) < e 2 min[| X, | Y[]||F|
xeX yeY

we have finished the proof.
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An Application

These Lieb-Robinson bounds show that: For any ® € B,(I'), the
application of the finite-volume dynamics to a local observable, i.e.

7M(A), remains essentially local for small times, in the sense that

7](A) almost commutes with any B supported far away from the
support of A. Moreover, the estimates proven are uniform in the

finite volume A.

As a result, one can prove that the finite-volume dynamics have a
thermodynamic limit. In fact, for any ® € B,(I"), the finite-volume
dynamics 7/\(A) have a limit as A — T
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On the Thermodynamic Limit

As we have discussed, for any finite sets Ag C A C T, the algebras
Ap, C Ap. In this case, we define

Ape = An
ACT

the union taken over all finite subsets and take Ar to be the
norm-completion of .Alroc. Ar is a C*-algebra.

Theorem
Let a> 0 and ® € B,(I'). There exists a strongly continuous,

one-parameter group of automorphisms 7} (-) on Ar and

. n r
lim [[7f(4) — 7L (A)| =0
for any A € Ar and any non-decreasing, exhaustive sequence of

finite subsets {\,}. The convergence is uniform on compact sets.
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Proof of Thermo. Limit
Fix A€ Ax. Take n > m large enough so that X C A,, C A,,.

easy to see that

An . YA A
(A = mn(A) = [ o (o rin(A) ds

and since

d

- (T"n o7 (A)) An ([H,\n Hp 7 S(A)D

it is clear that for t > 0

t-as X5 [ @] o

zeN\Am 23z

It is
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Proof of Thermo. Limit (cont.)
And from the proof of the Lieb-Robinson bound

[y = rtea)| < 21416 Y D lIe2)
zeN\Am 23z
% / 2191:Csgs 3 37 Fy(d(, %))
z'eZ xeX
<

20al0] [ 9as «

x| X| sup Z Fa(
xeX
z€N\Am
This quantity clearly goes to 0 as n, m — oo. This proves that the

sequence of finite volumes is Cauchy in norm (hence convergent)
and the estimate is uniform on compact t-subsets.



