Selfadjoint operators and solving the Schrodinger
equation

A Tutorial

For some more details and references see: “Stolz 1" on conference
site, in particular books by

Achiezer/Glazman, Reed/Simon, Teschl, Weidmann,

as well as ... (insert your own favorite here)



Main Goal:

Why are selfadjoint operators “necessary and sufficient” to
do Quantum Mechanics?

Two reasons:

» They are great for mathematics.

» They give the right kind of physics.



Definitions:
‘H separable Hilbert space, (-, -)
T :D(T) CH — H linear, densely defined
Adjoint operator:
D(T*) = {geH:3FheHs.t (hf)= (g Tf)VfeD(T)}
T'g¢ = h

T selfadjoint: T* =T
T hermitean: (Tg,f) = (g, Tf)Vf,g € D(T)
T symmetric: T hermitean and densely defined <— T C T*

All equivalent if T € B(H).



Definitions:

Resolvent set:
p(T)={ze C: T — zinjective, (T — z)*1 € B(H)}

Spectrum:

a(T)=C\p(T)

T symmetric = o(T)CR



Spectral Family:

A spectral family E in H is a family of orthogonal projections
E(t), t € R, in ‘H with the properties
» E(s) < E(t)ifs<t
(i.e. (f,E(s)f) < (f,E(t)f) forall f € H),
» E is strongly right-continuous
(i.e. limeoq E(t +e)f = E(t)f forall t € R, f € H),
» E(t) — 0 strongly as t — —o0,
E(t) — I strongly as t — oc.



Spectral Theorem:

For every selfadjoint operator T there exists a spectral family £
such that

T—/]thE(t). (1)

Conversely, to every spectral family E the right hand side of (1)
defines a selfadjoint operator T.

Note: (1) should be interpreted weakly, i.e.
(f, Tf) :/th<f, E(t)f)

for all f € D(T). Via polarization this can be extended to
(€70 = [ tdle £

for all f,g € D(T).



Stone's Formula:

An explicit way to find the spectral family E for a given selfadjoint
operator T (at least in principle) is given by Stone's formula:

(g, (E(b) — E(a))f) =
. . 1 b+48 1 a1
6|—I>n(;]+ €|—|>r8+ % a+é <g7 ((T —t 15) a (T A Ig) )f> o



Applications of the Spectral Theorem:
I. Functional Calculus

T s.a. with spectral family E, u: R — C Borel. Then

u(T) ::/u(t) dE(t)

Properties:
» u bounded = u(T) € B(H), ||u(T)| < sup|ul
> gu + v)(T) :)u( T)£v(T), (uv)(T) =u(T)v(T) (modulo

» Coincides with other natural definitions where available
(e.g. polynomials, power series)



Applications of the Spectral Theorem:
Il. Spectral Types

Define absolutely continuous, singular continuous, pure point
spectrum of T via a.c., s.c, p.p. parts of the spectral measures

dpe(t) = d{f, E(t)F).

See Notes for details.



Applications of the Spectral Theorem:
I1l. Solving the Schrodinger equation:

Let H be s.a. in H and U(t) := e~ ™" for all t € R (in sense of
functional calculus).

Then (t) := U(t))o is the unique solution of the Schrodinger
equation

i0pp(t) = Hi(t), (0) = 1o

Thus: Selfadjointness of the Hamiltonian H (total energy
operator) is “sufficient” for Quantum Mechanics!



Unitary Groups:
A family (U(t)):er is called a strongly continuous one-parameter
unitary group (SCOUG) if

» U(t) is unitary in H for all t € R,

» U(0) =1 and U(t +s) = U(t)U(s) for all t,s € R, and

» U(t)f — U(s)f ast — s forall f € H.



Stone’s Theorem:
(U(t))ter is a SCOUG if and only if there exists a selfadjoint
operator H such that

U(t) = e ™.

Remark: The “only if” part of Stone’'s Theorem can be
interpreted as “necessity” of selfadjointness of Hamiltonians for
Quantum Mechanics:

» Unitarity of the time-evolution U(t) guarantees that the norm
of an initial state 1. € H is preserved in time.

> If [|[9c]|> = 1 and H = L2(X, ), then this is crucial for the
Born interpretation of Quantum Mechanics:
For all measurable E C X,

pee = lIxev(d)]?
= Probability to be in a configuration x € E at time t



Calculating Time-Evolutions:
Given selfadjoint Hamiltonian H, how does one find U(t) = e~ /tH?

Frequent situation:

» H = Hy+ V (for example: Hy kinetic energy, V potential
energy)
» et can be found explicitly:

Translation invariance = Fouriertransform

» e~ can be found (studied) by perturbative methods



Continuous and Discrete Laplacians:
Example 1: Hy = —A in L2(R?) (selfadjoint on H?(R?)):
~A = F|x]PF?

—it(— —itlx|? ~—
e it(-4a)  _ F.e it| x| Fc 1

Example 2: (hof)(x) = - f(y) for f € 2(29):

yilx—yl=1

d
hh = Fy —2Zcos(xj) Ft
j=1

efl'tho — Fde—if(—2zj COS(Xj))Fd—l



Duhamel's Formula:

Theorem
Let H= Hy+ V, where Hy is selfadjoint and V' bounded and

symmetric in H. Then

t
e—ltHwo — e—ltHowo + (—I)/ e—l(t—t1)H0 Ve_ltlH@ZJo dt]_
0

Proof.
» Differentiate etHoe=itHy),.

> Then integrate.



Dyson Series:

Theorem
Let H= Hy+ V/, where Hy is selfadjoint and V' bounded and

symmetric, and 19 € H. Then
efitHwo

e t pt th—
— ety 4 Z(_i)n/ / 1 3 / 1 e—i(t—t1)Ho\/
| o Jo 0

n—1
(H e~ (t—tit1) Ho v) e~ tnhoy dt,, . . . dt, dty
k=1

Proof.
Iterate Duhamel.



Commuting Operators:
If H= A+ B with [A, B] = 0, then
e—it(A+B)

— efltAefltB

Special case: Hamiltonian of a non-interacting quantum system:

H=HQI+1®H inH==H1QH>.
Then

e itH e—it(H1®I)e—it(l®H2) — (e—itHl ® /)(/ ® e—itHg)

e—ItH1 ® e—ItH2



Baker-Campbell-Hausdorff formula:

Let A, B be bounded and selfadjoint, such that
[A,[A, B]] = [B,[A, B]] = 0.

Then

it(A+B itA —itB_L[AB
eil( + ) eil eil e?[ ) ]

Idea of proof: (i) Differentiate eBe/Ae~t(A+B) (i) Integrate.
(iii) Iterate.

Proof extends to the (unbounded) position and momentum
operators g and p in L?(R) (note [p, q] = —il) =

Weyl relation: e/(/P+s9) — g=irs/2¢iPgisa vy o c R



Trotter product formula:

If A, B and A+ B are self-adjoint in H, then

. A it et n
e tATB)F — |im (e e ’nB> f
n—oo

for all f € H.

Semi-group version: If A, B and A + B are semi-bounded from
below, then

. _ta _tg\"
e tATB)f — |im (e e nB>
n—0o0

forall f € H and t > 0.



