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Quantum spin systems

> A lattice T" of finite dimensional quantum systems (spins), with

Hy = ®’Hm, A C T finite
TxEA

> on A CT: Ay = L(Hyp)
> Local Hamiltonian: a sum of
O(X)=d(X)* € Ax

Hy= ) o(X)

XCA

> The Heisenberg
Th (A) = exp(itHp) A exp(—itHy)
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I
States

The quasi-local algebra Ar:

Ar = ] Aa

ACT

State w: a positive, normalized, linear
> Finite volume A: Ay = B(H,) and
w(A) = Tr(pxA)

where p{ is a
> Infinite systems T': No density matrix in general
But: Nets of states wj on A, have wr as
A — T states in the thermodynamic limit
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The Ising model

Now: I' = Z, H, = C2, spin 1/2, translation invariant ®:

—s03 if X ={z}forsomexzecZ, h>0
P(X,s)=¢ -0l ol fX={xr—12)forsomexcZ
0 otherwise
Hip n—1( Z ol ol —s Z o3 (anisotropic XY chain)
> s> 1t ground state, gapped
> s < 1t ground states, gapped

> Decay of correlations: exponential everywhere,

In between: the spectral gap closes:

Sven Bachmann (LMU) Invariants of ground state phases UAB 2014 4/26



Local vs topological order: physics

Ordered phases ~ non-unique ground state

> The usual picture: ,e.9. w(od)
> ‘Topological order’: ,forAe Ax, X C A,

HPAAPA—CA-lH ng(X,aA)_O‘, Ca E(C,

Py: The spectral projection associated to the ground state energy
to a ‘normal’ state
> Positive characterization of topological order (?)
> Topological degeneracy: if , then dimPy, = f(g)
> Anyonic vacuum sectors
> Topological entanglement entropy
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What is a (quantum) phase transition?

A simple answer: A phase transition
but under a of a parameter:
> Qualitative change in the set of ground states, parametrized by a
coupling
Localization-delocalization, parametrized by the disorder
Percolation, parametrized by the probability
Bifurcations in PDEs
Higgs mechanism, parametrized by the coupling

v VvV Vv Vv V
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Ground state phases

A slightly more precise answer: Consider:

> A smooth P(s),s €[0,1]
> The associated

Ha(s) = ) ®(X,s)

XeA

> Spectral gap above the ground state energy «,(s) such that

>0 (s # sc)
~Cls—=sc'" (s—sc)

Ya(s) = ¥(s) {

> Associated singularity of the ground state projection P, (s)

Basic question: What is a ground state phase?
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|
Stability

Ha(s) = ) (B(X) + sT(X))

XeA
, l.e. ¥(X) = 0 whenever X NA§ # 0, then usually

Dynamics 1.  as a perturbation of 7. ,
Continuity of the spectral gap at s =0

Local perturbation of ground states

Equilibrium states: |lwg s —wpgpl| < ksass—0

v VvV Vv Vv V

Return to equilibrium: wg s o 7 ) — ws o @s t — oo
For perturbations: results, but

> Perturbations of ‘classical’ Hamiltonians
> Perturbations of frustration-free Hamiltonians
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Automorphic equivalence

Two gapped H, H' are in the same phase if
> there is s — ®(s), CY and piecewise C, with ®(0) = &, &(1) = @
> the Hamiltonians H (s) are uniformly gapped

inf >v>0
ACFl,rsle[O,l} P)/A(S) =7

The set of ground states on T":
Then there exists a continuous family of of Ar

Sr(s2) = Sr(s1) o a?’sQ

ap*? is : satisfies a Lieb-Robinson bound

Now:
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Frustration-free Hamiltoniansin d = 1

NowI'=Z,and H, ~H =C"

Consider {Gn} nen such that Gy ¢ H®N and
N—m

gn = ﬂ HET ® Gy @ HEN—m—2)
=0

for some m € N;
Natural positive translation invariant interaction: G,, projection onto G,

1-— = -1
B(X) T ( Gnm) X [xl,a?—i—m ]
0 otherwise

By the intersection property: KerH; ) = Gn,
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Matrix product states

Consider , B; € My and two
> A CP map My — My:

n
E®(a) =) BuaB;
pn=1

> B € B, i(p,q) if

1. Spectral radius of EBislanda non-degenerate eigenvalue
2. : other eigenvalues have |\| < 1
3. €® and p®: right and left eigenvectors of E®: pePp and ¢pBq invertible

> A map Ff\}gq Cp Mg — HEN:

n

kB *
l11\7,17747((1) - Z Tr(panZN o Bm)wﬂl ® @Yy
le-ﬂN:l

Sven Bachmann (LMU) Invariants of ground state phases UAB 2014 11/26



Gapped parent Hamiltonian

Notation:
= Ran (I‘kﬁ ) c HON

N.,p,q

and parent Hamiltonian H p q

Assume that G*; N’ v satisfies the intersection property.
Then

i o 0 /s gapped

ii. Sz(H ,p ) = {w%}
jii. Letd;, = dim(p),dr = dim(q). There are affine bijections:

E(May) = S (HEE), £ (May) = Spo o) (HEE)

Prq

i.e. Unique ground state on Z, edge states determined by p, g
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I
Bulk state

Given B, for A € Ay,

n

EA(0) = Y (Y, Athy) BubB;

p,v=1
Note: E® = EB(b).
WE(Ar @ @ Ay) = p° (B oo o E] (F))
> wB (B8 (X)) = 0: Ground state
> if o(EB)\ {1} c {z€C:|z] <1}

WB (A, @102 g 4, ) = pB (EE‘; o o ]E%(e))

Sven Bachmann (LMU) Invariants of ground state phases UAB 2014 13/26



|
Edge states

Note: w2 (A, ® --- ® A,) extends to Z:
B B B B _ B B B B
o (BG, oo B (¢B)) = o (4 “BR, o o B} (7 (%)
For the same EB,
WE(Ag @0 Ay) = ((peFp) ™/ (B o+ o BR (¢7)) plpe®p) /%)

for , and wE(®5.q(X)) =0
These extend to the right, but not to the left:
Sjo.00)(Hlpy) > E(May)
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A complete classification

LetH := HY' and H' := H.k;;,B;, as in the proposition, with
associated (dr,, dr), resp. (dy,d). Then,

H~H = (dr,dg) = (dy, dR)

Remark: No symmetry requirement
Proof by explicit construction of a gapped path of interactions ®(s):

> on the with Ay, = B(C")
> finite range
> (no blocking)
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Bulk product states

Very simple representatives of each phase:
Letn >3, and (dy,dr) € N. Letk := drdpg.
There exists B and projections p, q in Maty(C) such that
> dimp = dy, dimq = dg
> B e B, i(p,q)
> GRD |, satisfy the intersection property
> the unique ground state & of the Hamiltonian HY;", on Z is the
pure

y
WE (A, @ - ®Ay) = H (Y1, Aigr)

1=
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I
Example: the AKLT model

> SU(2)-invariant, antiferromagnetic spin-1 chain
> Nearest-neighbor interaction

b1
1
HARET =% [2 (Sz - Ses1) + (S - Su41)? ] ZPx?H

Tr=a

where ng :3+1 is the projection on the spin-2 space of D; ® D,
> Uniform spectral gap ~ of H, ), v > 0.137194

> with B € B372(1, 1)

(4 e s ) (e )

> the AKLT model
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-]
About the proof

=B B
E — W

kB kB kB
FN g H'zpuq’

B € Buir(p,q) — {
\Dsq N,p,q

and by the proposition
Gap(E®) — Gap(H"E)

Given B € B, x(p,q), B’ € B, (¢, ¢'), construct a path of gapped

k,B(s)
H ) BY

> embedding My — M, and interpolating

> interpolating p(s), ¢(s):

> interpolating B(s), of EB(*)
Need of a certain subspace of (My)*"
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Primitive maps

n
=B *
E°=>"B, B
p=1

i.e. {B,} are the
The spectral gap condition:
> positive map —
. Spectral radius r is a non-degenerate eigenvalue

. Corresponding eigenvector e > 0
. Eigenvalues ) with |\| = r are re?™/8 o € 7Z/BZ

> A is an irreducible CP map with 5 =1

wn =

EB is primitive iff there exists m € N such that

span{Bm "‘Bum By € {Lvn}} :Mk
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Primitive maps

How to construct paths of primitive maps? Consider

k
Yo = {IEB :B1 =) Aalea) {eal, and (Baeq,eg) # 0}
a=1

with the choice

(A1 Ak) € Q= {N # 0, N # Aj, Ai/Aj # Ae/ N}
Then,
lea) (es] € span {Byy -+~ By, : s € {1,2}}
form > 2k(k —1) + 3.

Problem reduced to the pathwise connectedness of ¢ C*
Use
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N
Consequences

What we obtain:

B(S) € Bn,k’(lv 1) - Bn,k(p($)7Q(5))

i.e. a
For those:
kB C
> T o(s).a(s) is injective = dlmgmps) o) = IRAL
kIB% . )
> Qm (5),(s) satisfy the intersection property
i.e. a
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Remarks
> More work at s = 0, 1, where the given B, B’ ¢ Y}, ;.
> Why is it hard? Because
> Simpler problem for n > k2, i.e. by allowing periodic interactions
> Interaction range:

Munin = max{m,m’, k> + 1, (K')? + 1}

v

allin all: (dr,dr) = (d7,, d) is sufficient
(dr,dr) = (d},dy) necessary: H ~ H' implies

v

S[O,oo) = S[/07oo) O &0,00)5 S(—oo,—l] = Sé—oo,—l] O X¥(—c0,—1]

and «y is bijective
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Concrete representatives

1 0 1
A 0 1
SO()‘vd) = . ) S+(d) = . 1 s
-1 0

Let

By = So(Ar,dr) ® So(ArL,dr)

By = S4(dr) ® So(AL,dL)

B3 = So(Ar,dr) ® Sy (dr)

B, =0 if 2 > 3.
Properties: By® = 0, Bi* = 0, and

BIB; — A\rBBI,  BIBi—=\.BiBl, BiBi— <iL> BB
R
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Concrete spectrum

Simple consequence:
EP =D+ Np + Ny
with D = B; - B} ,Nr = By - B, N, = By - B, , and
DNg = A*NgD, DNy =X\ ’N;D,  NgNp = (Ap/A)?N.Ng.

Then, R
o(EP) = (D)

Spectral gap if A, \g # 1
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Product vacuum in the bulk

Vectors? Recall

n

kB
PN,za,q(a) - Z Tr(pan;N o B;1)¢N1 ® @ YPuy
Hise-piv=1
The product By, - -- B,,,, can have dr—1By’s,and d;, — 1 By’s,
SO
gNP g — Spant { Nop, q(pB2 By q)}a:O,..A,dR—1,6:0,...,dL—1
fora = =0,

T2 (1) = Te(plg(By) ™) @ - @1
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Conclusions

> Construction of gapped Hamiltonians from frustration-free states
> Unique ground state on Z
> Tunable number of edge states

> Edge index: Complete classification by the number of edge states
(no symmetry)

> No bulk index: each phase has a representative with a pure
product state on Z

> Many-body localization?
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