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1. Introduction
In this article we would like to present and review a method in spectral and
time-independent scattering theory which has been successful for treating some
Schrödinger-type operators in the framework of spectral and scattering theory.
The method may be called the radiation condition method, since its starting point
is a priori estimates for the radiation term and most of the important results are
obtained through these estimates.
In §2 we shall explain the radiation condition method by using a very simple oper-
ator. The 2-body Schrödinger operators with short-range or long-range potentials
will be discussed in §3. We could say that the radiation condition method made
some contribution for studying these operators. Next in §4 we shall review sev-
eral results related to the modified radiation condition which appears when we
try to study the Schrödinger-type operators which is too singular at infinity to be
controlled by the ordinary Sommerfeld radiation condition. As an application, we
shall present some results on the inverse scattering problem for Schrödinger oper-
ators in §5. In the following two sections we shall review two new results on Dirac
operators and the reduced wave operator with two unbounded media. Concluding
remarks will be given in §8.

2. An Example
In this section we are going to give a brief explanation on the radiation condition
method by looking at a very simple example of an ordinary differential operator

(2.1) H = − d2

dr2
+ q(r) (r ≥ 0)

in L2((0,∞)), where q is a real-valued, measurable function on [0,∞) satisfying

(2.2) |q(r)| ≤ C(1 + r)−1−ε (r ≥ 0)

with positive constants C and ε. Define the domain D(h) as the set of all u such
that

(2.3)





u ∈ L2((0,∞)),

u ∈ C1([0,∞)),

u(0) = 0,

u is locally absolutely continuous on [0,∞), and

− d2

dr2
u + q(r)u ∈ L2((0,∞)).

Then H is a selfadjoint operator. We denote the resolvent of H by R(z),
i.e., R(z) = (H − x)−1. Let t ∈ R. Then define the weighted Hilbert space
L2,t((0,∞)) by

(2.4) L2,t((0,∞)) = {f : (1 + r)tf ∈ L2((0,∞))}.
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The norm of L2,t((0,∞)) will be denoted by ‖ ‖t, i.e.,

(2.5) ‖v‖t =
[ ∫ ∞

0

(1 + r)2t|v(r)|2 dr
]1/2

.

Let δ be a constant such that

(2.6) δ > 1/2.

Let K be a bounded set of

(2.7) C+ = {k = k1 + ik2 : k1 6= 0, k2 > 0},

and set u = u(·, k, f) = R(k2)f , k ∈ K. Then u satisfies the equation

(2.8) −u′′ + qu− k2u = f,

which can be rewritten as

(2.9) − (u′ − iku)′ − ik(u′ − iku) = f.

Let ρ(r) = φ(r)(1 + r)2δ−1, where φ(r) is a real-valued, continuous, piecewise
smooth and bounded function. Multiply (1.8) by ρ(u′ − iku), integrate over (r,R)
and take the real part. Then we have

∫ R

r

(
bρ +

1
2
ρ′

)|u′ − iku|2 dr

= Re
∫ R

r

ρf(u′ − iku) dr +
∫ R

r

ρq|u′ − iku|2 dr +
[
1
2
ρ|u′ − iku|2

]R

r

.

(2.10)

It follows from the above equality that we obtain the following a priori estimate
on the radiation condition term u′ − iku:

‖u′ − iku‖δ−1 ≤ C
{‖u‖−δ + ‖f‖δ

}

(u = u(·, k, f), k ∈ K, f ∈ L2,δ((0,∞)), ρ ≥ 0)

(2.11)

with a positive constant C = C(K) depending only on K. Another important
fact is the uniqueness of the equation, i.e., if u satisfies the homogeneous equation
−u′′+qu−k2u = 0, the boundary condition u(0) = 0, and the radiation condition

(2.12) ‖u′ − iku‖δ−1 < ∞,

then u is identically zero. At the same time it follows from (2.11) and the equation
(2.8) itself that

‖u‖2−δ,(ρ,∞) ≤C(1 + ρ)−(2δ−1)
{‖u‖2−δ + ‖f‖2δ

}

(u = u(·, k, f), k ∈ K, f ∈ L2,δ((0,∞)), ρ ≥ 0)

(2.13)
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with a positive constant C = C(K) depending only on K, where

(2.14) ‖u‖2−δ,(ρ,∞) =
∫

r>ρ

(1 + r)−2δ|u(r)|2 dr.

Then we can prove the limiting absorption principle; there exists the limits

(2.15) lim
ε↓0

u(·, k ± iε, f) = u±(·, k, f) (k > 0)

in L2,−δ((0,∞)). Furthermore u = u±(·, k, f) satisfy the radiation condition

(2.16) ‖u′ ∓ iku‖δ−1 < ∞,

Also the resolvent R(z), z = λ + iη ∈ C − R, has the boundary value R±(λ),
which is called the extended resolvent, i.e.,

(2.17) lim
η→0,±η>0

R(λ + iη) = R±(λ).

The simplest topology for the convergence of the limits (2.17) is the operator norm
topology in B(L2,δ((0,∞)), L2,−δ((0,∞)).

The radiation condition method is also useful to discuss the asymptotic behavior
of u = u±(·, k, f) at ∞ (or, in our example, as r → ∞). In fact, it follows from
(1.13) that u∓(r) = u±(r, k, f) satiny

u′±∓iku(r) = small (r →∞)

=⇒ (e∓ikru±)′ = small (r →∞)

=⇒ u± ∼ c±e±ikr (r →∞)

(2.18)

with constants c±, although there are several technical difficulties and the proof of
(2.18) is not very straightforward. The asymptotic limit of u± is the central ingre-
dient of the spectral and scattering theory. It is well-known that the S matrix for
the Schrödinger operator is obtained using the generalized eigenfunction. Also we
can construct the spectral representation for the operator H from the asymptotic
limit of u±(·, k, f) (see §3). Thus the radiation condition method can cover most
of the issues in spectral theory and stationary scattering theory.

Eidus [5] seems to be among early work to discuss the limiting absorption princi-
ple. The idea of radiation condition method including the spectral representation
theory can be found in Jäger [13]. Through the 70’s it was shown that the radia-
tion condition method is successfully applied to two body Schrödinger operators
with short-range or long-range potentials, which we shall discuss in the following
section.

3. 2-body Schrödinger Operators in Rn

Consider the Schrödinger operator

(3.1) H = −∆ + Q(x) (x ∈ Rn).
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Here a real-valued function Q(x) is either short-range

(3.2) |Q(x)| ≤ C(1 + |x|)−1−ε (x ∈ Rn),

or long-range

|DαQ(x)| ≤C(1 + |x|)−|α|−ε

(x ∈ Rn, |α| = 0, 1, 2, · · · ),
(3.3)

ε and C being positive constants, and

(3.4)





Dα = ∂α1
1 ∂α2

2 · · · ∂αN

N ,

∂j = ∂/∂xj (j = 1, 2, · · · , N),

|α| = α1 + α2 + · · ·+ αN .

The Schrödinger operator H with its domain H2(Rn), the second order Sobolev
space, is a selfadjoint operator in L2(Rn). When the radiation condition method
is applied to the Schrödinger operator H, one way is to look at H as a second
order ordinary differential operator with operator-valued coefficients. Let U be a
unitary operator from L2(Rn) onto L2((0,∞), L2(Sn−1), dr) given by

(3.5) U : L2(Rn) 3 f(x) 7−→ r(n−1)/2f(rω) ∈ L2(Sn−1), dr),

where r = |x| and ω = x/|x| ∈ Sn−1. Then we have

(3.6) L = UHU−1 = − d2

dr2
+ B(r) + C(r)

with

(3.7)

{
B(r) = r−2

{− Λn + (n− 1)(n− 3)/4
}
,

C(r) = Q(rω)×,

where Λn is the Laplace-Beltrami operator on Sn−1. [13] started the study of
the operator L and his work was extended by [26] and [27] to be applied to the
Schrödinger operator with a short-range potential. Later the theory was further
extended to discuss the Schrödinger operator with a long-range potential ([30],
[31], [32], [33], [34]).
Another direction to study the Schrödinger operator H is to start with the n-
dimensional versions of the formulas of (2.10) and (2.11). We are going to define
the radiation condition terms: Let ∈ C−R. We set

(1) k = k(z) =
√

z, where the branch is taken so that Im k ≥ 0;
(2) b = b(z) = Im k(z);
(3) Dju = ∂ju + {(n − 1)/(2r)}x̃ju − ik(x)x̃ju, where x̃j = xj/r, r = |x|,

j = 1, 2, · · · , n;
(4) Du = ∇u + {(n− 1)/(2r)}x̃u− ikx̃u, where x̃ = x/r;
(5) Dru = Du · x̃ = ∂u/∂r + {(n− 1)/(2r)}u− iku.

Also we introduce the weighted Hilbert space L2,t(Rn) which is given by (2.4)
with (0,∞) replaced by Rn.
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Let u = R(z)f = (H − z)−1f with f ∈ L2(Rn). Then the n-dimensional version
of (2.10) has the form

(3.8) −
n∑

j=1

∂jDju +
{n− 1

2r
− ik

}
Dru +

cn

r2
u = f

with cn = (n − 1)(n − 3)/4. Suppose that the potential Q is a sum of a long-
range potential Q1 and a short-range potential Q2, i.e., Q = Q1 + Q2. Then the
n-dimensional version of (2.11) is written as

∫

BrR

(
bϕ +

1
2

∂ϕ

∂r

)|Du|2 dx

+
∫

BrR

(ϕ

r
− ∂ϕ

∂r

)
(|Du|2 − |Dru|2) dx

+
∫

BrR

cn

{
bϕ

r2
− 2−1 ∂

∂r

(
ϕ

r2

)}
dx

= Re
[ ∫

BrR

ϕfDru dx

]
− Re

[ ∫

BrR

ϕQ2uDru dx

]

+
∫

BrR

{
1
2

(
∂ϕ

∂r
Q1 + ϕ

∂Q1

∂r

)
− bϕQ1

}
|u|2 dx

− 1
2

[ ∫

SR

−
∫

Sr

]
ϕ

{
|Du|2 − 2|Dru|2 +

(
Q1 +

cn

r2

)
|u|2

}
dS

(3.9)

where 0 < r < R < ∞,

(3.10)

{
BrR = {x ∈ Rn : r < |x| < R },
St = {x ∈ Rn : |x| = t },

and ϕ(x) = ϕ(|x|) is a real-valued, C1 function on Rn. By starting with the
identity (3.10), Ikebe-Saiō [11] proved the limiting absorption principle for the
Schrödinger operator H when the potential is a sum of a long-range potential
and a short-range potential. [28] and [29] discussed the case where the potential
is complex-valued and showed an asymptotic estimate for the extended resolvent
R±(λ)

(3.11) ‖R±(λ)‖(0,−δ)
(0,δ) = O(1/

√
λ) (λ →∞),

where δ > 1/2 and ‖ ‖(0,t)
(0,s) means the operator norm in B(L2,s(Rn), L2,t(Rn)).

This estimate was later used when we discussed the inverse scattering problem for
Schrödinger operators with short-range potential by the high-energy method (see
§5).

For λ > 0 and f ∈ L2,δ(Rn) let u±(k, f) = u±(·, k, f), k =
√

λ, be the solution
of the equation with radiation condition

(3.12) ‖∇u± ∓ ikx̃u±‖δ−1 < ∞.
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As was mentioned in §2, the asymptotic behavior of u±(x, k, f) as x → ∞ is
obtained ([13], [27], [32], [34]). In the short-range case the asymptotic formula is
as follows:

(3.13) u±(rω, k, f) ∼ c±(ω, k, f)r−(n−1)/2e±irk (r →∞),

where ω ∈ Sn−1 (for the long-range case, see the following section). The coeffi-
cient c±(ω, k, f) is important in spectral representation theory for the Schrödinger
operator. Consider the free Schrödinger operator H0 = −∆ in R3. Then it is
well-known that u±(x, k, f) has the form

(3.14) u±(x, k, f) = const.
∫

R3

e±ik|x−y|

|x− y| f(y) dy,

and it is easy to see that we have the asymptotic formula

(3.15) u±(rω, k, f) ∼ const.r−1

∫

R3
e±ikω·yf(y) dy

as r → ∞, i.e., the coefficient c±(ω, k, f) in this case is essentially the Fourier
transform of f . This is generally true for the 2-body Schrödinger operator H with
a short-range potential in Rn, and we can develop spectral representation theory
by defining the generalized Fourier transform by the asymptotic coefficients c±
([13], [27]). We can develop a similar theory for the long-range case. However
the situation is more complicated ([33], [34]), which we shall discuss in the next
section.

The 2-body Schrödinger operator has been studied by more traditional method
which comes from theory of liner partial differential equations. Here we refer to
the celebrated work by S. Agmon (Agmon [1]).

4. Modified Radiation Conditions

The classical form of the radiation condition (3.12) works only when the potential
decays sufficiently fast and uniformly at infinity. Even when the long-range case,
although the radiation condition (3.12) is sufficient to obtain the limiting absorp-
tion principle, it is not the “right” radiation condition to obtain the asymptotic
formula for the solution u±(·, k, f). In fact, we have the following ([32], [34]): Let
H be the Schrödinger operator with the potential Q = Q1 + Q2, where Q1 and
Q2 are long-range and short-range, respectively. Then there exists a real-valued
function α(x, k), x ∈ Rn, k > 0, such that

(4.1) u+(x, k, f) ∼ c+(ω, k, f)r−(n−1)/2ei(rk−α(rω,k)) (r →∞),

(a similar asymptotic formula holds for u−(·, k, f)). For each k > 0, the (station-
ary) modifier α(x, k) is obtained as a solution or an approximate solution of the
equation

(4.2) |∇α|2 = 2k
∂α

∂|x| −Q1(x).
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As for the (time-dependent or stationary) modifiers for Schrödinger operators with
long-range potentials, cf., e.g., [9], [10]. The starting point of the proof of the
asymptotic formula (4.1) is the estimate

(4.3) ‖∇u+ − i(k −∇α)u‖β ≤ C‖f‖1+β ,

where β is a nonnegative constant and C is independent of f . Thus the modified
radiation condition is naturally introduced. Proceeding as in the preceding section,
we can construct the generalized Fourier transform from the asymptotic coefficients
c± to develop spectral representation theory. As an application we can express
the S-matrix of the Schrödinger operator with a long-range potential by using
the eigenoperator and the potential ([35]). This is an extension of the well-known
formula for the S-matrix for the Schrödinger operator with a short-range potential.

Suppose that the potential decays slower than a long-range potential or the po-
tential does not decay at all. There a few example has been known in which we
need modified radiation conditions even to prove the limiting absorption principle.
Among others, one example is oscillating long-range potentials such as

(4.4) Q(x) =
cos |x|
|x| .

As for Schrödinger operators with oscillatory long-range potentials, see Mochizuki-
Uchiyama [15], [16], [17]. Also cf. [3], [4]. Another example is potentials which
satisfy (3.3) with ε = 0, i.e.,

|DαQ(x)| ≤C(1 + |x|)−|α|
(x ∈ Rn, |α| = 0, 1, 2, · · · ),

(4.5)

such as

(4.6) Q(x) = cos(x1/|x|) (x = (x1, x2, · · ·xn)).

For this type of potentials see [40], especially for the homogeneous potential see
[8].

5. Inverse Scattering Problem

As an application of the radiation condition method, we studied the inverse scat-
tering problem for Schrödinger equations and plasma wave equations with short-
range potentials. Let S(k) be the S-matrix for the Schrödinger operator with a
short-range potential Q, and set

(5.1) F (k) = − 2πik−(n−2)(S(k)− I) (k > 0).

For each k > 0, F (k), which is called the scattering amplitude, is a bounded
operator on L2(Sn−1). Let φk,x(ω) ∈ L2(Sn−1) be defined by

(5.2) φk,x(ω) = e−ikx·ω,
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where k > 0 and x ∈ Rn are parameters. Then our fundamental relationship
between the S-matrix S(k) and the potential Q is given by

(5.3) lim
k→∞

(F (k)φk,x, φk,x)Sn−1 = − 2π

∫

Rn

Q(y)
|y − x|n−1

dy

for any k > 0 and x ∈ Rn, where ( )Sn−1 is the inner product of Sn−1 ([36],
[38]). The inequality (3.11) played an important role to obtain (5.3). Staring with
the asymptotic formula (5.3), we can show the uniquness of the inverse scatterin
problem. We also presented formulas to reconstruct the potential from the scatter-
ing data and discussed how the formula approximates the potential as the energy
parameter k increases ([37], [39], [41]).

Recently V. Enss and R. Weder [7] has shown the uniquness and presented a recon-
struction formula for the short-ramge potential of a N -body Schrödinger operator
where the potential of the N -body Schrödinger opertor is a sum of a short-range
potential and a long-range potential and the long-range potential is assumed to
be known. Their method is the high energy method, too, and first they gave an
asymptotic formula similar to (5.3). Obviously the inverse scattering problem for
long-range potential seems to be an interesting problem.

6. Resolvent of Dirac Operators

In this and the following sections we shall discuss some rore recents results. First
consider the Dirac operator

(6.1) H = −i

3∑

j=1

αj
∂

∂xj
+ β + Q(x)

in
[
L2(R3)

]4, where





x = (x1, x2, x3) ∈ R3,

αj (j = 1, 2, 3, 4, α4 = β) : 4× 4 constant Hermitian symmetric matrices
satisfying the anticommutation relations

αjαk + αkαj = 2δjkI, (j, k = 1, 2, 3, 4),

Q(x) = (qjk(x)) : 4× 4 Hermitian matrix-valued function on R3.

Let R(z) be the resolvent of H and let R±(λ), |λ| > 1, be the extended re-
solvent of H (as for the spectral and scattering theory for Dirac operators see,
e.g., Yamada [45], [46]). The works [20], [21], [22] studied the extended resolvent
R±(λ) under the assumption that the potential Q(x) is short-range. we proved
that, among others, the operator norm ‖R±(λ)‖ bounded as |λ| → ∞, where
‖R±(λ)‖ is the operator norm in B(L2,δ, L2,−δ). This is the best possible result
since Yamada [47] has recently proved that the operator norm of the extended
resolvent of the Dirac operator cannot decay, although (3.11) shows that the op-
erator norm of the extended resolvent of the Schrödinger operator does decay as
the energy parameter λ increases. Also we proved the formulas for the extended
resolvent by the use of the extended resolvent of −∆ (cf. [2] where similar idea
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is developed). In the case of the extended resolvent R0±(λ) of the free Dirac
operator H0, for example, we have, for λ > 1,

(6.2) R0±(λ) = Γ0±(λ2 − 1)Aλ + Bλ,

where Γ0± is the extended resolvent of the free Schrödinger operator −∆, and
the operators Aλ and Bλ are explicitly given. These formulas show the strong
relationship between the Dirac operator and the Schrödinger operator, and we
could prove that R±(λ) satisfies the radiation condition. We have used the the-
ory of pseudodifferential operators. After these works, using the Mourre method
(Mourre [19]), H. Ito [12] showed that the boundedness of ‖R±(λ)‖ hold even for
the Dirac operator with a long-range potential (cf. [18]). These results may enable
us to investigate the inverse scattering problem for Dirac operators by using the
known methods and results for Schrödinger operators.

7. Reduced Wave Operator in Two Unbounded Media

Let

(7.1) H = −µ(x)−1∆.

in Rn. Here µ(x) is a positive, simple function on Rn given by

(7.2) µ(x) = µj (x ∈ Ωj , j = 1, 2),

where µ1, µ2 > 0, µ1 6= µ2, and Ω`, ` = 1, 2, are open sets of Rn such that

(7.3)

{
Ω1 ∩ Ω2 = ∅,
Ω1 ∪ Ω2 = Ω1 ∪ Ω2 = Rn.

First D. Eidus [6] proved the limiting absorption principle for the case that the
separating surface

(7.4) S = ∂Ω1 = ∂Ω2

has a cone-like shape. His results was improved by [42]. Then in the papers [23]
∼ [25], G. Roach and B. Zhang, under the same assumption on the separating
surface S, showed that the modified radiation condition

(7.5) lim
R→∞

R−1

∫

|x|<R

|∇u− i
√

λµ(x)u|2 dx = 0.

does guarantee the uniqueness, and they developed spectral and scattering the-
ory for the operator H. Recently Jäger-Saitō [14] proved the limiting absorption
principle for the case that S can have a cylinder-like shape or a plane-like shape.
This result has been obtained by the radiation condition method. Also we can
give another proof of the results in [23] ∼ [25] in quite a similar manner. Thus we
are now able to treat the both cases by the radiation condition method.
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8. Concluding remarks
We have seen that the radiation condition method can handle various Schröding-
er-type operators in the framework of spectral and scattering theory. It seems
that the “reasonable” solutions of Schrödinger-type equations satisfy a kind of
radiation condition at infinity. Further it seems that, if we can find the “right”
radiation condition for a given Schrödinger-type operator, we can get very useful
information on the operator through the radiation condition term.
Another powerful method in spectral theory is the Mourre method (E. Mourre
[19]). One of the strong points of Mourre method is that it can be applied to the
many-body Schrödinger operator. So far the radiation condition method has not
been successfully applied to the many-body Schrödinger operator. However, the
recent work of D. Yafaev [43], [44] may give a good starting point when we try to
apply the radiation condition method to the many-body Schrödinger operator.

References

[1] S. Agmon, Spectral properties of Schrödinger operators and scattering theory,
Ann. Scuola Nor. Sup. Pisa 2 (1975), 151-218.

[2] E. Baleslev and B. Helffer, Limiting absorption principle and resonances for
the Dirac operator, Advances in Applied Mathematics 13 (1992), 186-215.

[3] Devinatz-Rejto, A limiting absorption principle for Schrödinger operators with
oscillating potentials. I. −∆+c sin b|x|α/|x|β for certain c, α, β., J. Differential
Equations 49 (1983), 29-84.

[4] Devinatz-Rejto, A limiting absorption principle for Schrödinger operators with
oscillating potentials. I. −∆+ c sin b|x|/|x|+V (x) for short range V and small
coupling constant c., J. Differential Equations 49 (1983), 85-104.

[5] D. Eidus, The principle of limiting absorption, Amer. Math. Soc. Translations
47 (1965), 157-191 (Mat. Sb. (N.S.) 57 (99) (1965)).

[6] D. Eidus, The limiting absorption and amplitude problems for the diffraction
problem with two unbounded media, Comm. Math. Phys. 107 (1986), 29-38.

[7] V. Enss and R. Weder, Uniqueness and reconstruction formula inverse N -
particle scattering, To appear in the Proceeding of the Conference on Differen-
tial Equations and Mathematical Physics, Birmingham, AL, March 1994.

[8] I. Herbst, Spectral and scattering theory for Schrödinger operators with poten-
tials independent of |x|, Amer. J. Math. 113 (1991), 509-565.
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[20] C. Pladdy, Y. Saitō and T. Umeda, Resolvent estimate for Dirac operators,
Submitted (1993).
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[30] Y. Saitō, Spectral theory for second-order differential operators with long-
range operator-valued coefficients I, Japan J. Math., New Ser. 1 (1975), 311-
349.
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[33] Y. Saitō, Eigenfunction expansions for the Schrödinger operators with long-
range potentials Q(y) = O(|y|−ε), ε > 0, Osaka J. Math. 14 (1977), 37-52.

[34] Y. Saitō, Spectral Representations for Schrödinger Operators with Long-
Range Potentials, Lecture Notes in Mathematics 727, Springer, 1979.
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