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1. Introduction

Consider the differential expression

h = −µ(x)−1∆. (1.1)

Here ∆ is the Laplacian in RN with N ≥ 2, and µ(x) is a positive function
on RN given by

µ(x) =
{

µ1 (x ∈ Ω1),
µ2 (x ∈ Ω2),

(1.2)

where µ1, µ2 > 0, µ1 6= µ2, and Ω`, ` = 1, 2, are open sets of RN such that
{

Ω1 ∩ Ω2 = ∅,
Ω1 ∪ Ω2 = Ω1 ∪ Ω2 = RN ,

(1.3)

Ω`, ` = 1, 2, being the closure of Ω`. It is easy to see that a selfadjoint realization
H of h is given by {

D(H) = H2(RN ),
Hu = hu,

(1.4)

in the Hilbert space
X = L2(RN ; µ(x)dx), (1.5)

where D(H) denotes the domain of H, H2(RN ) denotes the second-order
Sobolev space over RN , and hu should be taken in the sense of distributions.
We denote the resolvent of H by R(z), that is,

R(z) = (H − z)−1. (1.6)

The separating surface S is defined by

S = Ω1 ∩ Ω2 = ∂Ω1 = ∂Ω2, (1.7)
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∂Ω`, ` = 1, 2, being the boundary of Ω`. Let

n(`)(x) = (n(`)
1 (x), n(`)

2 (x), · · · , n(`)
N (x)) (` = 1, 2) (1.8)

be the unit outward normal of ∂Ω` at x ∈ ∂Ω` = S. Obviously we have
n(1)(x) + n(2)(x) = 0 for x ∈ S.

This article is going to review work concerning the operator H under
certain conditions imposed on the separating surface S. In a paper published in
1986, D. Eidus started the study of H under the condition that the separating
surface S has a cone-like shape (Eidus [2]). One of his results is the limiting
absorption principle for H , i.e., the existence of the extended resolvent

lim
η↓0

R(λ± iη) = R±(λ) (1.9)

for λ > 0 in a topology which will be specified in the following section. After
some improvement by Saitō [7], G. Roach and B. Zhang studied the problem
from a new angle ([4], [5], [6]). They, among others, proved that the limiting
function u± = R±(λ)f satisfies the (modified) radiation condition

(
∂

∂|x| ∓ ik)u±(x) = small at x = ∞ (1.10)

for appropriate functions f , where k = k(x) =
√

µ(x)λ. We shall discuss these
work in §2 in more details.

In a recent work by W. Jäger and Y. Saitō [8] the operator H was studied
under another assumption on the separating surface S which can be applied
where S is a cylinder or a plane. Another feature of this work is that the
limiting absorption principle has been proved only through a priori estimates
of the radiation condition term. The results and sketches of the proofs wil be
given in §3. The detailed demonstration will be published elsewhere. §3 will also
contain some concluding remarks.

2. Cone-Shaped Separating Surfaces

Througout this section we assume that N ≥ 3. Eidus [2] considered the
operator H under the following

Assumption 2.1. The separating surface S is the union of a finite number
of C1 surfaces. There exist positive constants c1 and c2 such that

∣∣n(1)
N (x)

∣∣ ≥ c1 (2.1)

and
|x · n(1)(x)| ≤ c2 (2.2)
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for any x ∈ S at which S is smooth. Here x · n(1)(x) is theRN -inner product
of x and the unit outward normal n(1)(x) of ∂Ω1 at x ∈ ∂Ω1 = S.

Note that a cone having its vertex at the origin and the positive xN -axis
as its axis satisfies (1.8) and (1.9).

For t ∈ R let the weighted L2 space L2,t(RN ) be defined by

L2,t(RN ) = {f : (1 + |x|)tf(x) ∈ L2(RN )}, (2.3)

with its inner product of norm
{

(u, v)t =
∫
RN (1 + |x|)2tu(x)v(x) dx,

‖u‖t =
[
(u, u)t

]1/2
.

(2.4)

For t ∈ R and a nonnegative integer k the weighted Sobolev space Hk
t (RN ) is

defined by

Hk
t (RN ) = {f : (1 + |x|)tDαf(x) ∈ L2(RN ), |α| ≤ k} (2.5)

where 



Dα = ∂α1
1 ∂α2

2 · · · ∂αN

N ,
∂j = ∂/∂xj ( j = 1, 2, · · · , N),
|α| = α1 + α2 + · · ·+ αN .

(2.6)

The inner product ( , )t,k and norm ‖ ‖t,k are given by
{

(u, v)t,k =
∫
RN (1 + |x|)2t

∑
|α|≤k Dαu(x)Dαv(x) dx,

‖u‖t,k =
[
(u, u)t,k

]1/2 (2.7)

Let M be a positive number and let R(z) be the resolvent of the operator
H as in §1. Then, under the above assumption, Eidus [2] showed the a priori
estimate

‖R(z)‖−β,1 ≤ c ‖f‖β (z ∈ R−C, Re z ≤ M), (2.8)

where f ∈ L2,β(RN ) and β is a constant such that β = 3 if N > 3, and
β > 3 if N = 3. The constant c does not depend on f ∈ L2,β(RN ) and
z ∈ R − C with Re z ≤ M . Starting with this a priori estimate, Eidus [2],
among others, obtained the following limiting absorption principle:

Theorem 2.2 ([2]). Suppose that Assumption 2.1 holds. Then, for each
λ > 0, there exist the limits

lim
ε↓0

R(λ± iε) = R±(λ) (2.9)

in B(L2,1(RN ), L2,−1(RN )).

3



Eidus [2] also discuss the continuity of the operators R±(λ) and the lim-
iting amplitude principle for H. However, since the radiation condition for
the operator H is not defined, the caharacterization of the extended resolvent
R±(λ) is not given in [2].

The original goal of Saitō [7] was to find the radiation condition for H as
well as the improvement of the topology in which the convergence (2.9) takes
place. Let u = R(z)f . Although the radiation condition of the type (1.10) seems
to be natural since the function µ(x) is constant on each Ωj for j = 1, 2, we
have to make sure that the radiation condition guarantees the uniqueness of the
solution of the equation

(−µ(x)−1∆− λ)u = f. (2.10)

Saitō [7] tried to apply the radiation condition method which was successful in
the study of the 2-body Schrödinger operator. Let us introduce the following
notation:

(1) k = k(x) = k(x, z) = [zµ(x)]1/2, where the branch is taken so that
Im k(x, z) ≥ 0;

(2) b = b(x) = b(x, z) = Im k(x, z);
(3) Du = ∇u + {(N − 1)/(2r)}x̃u− ik(x)x̃u, where x̃ = x/|x|;
(4) Dru = Du · x̃ = ∂u/∂r + {(N − 1)/(2r)}u− ik(x)u;

Multiplying the both sides of (2.10) by ϕ(x)Dru with a weight function
ϕ(x), integrating on BrR = {x ∈ RN : r < |x| < R}, and taking the real parts
of the both sides, we have

∫

BrR

(
bϕ +

1
2

∂ϕ

∂r

)|Du|2 dx +
2∑

`=1

∫

∂Ω`∩BrR

ϕIm
{
k

∂u

∂n
u
}

dS

+
∫

BrR

(ϕ

r
− ∂ϕ

∂r

)
(|Du|2 − |Dru|2) dx

+cN

∫

BrR

r−2
(ϕ

r
− 2−1 ∂ϕ

∂r
+ bϕ

)|u|2 dx

= Re
∫

BrR

ϕµ(x)fDru dx

+2−1
2∑

`=1

∫

∂Ω`∩BrR

ϕ
{ (N − 1)b

r
+ |k|2}(x̃ · n)|u|2 dS

+2−1

∫

SR

ϕ(2|Dru|2 − |Du|2 − cNr−2|u|2) dS,

−2−1

∫

Sr

ϕ(2|Dru|2 − |Du|2 − cNr−2|u|2) dS (2.11)
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(cf. [3], Lemma 3.1 and [7], Lemma 3.1). Here St is the N−1-sphere of RN with
center at the origin and radius t, and the weight function ϕ has the form

ϕ(x) = ξ(|x|)α(x) ≥ 0, (2.12)

where α(x) is constant on each Ωj , j = 1, 2. In order to evaluate the radiation
condition term Du, it is crucial to get a good evaluation for the surface integral
term (the second term of the left-hand side of (2.11)). In [7] the surface integral
was not handled satisfactorily, so [7] could only that the limits (2.9) in Theorem
2.2 converge in a weaker topology which has been used in the case of Schrödinger
operators.

Theorem 2.3 ([7]). Let δ > 1/2. Suppose that Assumption 2.1 holds.
Then, for each λ > 0, the limit (2.9) exists in B(L2,δ(RN ), L2,−δ(RN )).

Then Roach and Zhang [4] showed that the radiation condition does guar-
antees the uniqueness of the solution of the equation (2.9). In fact they proved
the following:

Theorem 2.4 ([4]). Let u ∈ H2(RN )loc be a solution of the homogeneous
equation

−µ−1∆u− λu = 0 (2.13)

with λ > 0 such that

lim
R→∞

R−1

∫

|x|<R

|∇u− i
√

λµ(x)u|2 dx = 0. (2.14)

Then u is identically 0.

Their proof is based on an identity for solutions of the equation (2.13)-
(2.14). This identity is similar to (2.11) but not the same. Having established the
uniqueness through the radiation condition, they showed the limiting absorption
principle for H. The pair of Besov spaces B(RN ) and B∗(RN ) (see Agmon
and Hörmander [1]) are used in [4] instead of L2,δ(RN ) and L2,−δ(RN ), and
their proof of the convergence of (2.9) is also new in the sense that they utilized
the convergence of the Green kernel of −∆ after expressing R(z) by the Green
kernel. Thus the extended resolvent R±(λ) was uniquely determined.

Theorem 2.5 ([4]). Under Assumption 2.1, the limit (2.9) exists for each
λ > 0 in B(B(RN ), B∗(RN )). Let u = R+(λ)f where f ∈ B(RN ). Then u is
a unique solution of the equation (2.10)-(2.14).

Roach and Zhang [5], [6] discuss the limiting amplitude principle and scat-
tering theory.
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3. Cylinder-Shaped Separating Surfaces

In this section we assume that N ≥ 2.

Assumption 3.1. We assume that

(µ2 − µ1)(x · n(1)) = (µ1 − µ2)(x · n(2)) ≥ 0 (3.1)

for almost all x ∈ S.

The condition (3.1) requires that the inner products x ·n(1) and x ·n(2) do
not change their signs almost always on S. Note that the above assumption is
satisfied if Ω1 is a cylindrical domain, µ1 < µ2, and the origin is put in Ω1.
Also the above assumption can be applied when the separating surface S is a
plane.

Jäger and Saitō [8] studied the operator H under the above assumption.
The method is almost entirely based on the identity (2.11). As for the unique-
ness, starting with (2.11), we have

Theorem 3.2 ([8]). Let δ > 1/2 and suppose that Assumption 3.1 holds.
Let u ∈ H2(RN )loc be a solution of the homogeneous equation (2.13) with
λ > 0 such that

lim inf
R→∞

∫

SR

(∣∣∂u

∂r

∣∣2 + |u|2) dS = 0. (3.2)

Then u is identically zero. The condition (3.2) can be replaced by either

lim inf
R→∞

∫

SR

|∂u

∂r
− iku|2 dS = 0 (3.3)

or ∫

|x|>1

1
r
|∂u

∂r
− iku|2 dx < ∞. (3.4)

The identity (2.11) can be used again to have an a priori estimate for
the radiation condition term Du by choosing the weight function ϕ(x) =
ξ(|x|)/

√
µ(x). Note that the surface integral term (the second term of the left-

hand side) of (2.11) becomes zero by this choice of ϕ. Then we have

Theorem 3.3 ([8]). Suppose that Assumption 3.1 holds. Let 1/2 < δ ≤ 1.
Let u = R(z)f , where f ∈ L2,δ(RN ) and z ∈ C − R with Re z > 0. Then
there exists a positive constant C = C(δ) such that

‖Du‖δ−1 ≤ C‖f‖δ, (3.5)

where the constant C(δ) is independent of f and z.
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Starting with these two estimates, we can prove the limiting absorption
principle for H with certain estimates for the extended resolvent R±(λ).

Theorem 3.4 ([8]). Suppose that Assumption 3.1 holds. Let 1/2 < δ ≤ 1.
Then there exist the limits (2.9) in B(L2,δ(RN ),H2

−δ(R
N )). for each λ > 0.

Further we have
‖R±(λ)‖(0,−δ)

(0,δ) ≤ C1√
λ

(λ > 0), (3.6)

where ‖R±(λ)‖(0,−δ)
(0,δ) is the operator norm in B(L2,δ(RN ), L2,−δ(RN )) and

C1 = C1(δ) is a positive constant depending only on δ, and

‖R(λ)‖(2,−δ)
(0,δ) ≤ C2 (c ≤ λ ≤ d) (3.7)

for 0 < c < d < ∞, where ‖R±(λ)‖(2,−δ)
(0,δ) is the operator norm in B(L2,δ(RN ),

H2
−δ(R

N )) and C2 = C2(δ, c, d) is a positive constant depending only on δ, c, d.

In [8] we obtained the whole proof through the evaluations of the radiation
condition term Du, and the identity (2.11) turned out to contain almost all
necessary information for our proof. In this sense the operator H is one of the
operators to which the radiation condition method can be applied effectively.
Also we remark that this method can be used with slight modification to give
another proof of the limiting absorption principle when the separating surface
has a cone-like shape. Thus we are now able to treat the both cases in a uniform
way.
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