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ASSIGNMENT 2: SOLUTIONS.

Vectors and Integrals

1. (a) The line through (6,—7,4) and parallel to v = (1,2,3) has vector equation
(x,y,z) = (6,—7,4) + t(1,2,3) and parametric equations

r=6+t
y=—-7+2t
z =4+ 3t.

(b) The line in question passes through the point (1,—1,1) and is parallel to the
vector v = (4,—3,9). The vector equation is (z,y,z) = (1,—1,1) + t(4,—3,9)
and parametric equations are

r=1+4t
y=-1-23t
z =1+ 9t

(¢) The line through the points P(1,1,1) and Q(3,—4,4) is parallel to the vector
@ = (2,—5,3). The parametric equations are

r=1+2t
y=1->5¢
z =1+ 3t.

2. The line L, is parallel to 4(2, —1, 3) and L, is parallel to 8(2, —1,2.5). As these vectors
are not scalar multiples of each other, the lines are not parallel. We next see if the
lines intersect, i.e. there is a point (z,y.z) on both lines. If this were the case there
would exist parameter values t and s with

(x =) 1248t =4+ 16s (1)
y=) 16— 4t = 12 — 8s 2)
(z =) 4 + 12t = 16 + 20s.
Multiplying equation (2) by 2 and adding the resulting equation to equation (1) gives

44 = 28, which cannot be true. This contradiction tells us that no such ¢ and s exist,
and so no such point (z,y, z) can exist, and the lines are skew.



3. The line in question passes through the point P(1,1,1) and is parallel to the normal
vector n = (1,4,1) to the plane x + 4y + z = 5. The vector equation of this line is
(x,y,2z) = (1,1,1) + t(1,4,1) and parametric equations are

r=1+1t
y=1+4t
z=1+¢.

Substituting these equations for z, y, z into the plane equation gives
(1+t)+4(1+4t)+(1+t) =5, ort =—1/18.

So the line intersects the plane at the point Q(1 — 1/18,1 — 4/18,1 — 1/18). The
distance from P to the plane is the distance
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4. (a) As the plane we whose equation we seek is parallel to the plane bxr —y — z = 3,
the two planes have the same normal, n = (5, —1, —1). So the plane in question
has equation

5 —6)—(y+3)—(2—2)=0, or bx —y — z = 31.

(b) Here ]@ = (6,—6,0) and PR = (6,0, —6). The normal for the plane is
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The equation for the plane through P(0,6,6) with normal n = (1,1,1) is

(r—0)+(y—6)+(2—6)=0o0rz+y+2z=12.

5. The vector a = (—2,5,4), giving the direction of the given line, is parallel to the plane
we seek. Setting ¢ = 0 in the line equations gives a point Q(7,3,8) that lies in our
plane, together with the given point P(9,0,—1). So the vector b = QP = (2, -3, -9)
is also parallel to our plane. The vector
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is normal to our plane, which therefore has equation

—33(x —9) —10(y — 0) —4(2 + 1) = 0 or 33z + 10y + 4z = —293.



6. If we set z = 0 in the two given plane equations we see that t +y =4 and x —y =4
and thus = 4 and y = 0. This means that the point (4,0, 0) lies in both planes and
thus lies on the line of intersection of the two planes. Using the given point P(—1,3,2)

the vector b = Q? = (=5, 3,2) is parallel to the plane whose equation we seek. The
direction of the line of intersection of the given planes is perpendicular to each of the
normals (1,1, —1) and (1, —1,5) to these planes. So the vector
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as well as @ = (2, —3, 1) is also parallel to the plane we seek. The normal to this plane
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and hence we can take the normal to be (—3,1,—9) and the equation is

-5 3 2 32

—3xz+1)+(y—3)—9(=2—2)=00r —3z+y—9z=—12.

7. Substitute the equations = ¢, y = 0, and z = 4t — t? into the surface equation
z = 2%+ y?. This gives 4t —t? = 1> + 0%, or 2¢(t —2) = 0. Sot = 0 or t = 2. The space
curve meets the paraboloid in the points (0,0,0) and (2,0,4).

8. If we choose x = 4cost and y = 4sint then
2% +y® = (4cost)® + (4sint)? = 16(cos* t + sin’t) = 16,
and the equation z? + y? = 16 is satisfied. Next, choose
z = (4cost).(4sint) = 16 costsint.
The curve of intersection has parametric equations

r =4cost
y =4sint

z = 16costsint.

9. The vector function for this space curve is given by
r(t) = (144265 — t,1° + t).

and its derivative is
() = (2672 5¢0 — 1,5t 4+ 1).



10.

Notice that the parameter value ¢ for the point P(5,0,2) on this space curve is t = 1,
so that 7(1) = (5,0,2). From a theorem in class we know that a tangent to the space
curve at P is given by the vector

(1) = (2,4,6).

A vector equation for the tangent line is given by (x,y, z) = (5,0,2) +¢(2,3,5) and we
have parametric equations

r =05+ 2t
y =4t
z =2+ 6t

for the tangent line.

A Riemann sum approximation for the area under the graph of f(z) = 10 cos x over the
interval [0, 7 /2] using right-hand ordinates is found as follows. Choose the sub-division
points for the four sub-intervals to be o = 0, 1 = 7/8, 3 = 7/4, 3 = 37/8 and
x4y = 7/2. Here the step-size is h = Az = 7/8. The Riemann sum approximation is
given by

1=4

S stase =2 [1(2)+1(3) () -5 (5)]

i=1
B 107 (77) . <7r> n 3T n <7r> ~ 701
=3 Cos S cos 1 cos 3 cos 5 ~ 7.91,

using Maple. By the way, using our “area function” anti-derivative approach the precise
area is 10.



