THE JULIA SETS OF BASIC UNICREMER
POLYNOMIALS OF ARBITRARY DEGREE
ALEXANDER BLOKH AND LEX OVERSTEEGEN
Abstract. Let P be a polynomial of degree d with a Cremer point
p and no repelling or parabolic periodic bi-accessible points. We
show that there are two types of such Julia sets JP . The red dwarf
JP are nowhere connected im kleinen and such that the intersection
of all impressions of external angles is a continuum containing p and
the orbits of all critical images. The solar JP are such that every
angle with dense orbit has a degenerate impression disjoint from
other impressions and JP is connected im kleinen at its landing
point. We study bi-accessible points and locally connected models
of JP and show that such sets JP appear through polynomial-like
maps for generic polynomials with Cremer points. Since known
tools break down for d > 2 (if d > 2 it is not known if there are
small cycles near p while if d = 2 this result is due to Yoccoz),
we introduce wandering ray continua in JP and provide a new
application of Thurston laminations.

1. Introduction and description of the results
Consider a degree d polynomial map P : C → C of the complex plane
C; denote the Julia set of P by JP = J, the filled-in Julia set by KP =
K and the basin of infinity by A∞ . Assume that J is connected. Call an
irrational neutral periodic point a CS-point. In his fundamental paper
[K04] Kiwi showed that if P has no CS-points then P |J is modeled
by an induced map on a topological (locally connected) Julia set and
J is locally connected at its preperiodic points. However in the case
when P has CS-points similar results are not known, and there are few
results about the topological structure of J.
We address this issue and consider basic uniCremer polynomials P
defined as those with a Cremer periodic point and without repelling
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(parabolic) periodic bi-accessible points (by [GM93, K00] then the Cremer point is unique and fixed). We show that then for J either (a)
all impressions are “big” (contain an invariant continuum) and J is
nowhere connected im kleinen (topological notion close to local connectedness [Moo62]), or (b) there are plenty of degenerate impressions
with dense orbits in J at each of which J is connected im kleinen.
This dichotomy in a way takes further a standard dichotomy between
non-locally connected and locally connected Julia sets.
Similar results for d = 2 were obtained in [BO06a]. However in
[BO06a] we strongly rely on [GMO99] and Yoccoz’s small cycles [Yoc95]
none of which is known in general. The novelty of our present approach
to polynomials of arbitrary degrees is that we use Thurston laminations
(previously not used in this setting), and rely on our new fixed point
result obtained in [BO08]. This together with a new argument leads to
the generalization of the results of [BO06a] and to new results concerning bi-accessible points of a basic uniCremer Julia set J and the fact
that any locally connected quotient spaces of J must be degenerate.
The study of basic uniCremer Julia sets is justified by two facts (see
Section 2): (1) all polynomials with Cremer points but without critical
preperiodic and parabolic points contain “basic uniCremer polynomiallike Julia sets” as subsets; (2) a polynomial with one critical point and
a Cremer fixed point must be basic uniCremer.
Let us pass on to the precise statements. It is known that there
exists a conformal isomorphism Ψ from the complement of the closure
of the open unit disk D onto the complement of K. Moreover, Ψ
conjugates z d |C\D and P |C\K . The Ψ-image Rα of the radial line of
angle α in C \ D is called an (external) ray. If J is locally connected,
Ψ extends to a continuous function Ψ which semiconjugates z d |C\D and
P |A∞ . Set ψ = Ψ|S1 and define an equivalence relation ∼P on S1 by
x ∼P y if and only if ψ(x) = ψ(y). The equivalence ∼P is called
the (d-invariant) lamination (generated by P ). The quotient space
S1 / ∼P = J∼P is homeomorphic to J and the map f∼P : J∼P → J∼P
induced by z d |S1 ≡ σ is topologically conjugate to P |J . The set J∼P
(with the map f∼P ) is a model of P |J , called the topological Julia set.
In his fundamental paper [K04] Kiwi extended this to polynomials
P with connected Julia set and no irrational neutral periodic points
(called CS-points) for which he obtained a d-invariant lamination ∼P
on S1 with P |J semi-conjugate to the induced map f∼P : J∼P → J∼P by
a monotone map m : J → J∼P (monotone means a map with connected
point preimages). Kiwi also proved that for all periodic points p ∈ J
the set J is locally connected at p and m−1 ◦ m(p) = {p}. However
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in some cases the results of [K04] do not apply. E.g., take a quadratic
polynomial P with a Cremer fixed point (i.e. with a neutral nonlinearizable fixed point p ∈ J such that P 0 (p) = e2πiα with α irrational).
By Sullivan [Sul83], the Julia set JP is not locally connected. Moreover,
since P has a CS-point, Kiwi’s results from [K04] do not apply.
As mentioned above, we addressed this issue for quadratic polynomials with fixed Cremer point in [BO06a]. Yet the tools from [BO06a]
have a limited, “quadratic”, nature. Most importantly, [BO06a] makes
an essential use of [GMO99] where so-called building blocks were studied. However, the [GMO99] applies only in the quadratic case: it is
based in particular upon the existence of small cycles near the Cremer point [Yoc95], and as of yet, it is not known for polynomials of
higher degrees whether small cycles near Cremer points exist or not.
Thus, the building blocks machinery breaks down for higher degrees
and needs to be replaced.
Also, the main topological result in [BO06a] is Theorem 2.3 which
says that if K is a non-separating g n -invariant plane continuum/point
not containing a Cremer point of a polynomial g, g n |K is a homeomorphism in an open neighborhood V ⊃ K, and some technical
conditions are satisfied, then K is a point. It sufficed to consider a
homeomorphism in [BO06a] because if d = 2 (g is quadratic) then
p 6∈ K implies c 6∈ K (the critical point c is recurrent and p ∈ ω(c)
[Mn93]). If d > 2, there are other critical points, hence one needs to
generalize Theorem 2.3 of [BO06a] to non-homeomorphisms.
Thus, to study polynomials of higher degrees with Cremer periodic
points new tools are needed. Here we suggest a different approach
allowing us to extend the results of [BO06a] (by [SZ99] quadratic polynomials with a fixed Cremer point are basic uniCremer, so the present
paper extends [BO06a]). Namely, we use Thurston laminations, the notion of a wandering ray continuum, and a new topological result from
[BO08], and generalize [BO06a] to basic uniCremer polynomials of arbitrary degree. Also, we obtain such results as Theorem 4.3 (concerning
certain wandering sets and bi-accessible points in basic uniCremer Julia sets) and Theorem 5.2 (which shows that any monotone map of J
onto a locally connected continuum collapses J to a point).
To proceed we need a few definitions. Let Ψ be a conformal isomorphism from the complement of the closure of the open unit disk
D onto the complement of K. We identify points on the unit circle with their argument α ∈ [0, 2π) and call them angles. For each
angle α ∈ S1 , the impression of α, denoted by Imp(α), is the set
{w ∈ C | there exists a sequence zi → α such that lim Ψ(zi ) = w}.
Then Imp(α) is a subcontinuum of J.
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If the impression Imp(α) is disjoint from all other impressions then
the angle α is called K-separate. A continuum X is connected im kleinen
at a point x [Moo62] provided for each open set U containing x there
exists a connected set C ⊂ U with x in the interior of C. Now we can
state our main theorem which generalizes to basic uniCremer polynomials the results of [BO06a].
Theorem 5.10. For a basic uniCremer polynomial P the following
facts are equivalent:
(1) there is an impression not containing the Cremer point;
(2) there is a degenerate impression;
(3) the set Y of all K-separate angles with degenerate impressions
contains all angles with dense orbits and a dense set of periodic
angles, and the Julia set J is connected im kleinen at the landing
points of the corresponding rays;
(4) there is a point at which the Julia set is connected im kleinen.
Basic uniCremer Julia set with the properties from Theorem 5.10
are said to be solar. The remaining basic uniCremer Julia sets are
called red dwarf Julia sets. They can be defined as basic uniCremer
Julia sets such that all impressions contain p. These notions have been
introduced in [BO06a] and were further studied in [BBCO07] where it
was shown that solar Julia sets of degree two, with positive Lebesgue
measure, exist. The following lemma describes red dwarf Julia sets and
complements Theorem 5.10.
Lemma 5.3. If J is a red dwarf Julia set then the (non-empty) intersection of all impressions contains all forward images of all critical
points, there exists ε > 0 such that the diameter of any impression
is greater than ε, and there are no points at which J is connected im
kleinen. Moreover, in this case no point of J is bi-accessible and p is
not accessible from C \ J.
We also prove Theorem 4.3 which partially extends to basic uniCremer polynomials results of Schleicher and Zakeri [SZ99] related to the
question of McMullen [McM94] as to whether a quadratic Julia set with
a fixed Cremer point has bi-accessible points. Given a set B of angles,
set Imp(B) = ∪β∈B Imp(β) (Π(B) = ∪β∈B Π(β) (Imp(α) is the impression of an angle α and Π(α) = Rα \ Rα is the principal set of an angle
α). Call X a ray continuum if X is a continuum or a point and for
some set of angles B we have Π(B) ⊂ X ⊂ Imp(B). The maximal set
B of angles such that Π(B) ⊂ X ⊂ Imp(B) is said to be connected to
X. A set is said to be wandering if all its images are pairwise disjoint.
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Theorem 4.3. Suppose that J is the Julia set of a basic uniCremer
polynomial P of degree d. Suppose that K 0 ⊂ J is a wandering ray
continuum connected to a set of angles A0 with |A0 | ≥ 2. Then there
exists an n such that |σ n (A0 )| is a singleton and for every θ ∈ A0 ,
∪n≥0 σ n (θ) is not dense in S1 . In particular, K 0 is pre-critical, and if a
point x ∈ J is bi-accessible then it is either precritical or preCremer.
In Theorem 5.2 we show that Kiwi’s results [K04] do not apply to
basic uniCremer polynomials for principal reasons: any monotone map
of a basic uniCremer Julia set must collapse the whole set to a point.
Theorem 5.2. Suppose that P is a basic uniCremer polynomial and
ϕ : J → A is a monotone map of J onto a locally connected continuum
A. Then A is a singleton.
The paper is designed as follows. In Section 2 we motivate our
work by showing that all polynomials with Cremer points, but without critical preperiodic and parabolic points, contain “basic uniCremer
polynomial-like Julia sets” as subsets and that a polynomial with one
critical point and a Cremer fixed point must be basic uniCremer. In
Section 3 we develop the topological tools. In Section 4 we develop the
laminational tools and use them to study some wandering continua in
the Julia set of a basic uniCremer polynomial. Finally, in Section 5 we
obtain our main results.
2. Motivation
In this section we suggest additional motivation for our research and
provide a criterion for a polynomial to be basic uniCremer. Applying
renormalization ideas that allow one to find “little” Julia sets (of appropriate polynomial-like maps) inside “big” ones, we show that if a
polynomial P , with connected Julia set J, has no critical preperiodic
and parabolic points, then a periodic Cremer point p of P belongs to
a polynomial-like Julia set, contained in J, corresponding to a basic
uniCremer polynomial. Thus, basic uniCremer Julia sets appear in Julia sets of almost all polynomials with Cremer points as Julia sets of
polynomial-like maps. Similar constructions, based upon [DH85b], can
be found, e.g., in [Hub93, Lev98, Sch04]. We also sketch the proof of
the fact that if no critical point of a polynomial P with a fixed Cremer
point p is separated from p by means of repelling periodic bi-accessible
points and their preimages in JP then P is basic uniCremer. Finally,
we show that a polynomial with unique critical point and fixed Cremer
point is basic uniCremer.
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Let p be a fixed Cremer point of a polynomial P with connected
Julia set J. Denote the set of all periodic repelling bi-accessible points
of P by B 0 6= ∅. Consider the set B of all preimages of points of B 0 .
The rays landing at any x ∈ B partition C into the wedges. Choose
the closed wedge Wx containing p and denote its boundary rays by
Rαx and Rβx . Connect αx and βx with a chord ` = αx βx inside D and
consider the closure Tx of the part of D \ ` which corresponds to the
angles with rays inside Wx . In this case call ` an admissible chord, set
x = z` and call Cut` = Rαx ∪ Rβx an admissible cut. If X ⊂ B then we
denote by WX the intersection of all wedges Wx , x ∈ X. Consider the
intersection WB = W of wedges Wx and the intersection T of sets Tx
over all points x ∈ B. For a chord ` = αβ ⊂ ∂T let I` = (α, β) ⊂ S1
be the open arc disjoint from T ; call I` the prime arc of `.
We show that W ∩ JP is the connected Julia set of a polynomial-like
map. It is easy to see that 1) W ∩ JP is an invariant continuum, 2)
T is a subcontinuum of D, and 3) ∂T consists of points in ∂T ∩ S1
(nowhere dense in S1 ) and a collection K of pairwise disjoint chords
(except perhaps for the endpoints). If we connect the σ-images of the
endpoints of a chord ` from K, we get a chord from K understood as
the “image” σ̂(`) of `. Let H be the family of all σ̂-periodic chords (in
this sense) in K. Then a) H is finite and can be assumed to consist only
of chords with fixed endpoints, b) there are no critical chords in K, c)
all chords in K eventually map onto chords of H. In particular, H is
not empty.
Let A = {A1 = (α1 , β1 ), . . . , An = (αn , βn )} be all components of
S1 \ T longer than d1 with `1 = α1 β1 , . . . , `n = αn βn . The family A is
non-empty, e.g. because for any chord ` ∈ H the arc I` is longer than
1
. Moreover, by the construction there exists i and an arc Bi ⊂ Ai
d
with endpoints θ, γ such that Bi is longer than d1 and θγ is admissible.
Then the part of the plane separated from W by Rθ ∪ Rγ must contain
a critical point. This implies one of our claims: if no critical point is
separated in the Julia set from a fixed Cremer point by a point of B
then the polynomial is basic uniCremer.
On the other hand, it is easy to see that if p is a Cremer fixed point
then there must exist a critical point c which is not separated from p by
points of B. Indeed, otherwise there is a set of points X = {x1 , . . . , xm }
and a set of rays landing at them Z = {R̃0 1 , R̃00 1 , . . . , R̃0 m , R̃00 m } such
that the component M of C \ ∪i (R̃0 i ∪ R̃00 i ) containing p contains no
critical points. Choose an equipotential curve L intersecting the rays at
points close to the appropriate points of X. Then construct small arcs
connecting points of intersection of L with R̃0 i , R̃00 i outside M . The
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thus constructed curve S encloses a simply connected region U whose
closure contains no critical points. By [Per94, Per97] then the so-called
hedgehog H ⊂ J created inside U will reach out to the boundary of
U . This implies that at least one point of X is a cutpoint of H contradicting [Per94, Per97]. Thus, if a polynomial has a unique critical
point and a fixed Cremer point then it is basic uniCremer ; this gives
another example of basic uniCremer polynomials.
Let us go back to the general case. For a critical point c 6∈ W ∩J there
are two angles γ 6= θ 6∈ W with c ∈ Imp(γ) ∩ Imp(θ) and σ(γ) = σ(θ).
Since c is cut off W by admissible cuts, the component Aic of S1 \ T
to which γ, θ belong, is well-defined. Let `ic be the leaf in K whose
endpoints coincide with the endpoints of Aic . For each ic choose rc as
the smallest such number that σ rc (`ic ) ∈ H. Given s̄ ∈ H, let Hs̄ the
the set of all critical points c 6∈ W ∩ J with σ̂ rc (`ic ) = s̄.
We construct the simple closed curve S needed to find a polynomiallike map. Let s̄ = θγ ∈ H be admissible. Then Rθ = R10 , Rγ = R100
land at zs̄ . Since zs̄ is a repelling fixed point we can choose a very
small neighborhood Us̄ = U1 of zs̄ in which points are repelled from
zs̄ . Moreover, by assumption, critical points of P are not mapped
into repelling periodic points. Hence we can choose Us̄ so small that
P rc (c) 6∈ Us̄ for all c ∈ Hs̄ . Do this for all admissible s̄ ∈ H.
Now consider s̄ ∈ H which is not admissible. For b ∈ Hs̄ choose
an admissible chord `b = αβ with Rα = R20 , Rβ = R200 very close to
`ib = λξ with Rλ = R30 , Rξ = R300 . We can choose the closeness so that
Cut`b = Cut1 separates b from W and then consider both P rb (Cut1 )
(which by the construction is located outside W ) and σ rb (`b ) (which
by the construction is an admissible chord outside T ). Then we choose
an admissible chord `0s̄ = αs̄ βs̄ so close to s̄ that it separates all chords
σ rb (`b ), b ∈ Hs̄ from T (this is possible since s̄ is not admissible and
hence is a limit of admissible chords). Figure 1 illustrates this constriction.
Then choose an equipotential Q which intersects all rays Rθ , Rγ taken
over all admissible chords s̄ = θγ ∈ H inside Us̄ at points xs̄ and ys̄ .
Connect xs̄ and ys̄ with a small curve Ls̄ = L ⊂ U which is repelled
away from zs̄ inside the corresponding wedge between Rθ and Rγ and
replace the piece of the equipotential between Rθ and Rγ by L. Also,
this equipotential intersects all rays Rαs̄ , Rβs̄ taken over non-admissible
chords s̄ ∈ H. In this case we replace the piece of the equipotential Q
between the rays Rαs̄ , Rβs̄ by the union Ls̄ of pieces of these rays between the point of their intersection with Q and their common landing
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Figure 1. Construction of the curve S

point. Thus, the constructed curve S consists of pieces of the equipotential Q and either small curves Ls̄ (taken over all admissible chords
s̄ ∈ H) and unions Ls̄ of pieces of rays Rαs̄ , Rβs̄ leading to their common
landing point (taken over all non-admissible chords s̄ ∈ H).
Denote by H the Jordan disk enclosed by S. It follows from the
construction that P maps the curve S outside H. Then we can consider
the pullback V of H under P defined by P (p) = p. Clearly, P : V → H
is a polynomial-like map. Moreover, the construction and standard
arguments imply that the set of all points which never exit H under
P is exactly W : this can be observed on the disk model first and
then transported to the dynamical plane using the construction, the
fact that all periodic points are repelling, and the fact that so are all
periodic angles on the circle. Thus, W is the filled-in Julia set of the
polynomial-like map P : V → H, and J ∩ W is its Julia set.
Denote by f the polynomial to which P |V corresponds. By [DH85b]
there is a quasi-conformal conjugacy ψ between P |J∩W and f |Jf (we
will use terms “P -ray” and “f -ray” in the obvious sense). Notice that
Jf cannot have Fatou domains (or other Cremer points) because by
[GM93, K00] all such sets are cut off W . Hence Jf is a non-separating
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continuum. It is easy to see that q = ψ(p) is Cremer: there are arbitrarily small invariant subcontinua in J ∪ W containing p (hedgehogs
[Per94, Per97]), hence the corresponding continua exist for f which
excludes that q is repelling.
Suppose that f has a periodic repelling cutpoint a = ψ(b) and set
ψ(p) = q. Take m so that f m (a) = a. Then P m (b) = b. By the
construction of W and T , there exists an P m -invariant P -ray landing
at b. Then its ψ-image will be an invariant (in a neighborhood of a)
curve in the complement of Jf landing at a. This implies that all f -rays
landing at a must be f m -invariant too (there is no rotation around a
in the f -plane). Denote by Am all f m -fixed points; similarly we see
that each such point (except perhaps for q) has an f m -invariant f -ray
landing at it. Consider the closure K of a component of Jf \ {Am } not
containing q. Then by [GM93] (or by Corollary 3.1 applied to K) we
see that there exists an f m -fixed point in K which does not belong to
Am , a contradiction.
3. Fixed points and impressions
We begin by describing a corollary of [BO08] which serves as our
major topological tool. Let X ⊂ K be a non-separating continuum or
a point such that:
(1) Pairwise disjoint continua/points E1 ⊂ X, . . . , Em ⊂ X and finite sets of angles A1 = {α11 , . . . , αi11 }, . . . , Am = {α1m , . . . , αimm }
are given.
ij
Rαj ) =
(2) We have Π(Aj ) ⊂ Ej ⊂ Imp(Aj ) (so the set Ej ∪ (∪k=1
k
0
Ej is closed and connected).
(3) X intersects a unique component A of C \ ∪Ej0 and X is equal
to the union of all Ej and X ∩ A.
We call such X a general puzzle-piece and call the continua Ei the
exit continua of X. For each j, the set Ej0 divides the plane into ij
open wedges; denote by Wj the one which contains X \ Ei .
Corollary 3.1. [BO08] Suppose that for a non-separating continuum
X or a point at least one of the following holds.
(1) X is a general puzzle-piece with exit continua E1 , . . . , Em such
that if P (Ei ) 6⊂ Ei then P (Ei ) ⊂ Wi .
(2) X ⊂ J is an invariant continuum.
If all fixed points which belong to X ∩ J are repelling and all rays
landing at them are fixed then X is a repelling fixed point. Hence, if
X ⊂ K is a non-degenerate continuum which satisfies (1) or (2), then
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either X contains a non-repelling fixed point or X contains a repelling
fixed point at which a non-fixed ray lands.
By Corollary 3.1 if P is a basic uniCremer polynomial then a P m invariant continuum or a point K ⊂ J, not-containing the Cremer
point p of P , is a point.
We now prove a few lemmas which can be of independent interest.
Mostly they deal with topological properties of impressions. In this
subsection X is a non-separating one-dimensional plane continuum.
The assumption that X is non-separating and one-dimensional is not
essential but simplifies the arguments (e.g., in this case each subcontinuum of X is also a non-separating, one-dimensional plane continuum
and the intersection of any two subcontinua of X is connected). Speaking of points we mean points in the (dynamic) plane while angles mean
arguments of external rays.
A crosscut C of K is an open arc C ⊂ C\K whose closure is a closed
arcs with endpoints in K. By Sh(C), the shadow of C, we denote the
bounded component of C \ [K ∪ C]. Let Rα be an external ray and
{Cn } a family of crosscuts all of whom cross Rα essentially and are
such that diam(Cn ) → 0. Then it is well known that the impression
Imp(α) = ∩n Sh(Cn ) . A continuum K is said to be decomposable if
there exist two proper subcontinua A, B $ K such that A ∪ B = K
and indecomposable otherwise. Theorem 3.2 holds for all polynomials.
Theorem 3.2. [CMR05, Theorem 1.1] The Julia set of a polynomial P
is indecomposable if and only if there exists an angle γ whose impression
has non-empty interior in J(P ); in this case the impressions of all
angles coincide with J(P ).
From the topological standpoint, if the Julia set is indecomposable
then one cannot use impressions to further study its structure: representing J(P ) as the union of smaller more primitive continua is impossible in this case. Besides, if J(P ) is indecomposable then the results
of this paper are immediate. Thus, in the lemmas below we assume
that no impression has interior in X.
By Ch(A) we denote the convex hull of a planar set A. Lemma 3.3
studies how ray continua intersect. If two sets A1 , A2 ⊂ S1 are such
that Ch(A1 ) ∩ Ch(A2 ) = ∅ then they are said to be unlinked.
Lemma 3.3. Suppose that K1 , K2 are disjoint ray continua connected
to finite sets of angles A1 , A2 respectively. Then A1 and A2 are unlinked.
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Proof. Since K1 ∩ K2 = ∅, A1 ∩ A2 = ∅. If A1 and A2 are not unlinked,
then there exists α1 , α2 ∈ A1 such that A2 separates α1 and α2 . This
clearly implies that K1 ∩ K2 6= ∅, a contradiction.
¤
Recall that a continuum X is connected im kleinen at x if for each
open set U containing x there exists a connected set C ⊂ U with x
in the interior of C. A continuum X is locally connected at x ∈ X
provided for each neighborhood U of x there exists a connected and
open set V such that x ∈ V ⊂ U . Observe that sometimes different
terminology is used (see the discussion in [BO06a]).
Lemma 3.4 gives a sufficient condition for a continuum X to be connected im kleinen at some point x. It was proven in [BO06a], Theorem
3.5, so we give it here without a proof. The idea is to establish “short
connections” among impressions which cut x off the rest of X and apply it to prove that X is connected im kleinen at some points. Recall
that if Imp(θ) is disjoint from all other impressions then we call θ a
K-separate angle.
Lemma 3.4. Suppose that θ is a K-separate angle and Imp(θ) = {x}
is a singleton. Then arbitrarily close to θ there are angles s < θ < t
such that Imp(s) ∩ Imp(t) 6= ∅. Also, J is connected im kleinen at x.
On the other hand, some conditions on X imply that it is nowhere
connected im kleinen, or connected im kleinen at very few points. The
next lemma combines Lemma 3.9 and Lemma 3.10 proven in [BO06a]
and is given here without a proof.
Lemma 3.5. The following holds.
(1) If X is connected im kleinen at x then for any ε there exists θ
such that Imp(θ) ⊂ B(x, ε) (in particular, there are angles with
impressions of arbitrarily small diameter).
(2) Suppose that there exists δ > 0 such that for each θ ∈ S1 ,
diam(Imp(θ)) > δ. Then X is nowhere connected im kleinen.
(3) Suppose that the intersection Z of all impressions is not empty.
Then the only case when X is connected im kleinen at a point
is (possibly) when Z = {z} is a singleton and X is connected
im kleinen at z.
4. Wandering continua for uniCremer polynomials
In Section 4 we use Thurston’s invariant geometric laminations defined in [Thu85]. A geometric lamination is a compact set L of chords
in D and points in S1 such that any two distinct chords can meet, at
most, in an end-point (i.e., the intersection of any two distinct chords
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is either empty or a point in S1 ). We refer to a non-degenerate chord
` ∈ L as a leaf and to a point in L as a degenerate leaf (by “leaves”
we mean non-degenerate leaves, and by “(degenerate) leaves” we mean
both types of leaves). A degenerate leaf may be an endpoint of a leaf.
If ` ∩ S1 = {a, b} for a leaf `, we write ` = ab. We denote by L∗ the
union of all leaves in L. Then L∗ ∪ S1 is a continuum. We can extend
σ : S1 → S1 over L∗ by mapping ` = ab linearly onto the chord σ(a)σ(b)
and denoting this chord by σ(`). A gap G is the closure of a complementary domain of D \ L∗ . A geometric lamination L is d-invariant if
σ preserves gaps and leaves of L in the following sense:
(1) (Leaf invariance) For each leaf ` ∈ L, σ(`) is a (degenerate) leaf
in L and there exist d pairwise disjoint leaves `1 , . . . , `d in L
such that for each i, σ(`i ) = `.
(2) (Gap invariance) For each gap G of L, σ(Bd(G)) is a (degenerate) leaf or the boundary of a gap G0 of L. We denote by σ(G)
the (degenerate) leaf or the gap G0 , respectively. If σ(G) = G0
is a gap then we also require that σ|Bd(G) : Bd(G) → Bd(G0 )
be the composition of a positively oriented monotone map and
a positively oriented covering map.
Wandering ray continua are defined in Section 1. One can iterate the
set of angles A connected to a wandering ray continuum; by Lemma 3.3
the sets σ n (A) are unlinked.
Observe that it may happen that K is contained in a larger wandering ray continuum K 0 . However the growth of the set of angles
connected to wandering ray continua is limited as the following theorem shows (the result is due to Kiwi [K02], see also [BL02]).
Theorem 4.1. [K02] A set of angles such that all its images under σ
are unlinked consists of no more than 2d angles.
Theorem 4.2 shows that wandering ray continua connected to a nontrivial set of angles give rise to geometric laminations.
Theorem 4.2. Suppose P is a polynomial of degree d with connected
Julia set J which contains a wandering ray continuum K 0 and A0 is
the set of angles connected to K 0 . Suppose that |A0 | > 1. Then there
exists N such that the grand orbit of the ray continuum K = P N (K 0 )
is well-defined and gives rise to a d-invariant geometric lamination
L(K 0 ) = L(K) such that A0 is contained in a leaf or a gap of L(K 0 ).
Proof. First we show that any pullback A of any forward iterate of K 0
is tree-like. Indeed, A is wandering since so is K 0 . On the other hand,
if A is not tree-like then it contains the boundary of a Fatou domain,
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and by the Sullivan theorem [Sul85] cannot be wandering. Hence all
pullbacks of images of K 0 are tree-like. Then by a theorem of J. Heath
[Hea96] the map P on a pullback A is not one-to-one only if A contains
a critical point of P .
Choose K = P N (K 0 ) so that the following holds. Since K 0 is wandering then for each critical point c any image of K 0 may contain only
one iteration of c. Choose a forward image K of K 0 so that for each
critical point c either some forward image of c belongs to K, or the
orbit of c is disjoint from the orbit of K. In particular, K, P (K), . . .
do not contain critical points. Let us show that then there are dm
pairwise disjoint pullbacks of P n (K) of order m ≤ n none of which
contains a critical point. Indeed, suppose that a pullback A of P n (K)
of order m contains a critical point c. Since by the choice of K there
exists i > 0 such that P i (c) ∈ K we then get that P n (K) contains both
P n+i (c) and P m (c), a contradiction. By [Hea96] this implies that all
powers of P restricted onto a pullback A of P n (K) of order m ≤ n are
one-to-one.
This implies that the pullbacks of images of K are in fact well-defined
as sets: any two pullbacks A, B are either the same or disjoint. Indeed,
suppose that A is a pullback of P n (K) of order m and B is a pullback of
P r (K) of order s. Suppose that A ∩ B 6= ∅ and show that then A = B.
Choose a point x ∈ A ∩ B and consider several cases. For definiteness
suppose that m > s. First let us show that n − m = r − s. Indeed,
P m (x) ∈ P n (K) and P s (x) ∈ P r (K). Then the latter implies that
P m (x) = P m−s (P s (x)) ∈ P m−s+r (K). Hence P n (K) and P m−s+r (K)
are not disjoint (both contain P m (x)) and hence n = m − s + r because
K is wandering. Now, by the above there is only one pullback of P m (K)
containing P s (x), namely P r (K). Hence P s (A) = P r (K) and A is the
pullback of P r (K) of order s along the orbit x, P (x), P s (x). Since the
same holds for B we conclude that A = B.
Choose a maximal set of angles A connected to K and containing
σ N (A0 ) (clearly, all angles from σ N (A0 ) are connected to P N (K)). Denote a pullback of P n (K) by P of order m by K(m, n, i) where different
numbers i correspond to different pullbacks of the same order m of the
same image P n (K) of K. In other words, K(m, n, i) is the i-th component of the set P −m (P n (K)). To K(m, n, i) we associate the set of
angles Θ(m, n, i) which are all the angles from σ −m (σ n (A)) connected
to K(m, n, i). The fact that all sets K(m, n, i) in the grand orbit of K
are pairwise disjoint and the definition of the set of angles connected to
a ray continuum imply that the sets Θ(m, n, i) have the same property:
any two such sets of angles either coincide or are disjoint.
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If G(m, n, i) = Ch(Θ(m, n, i)), then by Lemma 3.3 it follows that all
the sets G(m, n, i) are pairwise disjoint. By Theorem 4.1 all the sets
Θ(m, n, i) are finite. Hence all G(m, n, i) are pairwise disjoint finite
gaps, leaves and points mapped onto each other by σ and its powers.
Moreover, σ restricted on the sets G(m, n, i) satisfies all the properties
described in the definition of the lamination because this corresponds
to the action of the map P on the plane. Hence ∪m,n,i G(m, n, i) is
a σ-invariant non compact lamination L(G). It follows easily that
the closure of this non-compact lamination is a σ-invariant lamination
L(K). Observe that by the construction A0 is contained in a leaf or
a gap, and hence L(K) is non-trivial (because the cardinality of A is
more than 1).
¤
We use geometric laminations in the proof of the following theorem.
Theorem 4.3. Suppose that J is the Julia set of a basic uniCremer
polynomial P of degree d. Suppose that K 0 ⊂ J is a wandering ray
continuum connected to a set of angles A0 with |A0 | ≥ 2. Then there
exists an n such that |σ n (A0 )| is a singleton and for every θ ∈ A0 ,
∪n≥0 σ n (θ) is not dense in S1 . In particular, K 0 is pre-critical, and if a
point x ∈ J is bi-accessible then it is either precritical or preCremer.
Proof. By Theorem 4.2, there exists a d-invariant lamination L(K 0 )
such that A0 is contained in a gap or leaf of L(K 0 ). Let p be the fixed
Cremer point of P . We can replace K 0 by K constructed in Theorem 4.2
and replace A0 by the set of all angles A connected to K. It suffices to
prove the theorem for K and A. By way of contradiction suppose that
for some m > 1 and every n we have |σ n (A)| = m. Denote the grand
orbit of K under P by Γ(K); denote the grand orbit of A under σ
(whose closure is the geometric lamination L(K)) by Θ(A). It is easy
to see that there are no critical leaves on the boundaries of sets from
Θ(K) (a set T ∈ Γ(K) may cover a critical point of P , but then the
corresponding set from Θ(A) will be mapped onto its image in a k-to-1
fashion so that one can draw critical chords inside its convex hull, but
not on its boundary).
The idea of the proof is to show that in the situation of the theorem
one can always find a continuum X ⊂ J to which Corollary 3.1 applies
leading to a contradiction with the definition of a uniCremer polynomial. To do so, we analyze the dynamical behavior of K and show that
at some moment an image of K will be mapped “farther away” from
p by the appropriate power of P . To implement this plan we need the
following construction.
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For each element D of Γ(K), the union of the rays of angles from the
appropriate element of Θ(A) and D cut the plane into open wedges one
of which contains p. Denote by WD the union of this wedge, its two
boundary rays and D (clearly, WD is closed). Simultaneously consider
the corresponding leaf `D on the boundary of the gap/leaf of Θ(K)
corresponding to D and the closure HD of the component of D \ `D
corresponding to angles whose rays are contained in WD . Then consider
the intersection W of sets WD and the intersection H of sets TD over
all elements D in the grand orbit of K.
By the construction H is a convex subset of D whose boundary consists of leaves of L(K) and a nowhere dense subset H ∩ S1 of S1 . Since
by the construction no convex hull of a set of Θ(A) crosses H, either H is a point in S1 , or H is a gap or a leaf of L(K). Denote by
A(p) the set of all angles whose impressions contain p. Then it follows that A(p) ⊂ H ∩ S1 = H 0 . Clearly, σ(A(p)) ⊂ A(p) and hence
σ(H 0 ) ∩ H 0 ⊃ σ(A(p)).
Consider first the case when H = H 0 is a point. Then by the above
H = H 0 = A(p) is a fixed point of σ. Choose an element T of Θ(A) close
to H and consider the corresponding element Q of Γ(K). Then
S there
is a unique open wedge N - one of the components of C \ [Q ∪ α∈T Rα ]
- into which Q is mapped by P . Consider the union X of Q with the
intersection of J and N . It is easy to check that Corollary 3.1 applies
to X (with N being its unique exit continuum). This implies that X
contains a P -fixed point a with several rays landing at a which rotate
under P (i.e., a is a bi-accessible fixed point), a contradiction with the
definition of basic uniCremer polynomials.
Suppose next that H is a gap or a leaf. Observe that there are no
critical leaves on the boundary of H. Indeed, if ` ∈ ∂(H) is a critical
leaf then it cannot belong to an element from Θ(A), hence it is a limit
of such elements. By the properties of laminations this is impossible
in the case when σ(H) is not a point because then the images of these
elements of Θ(A) will cross the image of H. Now, if σ(H) is a point
this point must coincide with A(p) and is fixed. In this case the images
of elements of Θ(A) which approximate ` will cross H itself, again a
contradiction.
Let us show (by way of contradiction) that σ(H 0 ) ⊂ H 0 . By the
above σ(H 0 ) cannot be a point. Then the fact that σ(H 0 ) 6⊂ H 0 implies
that H 0 and σ(H 0 ) have one or two points in common. Suppose they
have only one point a in common. Then a ∈ σ(A(p)) and σ(a) = a.
For geometric reasons then there is a leaf ` ∈ ∂H and there is a leaf
`0 ∈ ∂H \ ∂(σ(H)) which have the point a in common. Elements of
Θ(A) are disjoint from these leaves because they are wandering; on

16

ALEXANDER BLOKH AND LEX OVERSTEEGEN

the other hand, by the construction of L(K) elements of Θ(A) must
converge to ` and `0 . Since for each set D ∈ Γ(K) we have a ∈ HD
(because p ∈ Imp(a)), hence by the construction both leaves `, `0 must
belong to H, a contradiction.
Suppose that σ(H 0 ) and H 0 have two points in common. Since by
the assumption σ(H 0 ) 6⊂ H 0 this means that both H and σ(H) are gaps
with a common boundary leaf `. Thus, ` is isolated in L(K) and lies
on the boundary of a wandering set from Θ(A). On the other hand,
σ(H) ∩ H ⊃ σ(A(p))σ 2 (A(p)) which means that no endpoint of ` can
be wandering, a contradiction. Thus, σ(H 0 ) ⊂ H 0 .
Since by the above there are no critical leaves in ∂H, there must exist
a periodic leaf ` ∈ ∂H. This is clear is H is a leaf. Otherwise, leaves
from ∂H map onto one another and never collapse. Moreover, for each
` ∈ ∂H let M` be the arc with the same endpoints as ` and disjoint
from H. Then for distinct leaves from ∂H their arcs are disjoint, and
1
if the length of the arc M` is smaller than d+1
then the length of the
arc Mσ(`) is greater than that of M` . Since there cannot be infinitely
many such arcs with bounded from below length, the exists a periodic
leaf ` ∈ ∂H. Suppose that its period is m.
Choose an element T of Θ(A) close to ` and consider the corresponding element Q of Γ(K). Then
S there is a unique open wedge N - one of
the components of C \ [Q ∪ α∈T Rα ] - into which Q is mapped by P m .
Consider the union X of Q with the intersection of J and N . It is easy
to check that Corollary 3.1 applies to X (with N being its unique exit
continuum) and P m . This implies that X contains a P m -fixed point a
with several landing rays which rotate under P , a contradiction with
the definition of basic uniCremer polynomials.
Finally, if the σ-orbit of A is dense in S1 then clearly we will be able
to find such that m > n that σ m (K)) is separated from p by K united
with the rays of the angles from A. Then as before by Corollary 3.1 we
get a contradiction with the definition of a uniCremer polynomial. ¤
Observe that even if the set σ n (A) is a point for some n, the construction of the sets W and H goes through and shows that in the basic
uniCremer case the dynamical behavior of K (and A) is very specific.
5. Main results
First we establish some facts which may be of independent interest
and serve as an additional motivation for us. As was explained in the
Introduction, Kiwi’s results [K04] do not apply to uniCremer polynomials. Still, one could hope to model (topologically) a basic uniCremer
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Julia set J by monotonically mapping J onto a locally connected continuum. It turns out that this is impossible. In the quadratic case we
proved in [BO06b] that a monotone map of J onto a locally connected
continuum collapses J to a point. However the proofs in [BO06b] rely
also upon results of [GMO99] not known for basic uniCremer polynomials. Using a new argument we fill this gap and prove Theorem 5.2.
Let us state some results of [BO06b]. An unshielded continuum
K ⊂ C is a continuum which coincides with the boundary of the unbounded component of C \ K. Given an external (conformal) ray R, a
crosscut C is said to be R-transversal if C intersects R only once and
the intersection is transverse and contained in C ∩ R; if t ∈ R then by
Ct we always denote a R-transversal crosscut such that Ct ∩ R = {t}.
Given an external ray R we define the (induced) order on R so that
x <R y (x, y ∈ R) if and only if the point x is “closer to K on the ray
R than y”. Given an external ray R, we call a family of R-transversal
crosscuts Ct , t ∈ R an R-defining family of crosscuts if for each t ∈ R
there exists a R-transversal crosscut Ct such that diam(Ct ) → 0 as
t → K and Sh(Ct ) ⊂ Sh(Cs ) if t <R s.
Lemma 5.1. [BO06b, Lemma 2.1] Let K be an unshielded continuum
and R be an external ray to K. Then there exists an R-defining family
of R-transversal crosscuts Ct , t ∈ R.
Now we can prove Theorem 5.2.
Theorem 5.2. Suppose that P is a basic uniCremer polynomial and
ϕ : J → A is a monotone map of J onto a locally connected continuum
A or a point. Then A is a singleton.
Proof. By way of contradiction suppose that ϕ : J → A is a monotone
map onto a locally connected non-degenerate continuum A. Define
the map Φ on the complex plane C so that it identifies precisely fibers
(point-preimages) of ϕ and does not identify any points outside J.
Since the decomposition of C into fibers of ϕ and points of C \ J is
upper-semicontinuous, the map Φ is continuous. Since J and hence
all its subcontinua are non-separating then by the Moore Theorem
[Moo62] the map Φ maps C onto C, and so Φ(J) = ϕ(J) = A is
a dendrite (locally connected continuum containing no simple closed
curve). External (conformal) rays Rα in the J-plane are then mapped
into continuous pairwise disjoint curves Φ(Rα ) in the A-plane called
below A-rays. Clearly, if Rα = R lands then so does Φ(R). Let us
show that Φ(R) always lands, and in fact the impression Imp(α) maps
under ϕ to the landing point of the A-ray Φ(R). By Lemma 5.1 there
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exists an R-defining family of crosscuts Ct . Since Φ is continuous then
diam(Φ(Ct )) → 0 as t → J. Consider two cases.
Suppose that Φ(Ct ) is an arc for all t ∈ R, and hence a crosscut of
A. Since A is locally connected then by Carathéodory theory Φ(Ct )
converges to a unique point x ∈ A which implies that Φ(R) lands. Also,
by Carathéodory theory the Φ-images of the closures of the shadows
Sh(Ct ) converge to the same point x which belongs to them all. Since
the intersection of the closures of the shadows Sh(Ct ) is the impression
Imp(α) of α then ϕ(Imp(α)) = {x} as desired. Otherwise there exists
t ∈ R such that Φ(Ct ) is a simple closed curve. This can only happen
if the endpoints of Ct map under ϕ to the same point, say, z. It follows
that Φ(Cs ) is a simple closed curve for all s <R t, and these curves all
contain z. Thus, Φ(R) lands at z. Moreover, in this case the shadows
Sh(Cs ) are mapped inside the simple closed curves Φ(Cs ), s <R t which
as before implies that ϕ(Imp(α)) = {z}.
Since impressions are upper-semicontinuous, the family of A-rays is
continuous, and the map ψ associating to every angle α the landing
point of the A-ray Φ(Rα ) is a continuous map of S1 onto A. Define
the valence of a point y ∈ A as the number of components of the set
A \ {y} if it is finite and infinity otherwise. Let By be the set of A-rays
landing at y. Then the number of components of S1 \ By equals the
valence of y. Indeed, if (α, β) is a component of S1 \ By then the Arays of angles in (α, β) land in a component of A \ {y} and for distinct
components of S1 \ By we get distinct components of A \ {y}. In fact
there is exactly one component of A \ {y} contained in the appropriate
wedge in the plane formed by the A-rays Φ(Rα ) and Φ(Rβ ). Indeed,
otherwise choose angles γ, θ ∈ (α, β) so that their A-rays Φ(Rγ ) and
Φ(Rθ ) land at points x, z from distinct components of A \ {y}. Then
the path ψ([γ, θ]) connects points x and z inside A and hence must
pass through y. On the other hand by the construction y 6∈ ψ([γ, θ]),
a contradiction.
We show that except for a countable set of points there are no more
than two A-rays landing at y ∈ A. Let Q0 be the set of all points y ∈ A
with finite valence for which there are infinitely many A-rays landing at
y. Then by the previous paragraph By has a non-empty interior for any
point y ∈ Q0 , and so Q0 is countable. On the other hand, by Theorem
10.23 of [Nad92] the set Q00 of all branch points of A is countable (a
branch point is a point of valence greater than 2). Hence, for any point
y ∈ A \ (Q0 ∪ Q00 ) such that its valence is greater than 1 (such points
are called cutpoints) exactly two A-rays land at y.
Choose a point y ∈ A \ (Q0 ∪ Q00 ) using a bit of dynamics. Let H
be the union of grand orbits of p and all critical points of P and set
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Q000 = ϕ(H). Then Q̂ = Q0 ∪Q00 ∪Q000 is countable. Choose y ∈ A\ Q̂ to
be a cutpoint of A. Then exactly two A-rays land at y. Moreover, let
ϕ−1 (y) = K; then by the choice of y forward images of K avoid p and
critical points of P . Since impressions are mapped by ϕ into points,
there are exactly two angles α, β with K = Imp(α) ∪ Imp(β) and the
impressions of other angles are disjoint from K.
By Theorem 4.3 there are integers 0 ≤ l < m such that P l (K)
and P m (K) intersect. Since forward images of K avoid critical points,
σ r (α) 6= σ r (β) for any r and hence both P l (K) = Imp(σ l (α)) ∪
Imp(σ l (β)) and P m (K) = Imp(σ m (α)) ∪ Imp(σ m (β)) are unions of impressions of two distinct angles. Now, if the pair of angles σ l (α), σ l (β)
maps into itself by σ m−l then P l (K) is a P m−l -fixed continuum not
containing p, hence by Corollary 3.1 it is a repelling periodic point
at which two rays land, a contradiction. Hence there exists an angle γ ∈ {σ m (α), σ m (β)} \ {σ l (α), σ l (β)} such that Imp(γ) non-disjoint
from the P l (K). If we now pull P l (K) back to K we will get an
angle γ 0 6∈ {α, β} whose impression is non-disjoint from K, a contradiction.
¤
Since we assume that J is decomposable, all impressions are proper
and have empty interior. In particular no countable union of impressions coincides with J. We begin by studying red dwarf Julia sets, i.e.
uniCremer Julia sets such that impressions of all angles contain the
Cremer point p.
Lemma 5.3. If J is a red dwarf Julia set then (1) the intersection K
of all impressions contains all forward images of all critical points, (2)
there exists ε > 0 such that the diameter of any impression is greater
than ε, (3) there are no points at which J is connected im kleinen, and
(4) no point of J is biaccessible and p is not accessible from C \ J.
Proof. Let us show that for any angle α its impression Imp(α) contains
all critical images. Indeed, otherwise there exists a critical point c such
that P (c) 6∈ Imp(α) which implies that c 6∈ K. Choose a curve T
starting at P (c), going to infinity and bypassing Imp(α). Then the
pullback of T containing c cuts the plane into at least two components
each of which contains at least one pullback of Imp(α), a contradiction.
Hence K contains all critical values, and since K is forward invariant,
K contains all forward images of all critical points.
Clearly, (1) implies (2) (by [Mn93] there is a recurrent critical point
whose forward orbit avoids p). By Lemma 3.5(2) J is nowhere connected im kleinen. Moreover, no point x ∈ J is biaccessible from C \ J.
Indeed, if x 6= p is biaccessible then one of the two half-planes into
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which x and rays landing at x cut the plane will not contain p, hence all
rays contained in that half-plane will not contain p in their impressions,
a contradiction. On the other hand, if x = p we can take a preimage of
p and get the same contradiction. Hence p cannot be accessible from
C \ J because if it is then the corresponding ray is not fixed (periodic
rays cannot land on p by Douady and Hubbard [DH85a]) and hence
this ray and its image show that p is biaccessible, a contradiction. ¤
Lemma 5.4 follows from Corollary 3.1.
Lemma 5.4. If K ⊂ J is a P n -invariant continuum or singleton not
containing p then K is a singleton. In particular, if γ is a periodic
angle and p 6∈ Imp(γ) then Imp(γ) is a singleton.
Proof. All P n -fixed points in K are repelling, and by the definition of a
basic uniCremer polynomial at each of them exactly one P n -fixed ray
lands. Hence by Corollary 3.1 K is a singleton.
¤
For x ∈ J let A(x) be the set of all angles whose impressions contain
x, and let B(x) be the union of these impressions. Then A(x) and B(x)
are closed sets. In Lemma 5.5 we study these sets for a periodic x.
Lemma 5.5. If x is periodic then one of the following holds:
(1) x 6∈ B(p), then {x} = B(x) = Imp(θ) for a periodic K-separate
angle θ, A(x) = {θ}, and x is a repelling periodic point;
(2) x ∈ B(p), then B(x) is non-degenerate and no angle θ ∈ A(x)
is K-separate.
In particular, no angle θ ∈ A(p) is K-separate, and B(p) is nondegenerate.
Proof. Consider first the case when x = p. We need to show that
then the case (2) holds. First let us show that B(p) is non-degenerate.
Suppose that A(p) is infinite. Since A(p) is invariant it follows from a
well-known result from the topological dynamics of locally expanding
maps that σ|A(p) is not one-to-one. Hence by [Hea96] B(p) contains
a critical point and cannot coincide with p. Suppose that A(p) is finite. Then A(p) contains periodic angles, hence B(p) contains periodic
points distinct from p and hence again B(p) is not degenerate.
Let us show that no angle θ ∈ A(p) is K-separate. We may assume
that A(p) = {θ} consists of just one angle and need to show that θ
is not K-separate. Clearly, σ(θ) = θ. Denote the landing point of
Rθ by x, and show that there is a critical point c ∈ B(p) = Imp(θ).
Indeed, otherwise choose a neighborhood U of B(p) such that no critical
points belong to U , consider the set of all points never exiting U , and
then the component K of this set containing p. Such sets are called
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hedgehogs (see papers by Perez-Marco [Per94] and [Per97]) and have
a lot of important properties. In particular, by [Per94] and [Per97] K
cannot contain a periodic point other than p, a contradiction (clearly,
B(p) ⊂ K and B(p) contains x). Hence c ∈ B(p) for some critical
point c. This implies that for some integer i, 1 ≤ i ≤ d − 1 we have
c ∈ Imp(θ + i/d) and hence B(p) = Imp(θ) is not disjoint from the
impression of another angle and θ is not K-separate as desired.
Suppose now that x 6∈ B(p) is a periodic point of period m. Then
p 6∈ B(x) and hence by Lemma 5.4 B(x) is degenerate. By the above
quoted topological result this implies that A(x) is finite and therefore,
by the assumptions on P , A(x) = {θ} where θ is periodic and Kseparate. Now assume that x ∈ B(p). Then there is an angle α ∈ A(p)
with p, x ∈ Imp(α) and hence p ∈ B(x) and B(x) is not degenerate.
Now, if there are more than one angle in A(x) then all such angles are
not K-separate and we are done. If however there is only one angle
in A(x) then this angle is α = θ which belongs to A(p) and by the
previous paragraph is not K-separate either.
¤
Lemma 5.5 implies a few facts: e.g., if θ is a K-separate periodic
angle then Imp(θ) is a repelling periodic point. Lemma 5.6 shows
that in some cases there are lots of such angles. For F ⊂ S1 denote by
Imp(F ) the set ∪θ∈F Imp(θ). Let E be the set of all K-separate periodic
angles; by Lemma 5.5 each angle in E has degenerate impression.
Lemma 5.6. Suppose p 6∈ Imp(θ) for some angle θ. Then (1) B(p)
is a nowhere dense subset of J, (2) the set E is dense in S1 , (3) the
set Imp(E) is dense in J, (4) for a closed set of angles F 6= S1 the set
Imp(F ) is a proper subset of J, (5) J is connected im kleinen at every
point y ∈ Imp(E), (6) in any arc W ⊂ S1 there are two angles whose
impressions meet.
Proof. To prove the first claim it is enough to show that B(p) 6= J.
Suppose otherwise. Since by our standing assumption J is decomposable then no finite union of impressions can coincide with J, and A(p)
is infinite. Then in any open arc V there are angles whose impressions
meet. Indeed, we can find a big integer N such that σ −N (A(p)) ∩ V
is infinite. Each angle from σ −N (A(p)) contains a P N -preimage of p
in its impression. Since there are only finitely many P N -preimages of
p then there are two angles γ, γ 0 ∈ σ −N (A(p)) ∩ V which contain the
same preimage of p and therefore meet as desired.
Denote by U an open arc containing θ such that for any angle in U
its impression does not contain p (then by Lemma 5.4 periodic angles
from U have degenerate impressions). Assume that (γ, γ 0 ) ⊂ U is an
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arc such that the impressions of γ, γ 0 meet. The union Z = R(γ) ∪
Imp(γ) ∪ Imp(γ 0 ) ∪ R(γ 0 ) cuts the plane into two half-planes H and G;
assume for the sake of definiteness that p ∈ G. Since no finite union
of impressions coincides with J then the union of impressions of angles
from (γ, γ 0 ) is not contained in Z. Hence there exists a point h ∈ J ∩H.
Then the impression of an angle from (γ 0 , γ) cannot contain h because
Z separates this angle’s ray from h. On the other hand, the impression
of an angle from [γ, γ 0 ] cannot contain p either. Hence no impression
contains h and p simultaneously, implying that B(p) 6= J.
By Lemma 5.5 E is the set of all periodic angles such that landing
points of their rays do not belong to B(p). By the upper semi-continuity
of impressions, E is open in the set of all periodic angles. Since E is
invariant, E is dense in S1 which proves (2). We claim that Imp(E) is
dense in J. Indeed, otherwise there exists an open set U ⊂ J disjoint
from Imp(E). Since periodic points are dense in J, they are dense in
U , and by the definition of E all these periodic points belong to B(p).
Hence B(p) has non-empty interior, a contradiction with (1). Thus,
Imp(E) is dense in J which proves (3). The claim (2) implies (4). By
Lemma 3.4 the rest of the lemma follows.
¤
So far the results of this section use mainly topological tools. This
changes in the lemmas below where we rely upon both continuum theory and dynamics. Our aim is to prove that the angles with dense in
S1 orbits have degenerate impressions. Problems of this kind are often related to the dynamics of critical points. The result obtained in
Lemma 5.8 enables us to apply some standard tools and seems to be
interesting by itself. However first we need a simple lemma.
Lemma 5.7. Suppose that there exists an angle θ whose impression
does not contain p. Then the following statements are equivalent.
(1) An angle α has a dense in S1 orbit.
(2) Any point of Imp(α) has a dense in J orbit.
(3) There exists a point in Imp(α) which has a dense in J orbit.
Proof. Suppose that α has a dense in S1 orbit and choose x ∈ Imp(α).
Let y ∈ J and ε > 0. By Lemma 5.6 there exists γ ∈ S1 such that
Imp(γ) = {z} and d(z, y) < ε/2. Since the orbit of α is dense in S1
and impressions are upper semi-continuous, there exists n > 0 such
that σ n (α) is so close to γ that Imp(σ n (α)) ⊂ B(z, ε/2), and hence
d(P n (x), y) < ε. Therefore, ω(x) = J and (1) implies (2). Clearly, (2)
implies (3). Now, suppose that (3) holds. Then Imp(ω(α)) = J which
by Lemma 5.6(4) implies that ω(α) = S1 as desired.
¤
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Now we show that if there exists an angle θ whose impression does
not contain p then no critical point has a dense orbit in J.
Lemma 5.8. Suppose that there exists an angle θ whose impression
does not contain p. Suppose that α is an angle with a dense orbit in
S1 . Then α is K-separate and Imp(α) does not contain a critical point
of P . In particular, no critical point can have a dense orbit in J.
Proof. The proof consists of several steps. Suppose that there are finitely many angles α = α0 , α1 , . . . , αk such that the union I of their
impressions is a continuum. Let us show that then I has to be wandering (all its iterates are pairwise disjoint). By way of contradiction and
without loss of generality we may assume that P (I) ∩ I 6= ∅. Consider
the set Q of all angles whose impressions are not disjoint from B(p) and
the set Imp(Q). Then Q 6= S1 by Lemma 5.5. Hence by Lemma 5.6(4)
Imp(Q) 6= J. Let us show that we may assume that all images of I
intersect Imp(Q).
By Lemma 5.5 the set Q contains two angles with non-disjoint impressions. Denote these angles γ and β. Then the rays of these angles
together with their impressions cut the plane into two components H
and G so that the periodic K-separate angles from (γ, β) have pointimpressions in H and the periodic K-separate angles from (β, γ) have
point-impressions in G. Choose periodic K-separate angles θ0 ∈ (γ, β)
and θ00 ∈ (β, γ), and then choose k < l so that σ k (α) ∈ (γ, β) is very
close to θ0 and σ l (α) ∈ (β, γ) is very close to θ00 . Then the continuum
Z = P k (I) ∪ P k+1 (I) ∪ · · · ∪ P l (I) connects points from H to points
from G. Hence by Lemma 3.3 Z ∩ Imp(Q) 6= ∅. Thus, from some time
on the images of I are non-disjoint from Imp(Q), and we may assume
that in fact I ∩Imp(Q) 6= ∅ and hence all images of I intersect Imp(Q).
Just like the set B(p) was constructed as the union of all impressions
non-disjoint from p, and the set Imp(Q) was constructed as the union
of all the impressions non-disjoint from B(p), this process can be continued for k + 1 more steps resulting into a union of impressions which
we will denote by T . Clearly, T is a closed; moreover, since no point of
Imp(E) can belong to T then T is a proper subset of J. Since α has a
dense orbit, by Lemma 5.7 the orbit of any point of Imp(α) is dense in
J. On the other hand, by the previous paragraph the orbit of Imp(α)
is contained in T and T 6= J, a contradiction. So, the assumption
that I is not wandering leads to a contradiction which implies that I
is wandering. Observe that then by Theorem 4.1 k ≤ 2d .
Let us now show that α is K-separate. Indeed, otherwise let α0 6= α
be such that Imp(α) ∩ Imp(α0 ) 6= ∅. Then by the above the maximal
finite collection of angles α0 = α, α1 = α0 , . . . , αk such that the union I
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of their impressions is connected consists of k +1 > 1 angles and is such
that I is wandering. By maximality the impressions of other angles are
disjoint from I. However the orbit of α is dense which contradicts
Theorem 4.3. Hence α is K-separate as desired. To complete the proof
it remains to notice that if a critical point c belongs to Imp(α) then,
because locally around c the map P is not one-to-one, there exists an
angle α0 such that σ(α) = σ(α0 ) and c ∈ Imp(α0 ) implying that α is not
K-separate. Hence Imp(α) does not contain critical points. Since this
holds for any angle with dense orbit we conclude that by Lemma 5.7
no critical point can have a dense orbit in J.
¤
Lemma 5.9 completes a series of claims made in Lemma 5.7 and
Lemma 5.8.
Lemma 5.9. Suppose that there exists an angle θ whose impression
does not contain p. Let α be an angle such that the σ-orbit of α is
dense in S1 . Then Imp(α) is a singleton, and, moreover, the angle α
is K-separate.
Proof. By Mañé [Mn93] the closure B 0 of the union of orbits of all
critical points of P contains p. By Lemma 5.8 B 0 is nowhere dense in J.
By Lemma 5.6 there is an angle γ ∈ E such that the singleton Imp(γ)
is not contained in B 0 . By the upper semi-continuity of impressions we
can find an arc U around γ so that the union of impressions of angles
from U is positively distant from B 0 . By Lemma 3.4 we can find two
angles τ 0 < γ < τ 00 in U (the order is considered within U ) such that
Imp(τ 0 ) ∩ Imp(τ 00 ) 6= ∅. Set U 0 = (τ 0 , τ 00 ).
Consider the two connected open components of C \ Rτ 0 ∪ Imp(τ 0 ) ∪
Imp(τ 00 ) ∪ Rτ 00 ; let V be the component containing rays of angles from
U 0 . Then there are points of J in V . Indeed, otherwise Imp(τ 0 ) ∪
Imp(τ 00 ) contains the impressions of all angles from U 0 which yields
that a forward σ-image of τ 0 or τ 00 will coincide with J implying by
Theorem 3.2 that J is indecomposable, a contradiction with the standing assumption. Let us prove that α is K-separate and its impression
is a point. Indeed, by the previous paragraph V is positively distant
from B 0 . Since V is simply connected, we can find two Jordan disks
W 0 ⊃ W 00 ⊃ J ∩ V which are both positively distant from B 0 . Therefore all pull-backs of W 0 and W 00 are univalent. By Mañé [Mn93] this
implies that the diameter of the pull-backs of W 00 converge to 0 as the
power of the map approaches infinity. Observe that as σ-images of
α approach γ, the corresponding P -images of Imp(α) get closer and
closer to Imp(γ) (because of the upper semi-continuity of impressions)
and thus we may assume that infinitely many P -images of Imp(α) are
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contained in W 00 . Pulling W 00 back along the orbit of Imp(α) for longer
and longer time we see that the diameter of Imp(α) cannot be positive, and hence Imp(α) = {y} is a point as claimed. Moreover, by
Lemma 5.8 the angle α is K-separate. This completes the proof.
¤
We can now prove our main theorem.
Theorem 5.10. For a uniCremer polynomial P the following facts are
equivalent:
(1) there is an impression not containing the Cremer point;
(2) there is a degenerate impression;
(3) the set Y of all K-separate angles with degenerate impressions
contains all angles with dense orbits and a dense set of periodic
angles, and the Julia set J is connected im kleinen at landing
points of the corresponding rays;
(4) there is a point at which the Julia set is connected im kleinen.
Proof. Let us prove that (1) implies (2). Indeed, suppose that there is
an angle not containing p in its impression. Then by Lemma 5.6 there
exist angles with degenerate impressions.
We show that (2) implies (3). Indeed, let Imp(α) be a point. Then
so are the impressions of the angles α + 1/d, . . . , α + (d − 1)/d. At least
one of them is not p, so we may assume that Imp(α) 6= {p}. Then by
Lemma 5.6 the set E is dense in S1 . Let us now consider an angle β
whose σ-orbit is dense in S1 . By Lemma 5.9 Imp(β) is a point and β
is K-separate. By Lemma 3.4 J is connected im kleinen at the landing
points of the rays with arguments either from E, or from the set of
angles with dense in S1 orbits. This shows that indeed (2) implies (3).
Clearly, (3) implies (4). It remains to show that (4) implies (1).
Indeed, if all impressions contain p then by Lemma 5.3 J is nowhere
connected im kleinen, a contradiction. The proof is complete.
¤
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