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Abstract: We study “wild attractors” of polymodal negative Schwarzian interval maps
and prove that they are super persistently recurrent (a polymodal version of persistent
recurrence). We also prove that if a map has an attractor which is a cycle of intervals
then at almost every point of this cycle the map has properties similar to the Markov
property introduced by Martens. Thus, the lack of super persistent recurrence at a critical
point c can be considered as a mild topological expanding property, and this expansion
prevents ω(c) from being a wild attractor (in the previous paper we have shown that it
also prevents the map from being C 2 -stable).

1. Introduction
In his paper [Mi] Milnor suggested a new approach to the dynamics based on the notion
of attractor. He showed that a smooth dynamical system has a unique so-called global
attractor and posed a problem of decomposing it into minimal attractors, closely related
to that of describing ω-limit sets of almost all points.
Since then many papers have appeared dealing with the problem (see our list of references, which is of course far from being complete). We continue this study and consider
piecewise monotone (polymodal) negative Schwarzian maps of an interval. The results
can be extended to one-dimensional branched manifolds, but to avoid complications
we restrict our attention to the interval case (and thus give definitions only in this case,
although some of them are more general). Precise and full definitions of some notions,
as well as a lot of standard definitions, are given later.
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2
Mostly, we consider two spaces of maps. The space Cnf
consists of all maps of [0, 1]
into itself of class C 2 with finite number of critical points, all of them non-flat. The space
2
that have negative Schwarzian. We denote the ω-limit
S consists of those maps from Cnf
set of a point x by ω(x) and call it simply the limit set of x.
2
Let f ∈ Cnf
. Then for a set A ⊂ [0, 1], the set rl(A) = {x : ω(x) ⊂ A} is called
the realm of attraction of the set A. Also, the set RL(A) = {x : ω(x) = A} is called the
realm of exact attraction of the set A. Denote the Lebesgue measure of a set X by |X|.
A closed invariant set A is called an attractor if

(1) | rl(A)| > 0;
(2) | rl(A) \ rl(A0 )| > 0 for any proper closed invariant set A0 ⊂ A.
Clearly, if | RL(A)| > 0 then A is an attractor; such attractor is called primitive. An
attractor A is called global if |[0, 1] \ rl(A)| = 0. In [Mi] it is shown that f has a unique
global attractor. It is denoted by A(f ). The same holds for the restriction of f to a closed
invariant set K.
Let us describe types of primitive attractors which can be considered natural. The
first is rather simple. A point x is called a (one-sided) periodic sink if there exists n > 0
and a (one-sided) neighborhood U of x such that f n (x) = x, f n (U ) ⊂ U and the
diameter of f k (U ) tends to 0 as k → ∞. The orbit of a periodic sink gives an example
(perhaps the easiest one) of a primitive attractor.
To introduce the next type of primitive attractors we need more definitions. A closed
interval I is called periodic (of period n) if the interiors of the intervals I, . . . , f n−1 (I)
Sn−1
are disjoint, while f n (I) ⊂ I. Then the union i=0 f i (I) is called a cycle of intervals
and denoted by cyc(I). This includes also the case of n = 1; then cyc(I) = I. Clearly, if
J ⊂ I and both I, J are periodic then the period of J is a multiple of the period of I (yet
sequence of periodic
these periods may well coincide). Let I0 ⊃ I1 ⊃ . . . be a nested T
∞
intervals of periods m0 < m1 < . . . . Then the intersection X = i=0 cyc(Ii ) is called
a solenoidal set and the cycles of intervals cyc(Ii ) are called X-generating.
The dynamics on X are well known (see, e.g., [B]) even when f is just a continuous
interval map. In the smooth case it can be specified even further because of the absence
of wandering intervals (an interval J ⊂ [0, 1] is called wandering for f if its images
f n (J), n ≥ 0, are pairwise disjoint and do not converge to a periodic orbit). The
following theorem was proven in a series of papers ([G, L1, BL1, MMS]).
2
have no wandering intervals.
Theorem 1.1. Maps from Cnf

Theorem 1.1 implies that the map on X is conjugate to a minimal translation in a
compact infinite zero-dimensional Abelian group. In this case for every point x absorbed
by all X-generating cycles of intervals we have ω(x) = X (a point x is absorbed by an
invariant set D if f m (x) ∈ D for some m).
Let us sketch the proof of the fact that any solenoidal set of f is indeed a primitive
attractor. By a theorem of Martens, de Melo and van Strien [MMS] for any f there exists
a number N such that all attracting or neutral periodic points of f have periods less than
N . Now, if S is a solenoidal set of f then we can choose a generating cycle of intervals
cyc(I) of period greater than N , so that there will be no attracting/neutral periodic orbits
in cyc(I). Also, if C 0 is the set of all critical points of f belonging to S then we can
also assume that C 0 is the set of all critical points of f belonging to cyc(I). Let us now
apply a theorem of Mañé [Man], according to which almost all points of cyc(I) contain
a critical point from C 0 in their limit sets. Thus, ω(x) = S for a.e. x ∈ cyc(I), which
proves our claim.
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It may also happen that there exist a cycle of intervals cyc(I) such that f |cyc(I) is
transitive. This case plays an important role in one-dimensional dynamics. If the set of
points x ∈ cyc(I) such that ω(x) = cyc(I) is of positive Lebesgue measure then cyc(I)
is a primitive attractor.
These three examples may be considered natural for the following reason: they all
are also topological attractors in the sense that the set RL(A) for them is topologically
big (of type Gδ , dense in some intervals). In fact it is proven in [B] that if a continuous
interval map has no wandering intervals then for a dense Gδ set of points their limit set
is either a periodic orbit, or a solenoidal set, or a cycle of intervals, on which the map
is transitive. Hence, if there is a limit set D such that the set of points x attracted by D
(i.e. such that ω(x) = D) is Gδ and dense in some interval then D is necessarily of one
of these types.
However, an amazing fact is that for Milnor attractors there is a fourth possibility.
A primitive attractor which does not belong to any of the three classes described above
is called a wild attractor. In other words, a wild attractor is an infinite nowhere dense
and non-solenoidal primitive attractor. In [BKNS] an example of a wild attractor for a
unimodal map was given.
In the series of papers ([BL2, BL3] for polymodal negative Schwarzian maps, [BL4]
for unimodal negative Schwarzian maps, and [L2] for polymodal C 2 -maps) the following
theorem was proven.
2
is the union of all sinks of
Theorem 1.2. The global attractor A(f ) of a map f ∈ Cnf
f and finitely many infinite primitive attractors Ai which are either solenoidal sets, or
cycles of intervals on which a map is transitive, conservative and ergodic (with respect
to Lebesgue measure) or wild attractors (on which f is minimal). Each set Ai contains
a critical point of f and intersections between two of them are possible only if they are
cycles of intervals with a few common boundary points.

Unlike other primitive attractors, wild attractors are not well understood other than
for the unimodal negative Schwarzian maps. Our work was motivated by this, and is an
attempt to study wild attractors of polymodal negative Schwarzian maps. Hence, first
we describe that case in more detail.
Let f : [0, 1] → [0, 1] be a piecewise monotone map. For x ∈ [0, 1] let us denote by
Hn (x) the maximal interval containing x on which f n is monotone and let f n (Hn (x)) =
Mn (x). Let rn (x) be the minimal distance between f n (x) and the endpoints of Mn (x).
If f n has a local extremum at x, there is an ambiguity in the choice of Hn (x) and Mn (x),
but rn (x) = 0 independently of this choice. Moreover, in that case rm (x) = 0 for all
m ≥ n. Also, if x = 0 or 1, then rn (x) = 0 for all n. Thus either for some m we have
rm (x) = 0 (and then rn (x) = 0 for all n ≥ m) or rn (x) 6= 0 for any n, in which case
x is neither a preimage of a turning point nor 0, 1. A recurrent critical point c ∈ [0, 1]
of a unimodal map is called persistently recurrent if rn (f (c)) → 0. Now we summarize
some information known about unimodal negative Schwarzian maps; by Theorem 1.2
in this case f has at most one infinite primitive attractor A = ω(c).
We say that a map is purely dissipative if it is not conservative on any set of positive
measure (we use the terms “conservative” and “dissipative” with respect to the Lebesgue
measure).
Theorem 1.3. Let f ∈ S be unimodal with the critical point c. Then the following holds.
(1) ([BL4, GJ, Ma]) If A is a wild attractor of f then c is persistently recurrent. Moreover,
there exists a cycle of intervals cyc(I) such that A ⊂ cyc(I), f |cyc(I) is purely
dissipative and rn (x) → 0 as n → ∞ for a.e. x ∈ cyc(I).
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(2) ([Ma]) Let cyc(I) be an attractor. Then there is ε > 0 such that lim sup rn (x) > ε
for a.e. x.
Our main result generalizes Theorem 1.3 to the polymodal case. To state it we need
more notions. To shorten the introduction we do this in brief, at least with respect to
well-known notions (precise definitions will be given later).
First we need the notion of a chain introduced in [L1] for polymodal negative
Schwarzian maps. In that paper they helped to prove non-existence of wandering intervals
for such maps. Later chains were used to prove an analogous result for smooth polymodal
interval maps (see [BL1, MMS]) and became a popular tool in one-dimensional dynamics. A sequence (Gi )li=0 of closed intervals is called a chain if Gi is a maximal interval
such that f (Gi ) ⊂ Gi+1 , i = 0, . . . , l − 1. Given a point x and an interval I 3 f n (x)
we construct a chain of intervals (Gi )ni=0 whose last interval Gn is equal to I and whose
first interval G0 contains x. If such a chain exists, it is unique. We call it the pull-back
chain of I along x, . . . , f n (x). The number of intervals of the chain containing critical
points of f is called the order of the chain.
For a map f of class C 1 with finitely many critical points let Cr(f ) = Cr be its
set of critical points. For every point x and ε > 0 we construct the pull-back chain of
[f n (x) − ε, f n (x) + ε] along x, . . . , f n (x). We define rnk (x) as the supremum of all ε
such that we get a chain of order k or less. Let Ek,ε (f ) be the set of all points y with
lim supn→∞ rnk (y) > ε. We call a point x such that for every k we have rnk (x) → 0 as
n → ∞ critically super persistent or Cr-super persistent. If x is additionally recurrent,
we call it critically super persistently recurrent or Cr-super persistently recurrent (cf.
[BM1]). An important property of limit sets of Cr-super persistently recurrent points is
that they are minimal ([BM2], see also Theorem 2.5 below). Also, if rn (x) 6→ 0 then
we call x critically reluctant or Cr-reluctant. Now we can state our main theorem.
Theorem 5.3. For every f ∈ S and a primitive attractor A that is neither a periodic
orbit nor a solenoidal set, one of the following holds.
(1) The attractor A is wild. Then A = ω(c) for some Cr-super persistently recurrent
critical point c. Furthermore, A is contained in a basic set B(cyc(I)) such that f |B
is purely dissipative, |A| = 0, and almost all points of B are Cr-super persistent.
(2) The attractor A equals B(cyc(I)) = cyc(I) and if I is of period m then f m |f j (I) is
exact for 0 ≤ j ≤ m − 1, f |cyc(I) is ergodic, conservative and cyc(I) ⊂ E0,ε for
some ε > 0 up to a set of measure zero (almost all points of A are Cr-reluctant).
Moreover, there exists a finite set Y ⊂ I such that:
(a) Cr(f ) ∩ I 6⊂ Y ;
(b) for any two intervals U ⊂ int(V ) disjoint from Y and for almost every x ∈ I
there is an arbitrarily large n and two intervals x ∈ W 0 ⊂ W 00 such that f n |W 00
has no critical points, f n (W 00 ) = V and f n (W 0 ) = U .
In Sect. 4 prove Theorem 4.6 which is a version of Theorem 5.3 with a milder
statement (2) and then in Sect. 5 we strengthen it in Proposition 5.2 by establishing mild
expanding properties for polymodal negative Schwarzian maps on their attractors which
are cycles of intervals. These properties are similar to the ones proved by [Ma] for the
unimodal case. It is this expansion that prevents the attractor from being wild. Similarly,
such mild expansion along the trajectory of a critical point causes C 2 instability of the
map.
Note that just like we define Cr-super persistent points, we can define Cr-persistent
points. To avoid trivial cases we assume that x is not an eventual preimage of a critical
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point of f and call it Cr-persistent if rn (x) → 0 and Cr-persistently recurrent if x is
also recurrent.
While it could seem that for the polymodal maps the natural thing is to use Crpersistent recurrence (as for unimodal maps), it is not so. Sometimes it is crucial that
the Cr-super persistent recurrence and related notions are used instead. One such place
is the proof of Theorem 4.6, where we have to use the set E(f ), and not a similar set
defined for Cr-persistent recurrence.
Actually, the results of this paper hold if we replace in the definition of S the assumption that f is of class C 2 by the assumption that it is of class C 1 . The reason for
this is that the assumption on negative Schwarzian is quite strong. However, with this
weaker assumption (that f is of class C 1 ) we would not be able to invoke several results
that we need and that are proved in the literature for functions of class C 2 . While we
could reprove them for functions of class C 1 with negative Schwarzian (by repeating
existing proofs with some estimates changed), this would make this paper considerably
longer and the results only slightly stronger. Therefore we choose not to do it.

2. Topological Properties of Chains
In this section we first summarize well-known facts about chains. Then we introduce
some new notions and state new results, the main one establishing the minimality of
the limit sets of super persistently recurrent points of f with arbitrarily small nice smart
neighborhoods (see definitions below). This section contains almost no proofs. They can
be found elsewhere, mainly in [BM2].
Throughout this section we assume that f ; [0, 1] → [0, 1] is a piecewise monotone
continuous map, strictly monotone on any lap. We call the local extrema of f (except
0 and 1) turning points. Let Kf be the closure of the convex hull of the union of the
trajectories of the turning points of f . Clearly, Kf is a closed invariant interval. This
is where the important things from the dynamical point of view happen. We want to
/ Kf . We call such f loosely
have some extra space around Kf , so we assume that 0, 1 ∈
packed. This assumption is not restrictive at all, since one can extend any f to a loosely
packed map on a slightly larger interval, preserving smoothness and negative Schwarzian
if necessary. This means that the properties of limit sets established with an additional
assumption that f is loosely packed, hold also without this assumption.
Thus, from now on we assume that f is a loosely packed map. Also, we fix a finite
set of points C ⊂ Kf containing all turning points of f , call these points exceptional
(cf. [BM2]) and assume that together with a map f there always comes the set C of
exceptional points. In the smooth case C is usually chosen as the set Cr of all critical
points of f . However, we would like to emphasize that the results of this section hold
for any set C ⊂ Kf containing all turning points of f , mainly because the definitions
and arguments are topological.
If c is a turning point of f , let us take the largest interval [a, b] such that a < c < b,
f (a) = f (b) and f is monotone on each of the intervals [a, c] and [c, b]. Then there is
a unique continuous function τc : [a, b] → [a, b] such that f ◦ τ = f and f (x) 6= x for
x 6= c. This function is an involution, that is τc2 is the identity.
Although we are not dealing with smooth functions in this section, it is convenient to
give some definitions related to them. We call an interval map f a C 2 -map with non-flat
2
) if f is of class C 2 with critical
critical points (and denote the class of such maps by Cnf
βk
points {ck } such that the inequalities A1 |x − ck | ≤ |f 0 (x)| ≤ A2 |x − ck |βk hold in
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neighborhoods of the points ck with positive A1 , A2 , βk (the inequalities are called nonflatness inequalities). Clearly, this implies that f has finitely many critical points and
for some constant R > 0 we have 1/R > |τc0 | > R in the corresponding neighborhood
of any turning point c.
Now for given loosely packed f and C we choose a positive constant κ such that
(A1) the distance between any two exceptional points of f is greater than κ,
(A2) for any turning point c of f , the κ-neighborhood of c is contained in the domain
of τc ,
(A3) for two exceptional points b, c either f (b) = c or |f (b) − c| > κ,
(A4) Kf ⊂ (κ, 1 − κ),
2
then non-flatness inequalities hold in κ-neighborhoods of ck .
(A5) if f ∈ Cnf
Clearly, any sufficiently small κ satisfies the above conditions.
Now we define a chain modifying traditional definitions (see [L1, BL1, MMS]) to
serve our purposes (for instance, we add (B3) below).
We call an interval smart if it does not contain any set of the form f k (V ), where
k ≥ 0 and V is a one-sided κ-neighborhood of an exceptional point of f . Note that any
subinterval of a smart interval is also smart.
A sequence (Gi )li=0 of closed intervals is called a chain if
(B1) Gi is a maximal interval such that f (Gi ) ⊂ Gi+1 , i = 0, . . . , l − 1,
(B2) G0 ∩ Kf 6= ∅,
(B3) Gl is smart.
The number l is called the length of the chain, G0 is called the first interval of a chain,
and Gl is called the last interval of the chain. The typical situation in which we deal
with a chain of intervals is the following. Given a point x and an interval I 3 f n (x) we
construct a chain of intervals (Gi )ni=0 whose last interval Gn is equal to I and whose first
interval G0 contains x. If such chain exists, it is unique. We call it the pull-back chain of
I along x, . . . , f n (x) or just the pull-back chain of I. Any Gi is called a pull-back of I.
Construction of a pull-back is straightforward. Once we have Gi , we choose as Gi−1
the component of f −1 (Gi ) containing f i−1 (x). The only obstructions in the construction
may be that (B2) or (B3) are not satisfied. However, condition (B2) is satisfied if x ∈ Kf
and this will be always the case in the sequel. Condition (B3) says that I is smart. This
is not a great problem, because of the following lemma.
Lemma 2.1 ([BM2]). Assume that f has no wandering intervals. Then every nonperiodic point has a smart neighborhood.
When we have a chain (Gi )li=0 , we cannot avoid the situation when Gi contains
exceptional points of f . However, we have the following lemma.
Lemma 2.2 (see, e.g., [BM2]). An interval Gi from a chain contains at most one exceptional point c of f , and if so then c is neither 0 nor 1. Moreover, if a turning point c
of f belongs to Gi and i < l then τc (Gi ) = Gi .
The intervals of a chain that contain elements of C play a special role. Their number
in a chain is called the C-order (or just order) of the chain.
The next lemma follows immediately from Lemma 2.2 and the definition of a chain.
To state it we need the following definition. Let I be an interval, I 0 be a component
of f −1 (I) such that either f |I 0 is monotone and f (I 0 ) = I or f |I 0 is unimodal, both
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endpoints of I 0 are mapped into one endpoint of I and (in the case of C 1 -map f ) nonflatness inequalities are satisfied in I 0 . Then we say that I 0 is a regular component of
the preimage of I.
Lemma 2.3 (see, e.g., [BM2]). The interval Gi is a regular component of the preimage
of Gi+1 .
Let us now repeat with more details the definition of super persistent recurrence. Let
us fix the set C of exceptional points of f (recall that C must contain all turning points
of f ) and consider the following construction. Fix a point x ∈ Kf . For every ε > 0 we
try to construct the pull-back chain of [f n (x) − ε, f n (x) + ε] along x, . . . , f n (x) and
denote by mx,n (ε) its order. Clearly, mx,n (ε) grows monotonically with ε. If there are
no exceptional points among x, f (x), . . . , f n (x) then for sufficiently small ε we have
mx,n (ε) = 0, otherwise even for arbitrarily small ε we have mx,n (ε) > 0. We define
rnk (x) as the supremum of all ε such that mx,n (ε) exists and is smaller than or equal to k.
In other words, ε is the biggest number such that for every ε0 < ε the ε0 -neighborhood
of f n (x) can be pulled back along x, . . . , f n (x) with order at most k. Note that rnk (x)
depends on f and C, yet for the sake of simplifying notation we avoid referring to them.
We call a point x such that for every k we have rnk (x) → 0 as n → ∞ C-super
persistent. If x is additionally recurrent, we call it C-super persistently recurrent (cf.
[BM1]). If we only claim the existence of a set C of exceptional points for which x is
C-super persistently recurrent, but do not fix it, we call x simply a super persistently
recurrent point. Finally, if the map f is smooth then Cr(f ) = Cr denotes its set of critical
points, so we get Cr-super persistent and Cr-super persistently recurrent points which
will be the main focus
S of our study.
Let E(f ) =
k,ε Ek,ε (f ); recall that Ek,ε (f ) is the set of all points y with
lim sup rnk (y) > ε (where C = Cr). Thus, the set of Cr-super persistent points is
[0, 1] \ E(f ).
We will call an interval I ⊂ [0, 1] nice if for every n > 0 and an endpoint a of I
the point f n (a) does not belong to the closure of I. In other words, the positive orbits
of both endpoints of I miss the closure of I. A set A ⊂ [0, 1] is called minimal if f |A
is minimal.
Theorem 2.4 ([BM2]). Let x be a super persistently recurrent point of f having arbitrarily small smart nice neighborhoods. Then ω(x) is minimal.
We also need some facts about so-called basic sets (see [B]) which will be used later
on. Let M = cyc(I) be a cycle of intervals. Consider a set {x ∈ M : for any relative
neighborhood U of x in M the orbit of U is dense in M }; it is easy to see that this is
a closed invariant set. It is called a basic set and denoted by B(M ) (or simply by B)
provided it is infinite.
Let F : I → I and G : J → J be two interval maps, let ϕ : I → J be a (non-strict)
monotone semiconjugacy between F and G and let B ⊂ I be an F -invariant closed set
such that ϕ(B) = J and ϕ−1 (x) ∩ B = ∂ϕ−1 (x) for any x ∈ J. Then we say that ϕ
almost conjugates F |B to G. Here ∂Z is the boundary of a set Z.
Now we can list some of the properties of basic sets of interval maps.
Theorem 2.5 ([B]). Let cyc(I) be a cycle of intervals of period n of a continuous interval
map f and let B = B(cyc(I)) be the corresponding basic set. Then the following holds.
(1) There exists a mixing map g : [0, 1] → [0, 1] and a monotone map ϕ : I → [0, 1]
such that ϕ almost conjugates f n |(B∩I) to g. In particular, f maps complementary
to B intervals one into another and also their boundaries one into another.
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The map f |B is transitive.
The set B is perfect.
The set B is contained in the closure of the set of periodic points of f .
If K is a compact set contained in the interior of f j (I) and U is an open set
intersecting B ∩ I then there exists a number l such that f mn+j (U ) ⊃ K for all
m ≥ l.
(6) Any limit set is contained in either a periodic orbit, or a solenoidal set, or a basic
set.
(2)
(3)
(4)
(5)

The main properties here are (1) and (6). The rest can be deduced from it, yet in
order to have convenient references we also include Properties (2)–(5).
Theorem 2.5 implies the following corollary for maps without wandering intervals
(here by (pre)periodic we mean points which are periodic or preperiodic).
Corollary 2.6. Let f be a map without wandering intervals, and let B = B(cyc(I)) be
its basic set. Then the following holds.
(1) If J is a complementary to B interval then it is eventually mapped into a periodic
complementary to B interval and its endpoints are (pre)periodic.
(2) If ω(x) ⊂ B is infinite then f k (x) ∈ B for some k and, moreover, for no k is f k (x)
an endpoint of a complementary to B interval.
(3) If x is not an endpoint of a complementary to B interval and ε is less than the minimal
length of an interval from cyc(I) then the maximal length of a neighborhood U of
x such that |f N (U )| ≤ ε converges to 0 as N → ∞.
Proof. (1) Let J = (a, b) be a complementary to B interval. Then we may assume that
J ⊂ I. Suppose for the sake of definiteness that the period of I is m and consider
the almost conjugacy ϕ between f m |I and a mixing map g : [0, 1] → [0, 1]. Then
ϕ(J) = {x} is a point. If x is not (pre)periodic for g then J is wandering, a contradiction.
So, x is (pre)periodic for g which implies that J is eventually mapped into a periodic
complementary to B interval K. Since endpoints of complementary to B intervals are
mapped into endpoints of complementary to B intervals by Theorem 2.5 (1) we see that
endpoints of J are (pre)periodic.
(2) Suppose that ω(x) ⊂ B(cyc(I)) is infinite. Then for some k we have f k (x) ∈ I. If
k
f (x) ∈ J where J is a complementary to B interval then by (1) x is eventually mapped
into a periodic complementary to B interval. Since the limit set of x is contained in B
then ω(x) is contained in the union of the endpoints of the intervals from cyc(K) which
contradicts the fact that ω(x) is infinite. Also, by (1) all endpoints of complementary
to B intervals are (pre)periodic, so f k (x) cannot be such an endpoint because ω(x) is
infinite.
(3) If the claim fails then there is a semi-neighborhood V of x and a sequence of
integers Ni → ∞ such that |f Ni (V )| ≤ ε. Choose closed subintervals of f j (I) for all
0 ≤ j ≤ n so that the length of any such subinterval is greater than ε. By Theorem 2.5 (5)
for some k and all m ≥ k the set f m (V ) contains at least one of these subintervals and
therefore has length greater than ε; a contradiction.

Theorem 2.7 (cf. [BM2]). If f has no wandering intervals then any super persistently
recurrent point c of f has minimal limit set.
Remark. In [BM2] we prove the same statement under the assumption that the point c
is a turning point of f . The main reason for such restriction was that we only needed the
result for turning points; in what follows we get rid of this restriction for maps without
wandering intervals.
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Proof of Theorem 2.7. First of all notice that if c is a periodic point or belongs to a
solenoidal set then ω(c) is indeed minimal. Thus we may assume from the very beginning that c has an infinite limit set which is not solenoidal. By Theorem 2.5 (6) then
ω(c) ⊂ B(cyc(I)) for some basic set B(cyc(I)). Since c is recurrent we conclude that
c ∈ B. Moreover, by Corollary 2.6 (2) no point of the orbit of c is an endpoint of a
complementary to B interval.
We claim that c can be approximated from both sides by the preimages of any point
a from the interior of I. Indeed, since c ∈ B is not an endpoint of a complementary to
B interval then any semi-neighborhood of c is non-disjoint from B. By Theorem 2.5 (5)
images of this semi-neighborhood cover a which proves our claim.
Our aim is to construct an arbitrarily small nice neighborhood of c. First observe that
considering small neighborhoods U of c we may assume that there is a lot of periodic
points with pairwise disjoint orbits which do not enter U . Indeed, by Theorem 2.5 (4) B
is contained in the closure of the set of periodic points of f , so there are a lot of periodic
points in B. We can choose several such points and then choose U to be disjoint from
the union of their orbits. Now, take a periodic
Sn point a ∈ I. By the previous paragraph
for n sufficiently large there are points of i=0 f −i (a) in U at both sides of c very close
to c. Choose the closest ones from both sides, x < c < y; we may assume that the orbit
of a is disjoint from [x, y].
The neighborhood (x, y) of c is nice unless one of the points x, y is an image (under
some iterate of f ) of the other one. In this case choose a periodic point b whose orbit is
disjoint from both the orbit of a and the set [x, y]. Take the minimal k such that f −k (b)
intersects (x, y). If f −k (b) intersects (x, c), replace x by the element of f −k (b) closest
to c; similarly for (c, y) and y. The new neighborhood of c is nice. This is clear if we
replaced only one of the points x, y. If we replaced both of them, the endpoints of the
new neighborhood belong to G−k (b) with the same k. However, in this case none of
them can be an image of the other one under any iterate of f because otherwise the orbit
of b would not be disjoint from (x, y).
On the other hand it is proven in [BM2] that c has arbitrarily small smart neighborhoods. We complete the proof by applying Theorem 2.4 to the point c.

A set A will be called C-super persistently recurrent if for some C-super persistently
recurrent point x ∈ A we have ω(x) = A. In view of the next proposition, it does not
matter which point x ∈ A we choose.
Proposition 2.8 ([BM2]). Let f have no wandering intervals and C be a set of exceptional points. Let X ⊂ [0, 1] be an infinite minimal set for f . Then either every point of
X is C-super persistently recurrent or no point of X is C-super persistently recurrent.
So far in Sect. 2 we have stated standard facts concerning chains or useful for us
results from [BM2]. The next lemma establishes invariance of the sets E(f ) and Ek,ε (f ).
By Cr(f ) we denote the union of all big orbits of the set of all exceptional points of f
(that is of all their images and preimages).
Lemma 2.9. The set Ek,ε (f ) \ Cr(f ) is invariant and the set E(f ) is fully invariant.
Proof. This follows from the fact that if (Gi )li=0 is a chain of intervals of order m then

the order of the chain (Gi )li=1 is either m or m − 1.
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3. Distortion Lemmas
Normally, one defines the Schwarzian (or Schwarzian derivative) of a function f of class
C 3 as Sf = f 000 /f 0 − (3/2)(f 00 /f 0 )2 . It is defined outside the set Cr(f ). Then negative
Schwarzian means Sf < 0 at all non-critical
points. As can be easily checked, this
p
0
implies strict convexity of the function 1/ |f | on each component of the complement
of the set Cr(f ), which requires only C 1 smoothness. Moreover, it is well known that
distortion properties similar to those of maps f of class C 3 with Sf < 0 away from
critical points hold for the maps of class C 1 described above as well. Thus we adopt
this property as the definition of negative Schwarzian maps as was done in [BM2]:
a
p
negative Schwarzian map is a map of class at least C 1 such that the function 1/ |f 0 | is
strictly convex on each component of the complement of the set Cr(f ). The space of all
2
will be denoted by S. Note that we allow critical
negative Schwarzian maps from Cnf
inflection points.
Some uniform estimates on distortion can be made for all negative Schwarzian
diffeomorphisms. Also, iterates of negative Schwarzian maps have negative Schwarzian
as well. This allows one to estimate distortion of an iterate of a negative Schwarzian map
restricted to an interval where it has no critical points. Estimates of distortion for one
iterate of a map in the presence of a critical point are necessary too. Since the “one-step”
estimates can be made without negative Schwarzian assumptions, in Lemmas 3.1–3.3
2
.
we consider general maps from the class Cnf
We need some notions. The density of a set X in an interval I is
ρ(X|I) =

|X ∩ I|
.
|I|

In the probability theory it is called conditional measure, but we prefer a more geometrical name density.
As in [BM1], we introduce a function r : [0, 1]2 → R ∪ {∞} as follows:
r(x, y) =

|f (x) − f (y)|
|x − y| |f 0 (x)|

if x 6= y, and r(x, x)=1 and call the infimum of r(x, y) over the pairs of points x, y from
the same lap the shrinkability of f . We denote it s (f ) (“s ” is a shrunken “s”). It is proven
2
have non-zero shrinkability.
in [BM1] that maps from Cnf
Let us now state our first distortion lemma.
2
, X is a measurable set and I is an interval such that
Lemma 3.1. Assume that f ∈ Cnf
f is monotone on I. Then

ρ(X|I) ≥ ρ(f (X)|f (I)) s (f ).
Proof. If I = [a, b] and a < x < b then by the definition of s (f ) we have
|f (b) − f (x)| ≥ s (f )|f 0 (x)| |b − x|
and
Hence,

|f (x) − f (a)| ≥ s (f )|f 0 (x)| |x − a|.
|f (I)| |f (b) − f (a)|
=
≥ s (f )|f 0 (x)|.
|I|
|b − a|
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This holds for every x ∈ (a, b), so taking into account that |f (X ∩ I)|/|X ∩ I| is the
mean value of |f 0 (x)| over X ∩ I, we get
|f (X ∩ I)|
|f (I)|
≥ s (f )
.
|I|
|X ∩ I|
This inequality is equivalent to the one we wanted to prove.



The next lemma relies upon Lemma 3.1. To state it we need the following definitions.
A point x ∈ I is said to be η-centered in an interval I if the distance of x from the
boundary of I is η|I| or larger. An interval K ⊃ I is said to be a δ-scaled neighborhood
of I if the distance of both endpoints of K from I is at least δ|I|.
2
. Then there exists a positive constant ξ (depending only on f )
Lemma 3.2. Let f ∈ Cnf
0
such that if I is a regular component of the preimage of an interval I, x ∈ I 0 , and f (x)
is η-centered in I then:

(1) the point x is ξη-centered in I 0 ;
(2) if a set A has density at least α in both components of I \ {f (x)} then f −1 (A) has
density at least ξηα in both components of I 0 \ {x}.
Proof. If f is monotone on I 0 , by Lemma 3.1 both (1) and (2) hold with ξ = s (f )
(observe that η ≤ 1/2).
Assume now that f is unimodal on I 0 . Let I = [a, b] and I 0 = [a0 , b0 ]. Without loss
of generality we may assume that f (a0 ) = f (b0 ) = a and that there is c0 ∈ (a0 , b0 ) such
that f is increasing on [a0 , c0 ] and decreasing on [b0 , c0 ]. Set c = f (c0 ).
Recall that for τ = τc0 we have 1/R ≤ |τ 0 | ≤ R, where R = R(f ) depends only on f .
Since τ ([a0 , c0 ]) = [c0 , b0 ] and τ ([c0 , b0 ]) = [a0 , c0 ], we get 1/R ≤ |c0 − a0 |/|b0 − c0 | ≤ R.
Therefore |c0 − a0 |/|I 0 | ≥ 1/(R + 1) and similarly |b0 − c0 |/|I 0 | ≥ 1/(R + 1).
Assume that x ∈ I 0 and f (x) is η-centered in I. Without loss of generality we may
assume that x ∈ [a0 , c0 ]. We have |f (x) − a| ≥ η|I| ≥ η|c − a|, so by Lemma 3.1 and
the preceding paragraph we get
|x − a0 | ≥ s (f )η|c0 − a0 | ≥

s (f )

R+1

η|I 0 |.

On the other hand (since s (f ) ≤ 1 and η ≤ 1),
|x − b0 | ≥ |b0 − c0 | ≥

s (f )
1
|I 0 | ≥
η|I 0 |.
R+1
R+1

This means that (1) holds in this case with ξ = s (f )/(R + 1).
Assume now that a set A has density at least α in [a, f (x)]. Then by Lemma 3.1
f −1 (A) has density at least s (f )α in both [a0 , x] and [τ (x), b0 ]. Since f (τ (x)) = f (x),
by the preceding paragraph the point τ (x) is η s (f )/(R + 1)-centered in I 0 , and hence
η s (f )
|b0 − τ (x)|
|b0 − τ (x)|
≥
≥
.
|b0 − x|
|I 0 |
R+1
Therefore f −1 (A) has density at least αη(s (f ))2 /(R + 1) in [x, b0 ]. This means that (2)
holds in this case with ξ = (s (f ))2 /(R + 1).

Thus, the whole lemma holds with ξ = (s (f ))2 /(R + 1).
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2
Lemma 3.3. Let f ∈ Cnf
. Then there exists a positive constant ζ < 1 (depending only
on f ) such that if I 0 is a regular component of the preimage of the interval I, J is an
interval such that I is its δ-scaled neighborhood with δ ≤ 1, and J 0 is a component of
(f |I 0 )−1 (J), then I 0 is a ζδ-scaled neighborhood of J 0 .

Proof. In the monotone case from Lemma 3.1 it follows that I 0 is a δ 0 -scaled neighborhood of J 0 , where
δ
δ0
.
= s (f )
1 + δ0
1+δ
Since δ ≤ 1, we get δ 0 ≥ s (f )δ/2, so we can take ζ = s (f )/2 in this case.
Assume now that f is unimodal on I 0 and use the same assumptions and notation
as in the preceding proof. Suppose first that f (c0 ) does not belong to J 0 . Then we may
assume that J 0 = [d0 , e0 ] ⊂ [a0 , c0 ] and then we get (as in the monotone case)
s (f )
|d0 − a0 |
≥
δ.
0
|J |
2

On the other hand,
|b0 − c0 | |τ ([c0 , a0 ])|
1
δ
|b0 − e0 |
≥
=
≥
≥ .
0
0
0
0
0
|J |
|c − a |
|[c , a ]|
R
R
Hence, in this case we can take ζ = min(s (f )/2, 1/R).
Suppose now that f (c0 ) belongs to J 0 = [d0 , e0 ]. Then f ([d0 , c0 ]) = f ([c0 , e0 ]) = J,
so by the preceding case I 0 is a min(s (f )/2, 1/R)δ-scaled neighborhood of both [d0 , c0 ]
and [c0 , e0 ]. However, |c0 − d0 | ≥ |J 0 |/(R + 1) and |e0 − c0 | ≥ |J 0 |/(R + 1), so I 0 is a
min(s (f )/2, 1/R)δ/(R + 1)-scaled neighborhood of J 0 . Hence we can take in this case

(and in all cases) ζ = min(s (f )/2, 1/R)/(R + 1).
So far we have proven one step distortion lemmas which apply to f but not to its
iterates. The famous Koebe Lemma fills this gap. Unlike Lemmas 3.1–3.3, it applies
only to maps of negative Schwarzian and only if the interval contains no critical points
in its interior. However, the estimates of the distortion do not depend on the map, which
allows us to apply them to iterates of maps and makes the lemma very important. We
state it in a form equivalent to the one from [BM2].
Koebe Lemma. If I is an interval, h : I → R is a negative Schwarzian map without
critical points in the interior of I, and J ⊂ I is an interval such that h(I) is a δ-scaled
neighborhood of h(J) then:
(1) for every points x, y ∈ J we have
h0 (x)
≤
h0 (y)



1+δ
δ

2
;

(2) the interval I is a δ 3 /(2(3δ + 2)2 )-scaled neighborhood of J.
The next lemma shows what consequences similar to Lemma 3.2 can be drawn from
the Koebe Lemma.
Lemma 3.4. If I is an interval, h : I → R a negative Schwarzian map without critical points in the interior of I, and J ⊂ I an interval such that h(I) is a δ-scaled
neighborhood of h(J) then:
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(1) if x ∈ J and h(x) is η-centered in h(J) then x is (δ/(1 + δ))2 η-centered in J;
(2) for any measurable set A,
ρ(f

−1


(A)|J) ≥

δ
1+δ

2
ρ(A|f (J)).

Proof. From the Koebe Lemma it follows that s (f |J ) ≥ (δ/(1 + δ))2 . Now (2) follows
from this and Lemma 3.1 and (1) follows from (2).

The next lemma is a distortion lemma for chains, which we will use in the next
section. The Koebe Lemma shows that within segments of a chain which consist of
intervals containing no critical points the distortion of the map remains bounded on
smaller intervals. Therefore to estimate the distortion in the entire chain it is important
to know how many intervals containing critical points it includes. Thus from now on we
always consider maps f with the set of exceptional points C = Cr(f ), and estimate the
distortion of a map along a chain provided that the order of the chain is known. Note
that due to our definition of chain and Lemma 2.1 we do not have to include 0 and 1 in
the set of exceptional points. If chains (Gi )li=0 and (Hi )li=0 are such that Gi ⊃ Hi for
every i then we say that the chain (Gi )li=0 contains the chain (Hi )li=0 and denote this by
(Gi )li=0 ⊃ (Hi )li=0 .
Lemma 3.5. Assume that f ∈ S, ν is a natural number, δ ≤ 1, α and η are positive
numbers. Then there exist positive numbers γ ≤ 1, ϑ and β (all of them depending on f ,
ν and δ; additionally ϑ depends on η, and β depends on η and α), such that whenever
(Gi )li=0 ⊃ (Hi )li=0 are chains of order ν or smaller and Gl is a δ-scaled neighborhood
of Hl , the following holds:
(1) G0 is a γ-scaled neighborhood of H0 ;
(2) if x ∈ H0 and f l (x) is η-centered in Hl then x is ϑ-centered in H0 ;
(3) if x is as above and the density of a set A in both components of Hl \ {f l (x)} is at
least α then the density of f −l (A) in both components of H0 \ {x} is at least β.
Proof. We decompose our chain (Gi )li=0 into 2ν + 1 (or less) pieces. Each piece corresponds either to f restricted to some Gi that contains one exceptional point (Case 1) or
to an iterate f j restricted to Gi such that there is no exceptional point of f j in Gi and
f j |Gi has negative Schwarzian (Case 2).
We go back along the chain piece by piece, using inductively appropriate statements
of Lemmas 3.2 and 3.3 in Case 1, and of the Koebe Lemma and Lemma 3.4 in Case 2.
In this way when we get to G0 and H0 , we obtain (1)–(3) for some constants γ, β and
ϑ. In order to have these constants independent of the choice of chains (for given chains
we may have a decomposition into less than 2ν + 1 pieces) we have to apply alternately
Case 2 and Case 1, together 2ν + 1 times, starting with Case 2.


4. Super Persistent Recurrence of Wild Attractors
In this section we consider maps from our class S with the set of exceptional points
coinciding with the set of critical points Cr(f ). We study wild attractors and specify the
dynamics on them. The main result of this section is that they are Cr-super persistently
recurrent.
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We begin with a simple observation. By Theorem 2.5 (6) limit sets of points for
interval maps are either periodic orbits, or are contained in solenoidal sets, or are contained in basic sets. The definitions imply that wild attractors are subsets of basic sets.
Since by Theorem 1.2 a wild attractor A is the limit set of a recurrent critical point c we
may assume that c ∈ A ⊂ B, where B is a basic set.
Now we need a number of standard definitions from ergodic theory which we include
here for the sake of completeness. Let T be a nonsingular map on (X, B, µ) (the measure
µ here is finite but not assumed to be invariant). The set D ⊂ X is called fully invariant
if T −1 (D) = D. The map T is said to be ergodic if all its fully invariant sets have
either measure 0 or full measure. The map T is called conservative if for any set R of
positive measure there exists n such that T n (R) ∩ R 6= ∅; the map T is conservative on
its invariant set D if T |D is conservative in the above sense. The map T is said to be
purely dissipative if there
T are no invariant subsets on which it is conservative. The map
T is said to be exact if n≥0 T −n (B) contains only sets of measure 0 or µ(X). Clearly,
if a map is exact then it is ergodic.
A useful tool in studying exactness is lim sup full sets and maps introduced by Julia
Barnes in [Ba]. Let T be a nonsingular map on (X, B, µ). A set Y ⊂ X is called lim
sup full provided lim sup T n (Y ) = µ(X). The map T is said to be lim sup full if every
subset of positive measure is lim sup full. In her paper [Ba] Barnes proved the following
theorem (the theorem is proven under the assumption that the map T is a non-singular
d-to-1 map but the same argument goes through in a more general situation).
Theorem 4.1 ([Ba]). Let T : X → X be a non-singular surjective map that is lim sup
full with respect to a finite measure µ. Moreover, suppose that there exists a partition
of X into finitely many subsets on each of which T is one-to-one. Then T is exact (and
therefore ergodic) and conservative.
Sm−1
Remark. If X = i=0 Xi , T (Xi ) = Xi+1 for all i and pairwise intersections of the
sets {Xi } have zero µ-measure then one can consider the question of whether T m |Xi
is lim sup full for all i. It is easy to see (we leave verification to the reader) that then if
T m |Xi is lim sup full for some i then T m |Xi is lim sup full for all i and exact, while
T : X → X is ergodic and conservative.
In the sequel T will be our interval map f , B will be the σ-field of all Borel subsets
of [0, 1], and µ will be the Lebesgue measure.
In the following lemma we establish a sufficient condition for the restriction of a
map f to its basic set to be lim sup full. A point y is said to be a point of semi-density
of a set X if for components I − , I + of the set I \ {y}, where I is an interval centered at
y we have max(ρ(X|I − ), ρ(X|I + )) → 1 as |I| → 0.
Lemma 4.2. Let B = B(cyc(I)) be a basic set of a map f ∈ S, where I is of period m.
Then the following holds.
(1) Suppose that a point y ∈ E(f )∩B ∩I is a point of semi-density of some set X ⊂ B.
Then X is lim sup full for f m |I (in particular if X is invariant then X = cyc(I) up
to a set of measure zero).
(2) Suppose that the set Y = E(f )∩B is of positive measure. Then B = cyc(I), f m |f j (I)
is lim sup full for any j, and thus f m |f j (I) is exact and f |cyc(I) is ergodic and
conservative. Moreover, then there exist k and ε > 0 such that Ek,ε (f ) ∩ cyc(I) =
cyc(I) up to a set of measure zero.
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Proof. (1) We may assume that X ⊂ I. Since y ∈ E(f ), there exists a sequence
of integers ni → ∞ and a number ε > 0 such that the pull back chain of the 4εneighborhood of f ni (y) along y, . . . , f ni (y) has order at most k. Choosing a subsequence
we may assume that f ni (y) → z and |f ni (y)−z| < ε for all i. Then the pull back chains
of the 3ε-neighborhood G of z along y, . . . , f ni (y) have order at most k. Together with
these chains we consider the pull back chains of the 2ε-neighborhood H of z along
y, . . . , f ni (y), whose first interval we denote by H0i . Observe that ε above may be
chosen sufficiently small; in particular we can choose it smaller than the one half of the
minimal length of the intervals from cyc(I). Then Corollary 2.6 (3) applies, so we see
that |H0i | → 0 as ni → ∞.
First we prove that for some semi-neighborhood U of z and a subsequence of iterates
ni the measure of the sets U \ f ni (X) converges to 0. Let us check if appropriate claims
of Lemma 3.5 can be applied to the two constructed pull back chains. Observe that G is
a 1/4-scaled neighborhood of H and that the orders of the pull back chains of G along
y, . . . , f ni (y) are at most k. Also, all points f ni (y) are 1/4-centered in H. Hence we
can apply Lemma 3.5 with ν = k, δ = 1/4 and η = 1/4. We set Ai = [0, 1] \ f ni (X)
and suppose that there is α > 0 such that for all i the set A on both components of
H \ {f ni (y)} has density greater than α.
By Lemma 3.5 there are positive constants ϑ and β such that for all i the point y is
ϑ-centered in H0i and the density of f −ni (Ai ) in both components of H0i \ {y} is at least
β. Let si ≤ ti be the lengths of the components of H0i \ {y}. Set Wi = [y − ti , y + ti ].
Since y is ϑ-centered in H0i , we have si /(si + ti ) ≥ ϑ, and hence si /ti ≥ ϑ/(1 − ϑ).
The density of f −ni (Ai ) in the component of Wi which is also a component of H0i \ {y}
is at least β; in the other component it is at least βsi /ti ≥ βϑ/(1 − ϑ). Since ϑ ≤ 1/2,
we have ϑ/(1 − ϑ) ≤ 1, so the density of f −ni (Ai ) in each half of Wi is at least
βϑ/(1 − ϑ). The set f −ni (Ai ) is disjoint from X. Since |H0i | → 0, we have ti → 0, and
this contradicts the fact that y is the point of semi-density of X.
Hence, after choosing a subsequence and without loss of generality we may assume
that the density of f ni (X) on the left component V = [a, f ni (y)] of H \ {f ni (y)}
approaches 1. Since f ni (y) → z we see that the density of f ni (X) on [a, z] approaches
1. This proves our claim for U = [a, z].
Now, by Theorem 2.5 (5) there exists j0 such that |I \ f mj (U )| is arbitrarily small
for all j ≥ j0 . This means that the measure of f mj+ni (X) can be made arbitrarily close
to that of I with the appropriate choice of j and i (choose j first and i next), and thus
that X is lim sup full for f m |I . This completes the proof of (1).
(2) Let us apply (1) to the set X = Y . Then Y = cyc(I) up to a set of measure zero,
and since Y ⊂ B we have B = cyc(I). Moreover, E(f ) has full measure in I. We can
now apply (1) to an arbitrary subset X of E(f ) ∩ I of positive measure. We see that X
is lim sup full for f m |I . Since this holds for all positive measure sets X, we conclude
that the map f m |I is lim sup full. Therefore by Theorem 4.1 and the remark after it
f m |f j (I) is exact for 0 ≤ j ≤ m − 1 and f |cyc(I) is ergodic and conservative. The rest of
the statement follows now easily from the invariance of sets (Ek,ε (f ) \ Cr(f )) ∩ cyc(I)
(Lemma 2.9) and ergodicity of f |cyc(I) .

It remains to consider a basic set B with |E(f ) ∩ B| = 0, which is exactly the
situation where wild attractors appear. We do this in a sequence of lemmas.
Lemma 4.3. Let A be a wild attractor contained in a basic set B = B(cyc(I)). Then
for very ε > 0 there exists an invariant nowhere dense set X ⊂ B, contained in the
ε-neighborhood of A, such that |X| > 0 and all points z with ω(z) = A are eventually
mapped into X.
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Proof. We may assume that ε > 0 is so small that the compact ε-neighborhood U of A
does not cover cyc(I). To see that, recall that wild attractors are always nowhere dense
by the definition. Consider the set X = {x : x ∈ B, the orbit of x is contained in U and
ω(x) = A}. For any point z such that ω(z) = A there is j0 such that f j (z) ∈ U for all
j ≥ j0 . By Corollary 2.6 (2) there is j ≥ j0 such that f j (z) ∈ B. Therefore f j (z) ∈ X.
Since the realm of exact attraction of A has positive measure, it follows that |X| > 0.
Clearly, X is invariant.
Let us show that X ⊂ B is nowhere dense in cyc(I). This is obvious if B itself is a
nowhere dense subset of cyc(I). Otherwise B = cyc(I) and by Theorem 2.5 (2) f |cyc(I)
is transitive. Hence, if x ∈ X then the orbit of every neighborhood of x intersects
cyc(I) \ U . Therefore X is nowhere dense.

We need an important estimate on the density of X.
Lemma 4.4 ([L2]). Let x be a point of density of an invariant set X absorbed by a basic
set B. Then any point of ω(x) is a point of semi-density of X.
Now we are ready to prove the main result of this section.
Theorem 4.5. Let A be a wild attractor of a map f ∈ S. Then A is Cr-super persistently
recurrent.
Proof. By Theorem 1.2 we may assume that A = ω(c), where c is a recurrent critical
point. Let X be the set from Lemma 4.3. By Lemma 4.4 c is a point of semi-density of
X. Thus, if c is not Cr-super persistently recurrent then by Lemma 4.2 (1) X = cyc(I)
up to a set of measure zero, while on the other hand it is nowhere dense in cyc(I) by
Lemma 4.3, a contradiction.

The following theorem unites Lemma 4.2, Theorem 4.5 and some new arguments,
thus giving a fuller description of Milnor attractors which are neither periodic orbits
nor solenoidal sets. Note that if an attractor A is contained in a basic set B then since
| rl(A)| > 0 and by Corollary 2.6 (2) the measure of B is positive.
Theorem 4.6. For every f ∈ S and a primitive attractor A that is neither a periodic
orbit nor a solenoidal set, one of the following holds.
(1) The attractor A is wild. Then A = ω(c) for some Cr-super persistently recurrent
critical point c. Furthermore, A is contained in a basic set B(cyc(I)) such that f |B
is purely dissipative, |A| = 0, and almost all points of B are Cr-super persistent.
(2) The attractor A is equal to B(cyc(I)) = cyc(I) and if I is of period m then f m |f j (I)
is exact for 0 ≤ j ≤ m − 1 and f |cyc(I) is ergodic and conservative. Moreover, there
exist k and ε > 0 such that Ek,ε ⊃ cyc(I) up to a set of measure zero.
Proof. Let A be an attractor which is neither a periodic orbit nor a solenoidal set. By
Theorem 2.5 (6) there is a basic set B = B(cyc(I)) such that A ⊂ B. If |E(f ) ∩ B| > 0
then by Lemma 4.2 (2) we have the case (2).
Suppose that |E(f ) ∩ B| = 0 (that is, almost every point of B is Cr-super persistent)
and show that this corresponds to the case (1) of the theorem. First we claim that in
this case the set of recurrent points of f |B whose limit set is not minimal is of zero
measure. Indeed, if the set of such recurrent points is of positive measure then almost all
of them are not in E(f ) and thus are Cr-super persistently recurrent which by Theorem
2.7 implies that their limit sets are minimal, a contradiction. In particular, the set of
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points with the orbit dense in B is of zero measure (by Theorem 2.5 (1), B cannot be
minimal). Therefore A cannot coincide with B and is a wild attractor.
Let us prove the rest of the statements of claim (1) of the theorem. The fact that
|A| = 0 follows from the results of [Va] (note that we actually need a weaker version of
results of [Va], since we apply them only in the negative Schwarzian case for which a
significant part of the arguments from [Va] can be omitted).
It remains to show that f |B is purely dissipative, i.e. that there are no invariant
subsets of B of positive measure on which f is conservative. To do this notice that by
Theorem 1.2 there are finitely many primitive attractors Ai , 0 ≤ i ≤ k such that for
almost every point x ∈ B the set ω(x) is one of them. Since |E(f ) ∩ B| = 0, all of them
are wild. Now, suppose
Sthat D ⊂ B is a set such that f |D is conservative and show that
then it is contained in Ai modulo a set of measure zero. Indeed, otherwise there exist
a number
ε > 0 and a set D0 ⊂ D of positive measure disjoint from the ε-neighborhood
S
of Ai . By choosing a subset we may assume that D0 consists of points z such that
ω(z) = A0 . Consider the set X constructed in Lemma 4.3 for this ε. By Lemma 4.3
all points of D0 are eventually mapped into X and therefore will only be mapped into
D0 finitely many times. On the other hand by the Poincaré Recurrence Theorem if a
conservative then almost all points of D0 return to D0 infinitely many times.
map f |D isS
Thus D ⊂ Ai . However then by the results of [Va] quoted above we have |D| = 0, a
contradiction.

5. Markov Maps
Consider in more detail the case (2) of Theorem 4.6. We want to strengthen the last
property of the attractor A = cyc(I) according to which cyc(I) ⊂ Ek,ε up to a set of
measure zero. This means that for almost every point of cyc(I) we can find a large n
and a neighborhood V of f n (x), “big” on both sides of f n (x), which can be pulled back
with small order. Our stronger version of this property says that we can find V which is
independent of x and n, and the order of the pull-back is 0. Moreover, we can choose V
as a neighborhood of any given point outside some finite set. Since in the weaker version
f n (x) is the midpoint of V , we mimic this property in the stronger version. Thus, we will
not only specify V , but also its subinterval U and require that f n (x) ∈ U . This allows
us to construct Markov maps introduced in the unimodal case by Martens in [Ma] and
shows that the results of that paper related to Markov maps can be deduced from ours.
To simplify notation, assume that the period of I is 1. The arguments can be repeated
for any period almost literally. A map g : I → I is called topologically exact if for every
interval J ⊂ I there is n with g n (J) = I. Theorem 2.5 (5) implies that f |I is topologically
exact since the endpoints of I are images of some critical points from the interior of I
(otherwise there would be an invariant proper subinterval of I). We start with a simple
lemma.
Lemma 5.1. Let f : I → I be topologically exact. Then for every ξ > 0 there exists
N (ξ) such that every subinterval of I of length ξ is mapped by f N (ξ) onto I.
Proof. If the lemma is false then we can find (by compactness of I) a subinterval of I
that is not mapped onto I by arbitrarily large iterates of f , contrary to the exactness of f .

To state the next proposition we need the following notation. Let CN (f ) be the set
of all critical points of f N and the endpoints of the interval on which f is defined. Let
YN (f ) = f N (CN (f )).
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Proposition 5.2. Let f ∈ S be topologically exact on an invariant interval I. Assume
also that I ⊂ Ek,ε0 for some k and ε0 > 0 up to a set of measure zero. Then I ⊂ E0,ε
for some ε > 0. Moreover, there is N such that for every pair of intervals U, V disjoint
from the finite set Y = YN (f |I ) ⊂ I and such that U is contained in the interior of V ,
for almost every x ∈ I there exists an arbitrarily large n such that f n (x) ∈ U and the
pull-back of V along x, . . . , f n (x) has order 0.
Proof. By Lemma 5.1 there exists N = N (ε/2k+1 ) such that every subinterval I of
length ε/2k+1 is mapped by f N onto I. Fix intervals U, V disjoint from Y and such that
U is contained in the interior of V . If J is a subinterval of I of length ε/2k+1 then it is
mapped by f N onto I, and thus there is an interval K ⊂ J such that f N (K) = V . Note
that since V is disjoint from Y , we can choose K that is contained in the interior of J.
Denote by Dn the set of all points x ∈ I for which there exists l > n such that f l (x) ∈
U and the pull-back of V along x, . . . , f l (x) has order 0. The set Dn is measurable. We
show that it has full measure in I. Otherwise, there exists y ∈ Ek,ε which is a point of
density of the complement of Dn . Thus, it is enough to show that there are arbitrarily
small neighborhoods of every y ∈ Ek,ε in which the density of Dn is larger than some
fixed β > 0.
Fix y ∈ Ek,ε . There is an arbitrarily large t > n such that Gt = [f t (y) − ε, f t (y) + ε]
can be pulled back along y, . . . , f t (y) with order at most k. Let the corresponding chain
be (G0 , . . . , Gt ). Also, let G0t = [f t (y) − ε/2, f t (y) + ε/2]. The map f t has at most
2k − 1 critical points in G0 . Hence, there are intervals W1 ⊂ [f t (y) − ε/2, f t (y)] and
W2 ⊂ [f t (y), f t (y) + ε/2] of length ε/2k+1 whose interiors are disjoint from Yt (f |G0 ).
Thus, every component of f −t (Wi ) contained in G0 is mapped by f t onto Wi and there
are no critical points of f t in its interior. Also, since the endpoints of G0 are mapped
by f t to the endpoint(s) of Gt , each point of f −t (Wi ) ∩ G0 is contained in one of these
components.
Now we can choose intervals Ri contained in the interior of Wi (for i = 1, 2) which
are mapped by f N onto V . Since V is disjoint from Y = f N (C), there are no critical
points of f N in R1 or R2 . Let Qi be the subinterval of Ri that is mapped by f N onto U
for i = 1, 2. The sets Q1 and Q2 are two of the finitely many components of f −N (U ).
Thus, |Qi | ≥ δ, where δ is the minimum length of these components. Let (G00 , . . . , G0t )
be the pull-back chain of G0t along y, . . . , f t (y). Since G0t is 1/2 centered in Gt , the
point f t (y) is 1/2 centered in G0t and the density of Q = Q1 ∪ Q2 in G0t is at least 2δ/ε,
by Lemma 3.5 there exists β > 0, depending only on δ and ε, such that the density
of f −t (Q) in G00 is at least β. By the construction, for every x ∈ f −t (Q) we have
f t+N (x) ∈ U ⊂ V and the pull-back of V along x, . . . , f t+N (x) has order 0. Thus,
f −t (Q) ⊂ Dn . By Lemma 5.1, |G00 | can be made arbitrarily small by taking sufficiently
large t. This completes the proof that Dn has full measure.
The intersection of all sets Dn , n ≥ 0 has also full measure and every point x from
this intersection has the desired property.

Note that f in Proposition 5.2 has no periodic critical points. Therefore there is at
least one critical point which is not an eventual critical image. Denote this point by c.
Then c ∈
/ Y and therefore we can choose as intervals U, V small neighborhoods of
c. By Proposition 5.2 for almost every point x ∈ U there exists n(x) and a pair of
neighborhoods W 0 (x) ⊂ W 00 (x) such that f n(x) maps W 00 (x) onto V , has no critical
points in the interior of W 00 (x) and f n(x) (W 0 (x)) = U . By the Koebe Lemma the quotient
|(f n )0 (y)|/|(f n )0 (z)| is bounded from above for any y, z ∈ W 0 (x) by a constant which
depends only on U and V . Choosing nice neighborhoods of c we see that the map T
defined as f n(x) on intervals W 0 (x) is exactly the so-called Markov map defined in [Ma]
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in the unimodal case. Therefore the results of [Ma] related to Markov maps indeed follow
from Theorem 4.6 and Proposition 5.2. Replacing the second part of Theorem 4.6 by
Proposition 5.2 we finally get Theorem 5.3.
Theorem 5.3. For every f ∈ S and a primitive attractor A that is neither a periodic
orbit nor a solenoidal set, one of the following holds.
(1) The attractor A is wild. Then A = ω(c) for some Cr-super persistently recurrent
critical point c. Furthermore, A is contained in a basic set B(cyc(I)) such that f |B
is purely dissipative, |A| = 0, and almost all points of B are Cr-super persistent.
(2) The attractor A equals B(cyc(I)) = cyc(I) and if I is of period m then f m |f j (I) is
exact for 0 ≤ j ≤ m − 1, f |cyc(I) is ergodic, conservative and cyc(I) ⊂ E0,ε for
some ε > 0 up to a set of measure zero (almost all points of A are Cr-reluctant).
Moreover, there exists a finite set Y ⊂ I such that:
(a) Cr(f ) ∩ I 6⊂ Y ;
(b) for any two intervals U ⊂ int(V ) disjoint from Y and for almost every x ∈ I
there is an arbitrarily large n and two intervals x ∈ W 0 ⊂ W 00 such that f n |W 00
has no critical points, f n (W 00 ) = V and f n (W 0 ) = U .
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