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1 | INTRODUCTION

We have seen the success of the matrix SVD for several decades. However, in the advent of modern and massive data
sets, even SVD has its limitation. Because tensors have been known to be a natural representation of higher-order and
hierarchical dimensional data sets, we focus on the extension of low-rank matrix approximation to tensors. Tensors have
received much attention in the recent years in the areas of signal processing,!~> computer vision,*’ neuroscience,®® data
science, and machine learning.*”1%!! Most of these applications rely on decomposing a tensor data into its low-rank form
to be able to perform efficient computing and to reduce memory requirements. This type of tensor decomposition into a
sum of rank-one tensor terms is called the canonical polyadic (CP) decomposition; thus, it is viewed as a generalization
of the matrix SVD. The generalization of matrix SVD to tensors is not unique. Another tensor decomposition is called
the higher-order SVD,!*1213 which is a product of orthogonal matrices with a dense core tensor. A reduced higher-order
SVD!3 computes for the low-rank approximation to the R-term input with a large number of terms such that the SVD
applies only to the factor matrices. Higher-order SVD is considered as another extension of the matrix SVD.

Unlike the matrix case where the low-rank matrix approximation is afforded by truncating away small rank-one
matrix terms,'* discarding negligible rank-one tensor terms does not necessarily provide the best low-rank tensor
approximation.!> Moreover, most low-rank tensor algorithms do not provide an estimation on the tensor rank; an a priori
tensor rank is often required to find the decomposition. Several theoretical results'®!” on tensor rank can help, but they
are limited to low multidimensional and low-order tensors so they are inapplicable to tensors in real-life applications. In
fact, for a real data set, tensor rank is important. In a source apportionment data problem,'® the tensor rank of the data
provides the number of pollution source profiles to be identified. In this work, the focus is on finding an estimation of the

Numer Linear Algebra Appl. 2018;25:€2136. wileyonlinelibrary.com/journal/nla Copyright © 2017 John Wiley & Sons, Ltd. | 10f17
https://doi.org/10.1002/nla.2136


https://doi.org/10.1002/nla.2136
http://orcid.org/0000-0001-9540-5366

20f17 WANG AND NAVASCA
WILEY

tensor rank and its rank-one tensor decomposition (CP) of a given tensor. There are several numerical techniques!->1%:1%-20

for approximating a kth rank tensor into its CP decomposition, but they do not give an approximation of the minimum
rank. There are algorithms?!2? that give a tensor rank, but they are specific to symmetric tensor decomposition over the
complex field using algebraic geometry tools.

Our proposed algorithm addresses two difficult problems for the CP decomposition: (a) one is that finding the rank
of tensors is an NP-hard problem,? and (b) the other is that tensors can be ill posed®* and have failed to have their best
low-rank approximations.

The tensor rank problem is formulated as an l, minimization problem, that is,

min |||l subjectto A =[a;X,Y,Z]R, (1.1)
a

where Zle aX, oy, 0z, = [a; X, Y, Z]g represents a sum of the outer products of the vectors x,,y,,and z, forr =1, ... ,R.
Here, ||a||o corresponds to the number of nonzero coefficients in the sum. However, this problem formulation (1.1) is
NP hard. Inspired by the techniques in compressive sensing,?>-?’ we then consider an [;-regularization formulation for
tensor rank, as follows:

ngn lx|ly subjectto A =[a;X,Y,Z]g. (1.2)

Here, we denote ||a||; = Zfi 1 lail. Itis well known in the compressed sensing community that minimizing the #; norm of
the vector a recovers the sparse solution of the linear system. In the presence of noise, the constraint, A = [a; X, Y, Z]g, is
replaced with || A — [a; X, Y, Z]g||F < €, where || - || is the Frobenius norm with || A||r = (3 Afjk)é. Moreover, to achieve
a tensor decomposition and a tensor rank, we minimize over the factor matrices, X, Y, and Z; thus, this minimization
problem is considered as follows:

in LA = (@ XY 2l + el (13)
The ¢;-regularization achieves a good approximation of tensor rank due to the sparsity structure and its tractability.
The regularization parameter A in (1.3) can control the sparsity of the estimated coefficients.?®* In contrast to (1.1), the
optimization problem (1.3) is a quadratic program. Moreover, the convex property on « of (1.3) could make the compu-
tation more tractable than (1.1). In addition, the [;-regularization term provides a restriction on the boundedness of the
variables, thereby ameliorating the ill-posedness of the best low-rank approximation of tensors. For more tractable com-
puting, an alternative multiblock constraint optimization® is implemented, which is similar to the technique discussed by
Xu et al.” Because (1.3) is a minimization of the sum of a smooth term and a nonsmooth term, we consider the following
optimization problem with smooth and nonsmooth terms:

x = arg min {f(xk) + (x—x5 Vi fxH) + éllx — xK|? +g(x)} , (1.4)

where fand g are the smooth and nonsmooth functions, respectively. Here, fis approximated at a given point x*.

1.1 | Contributions

Here, we list our contributions in this paper:

1. We develop an iterative technique for tensor rank approximation, given that the main objective function contains a
nonsmooth [;-regularization term. The proximal alternating minimization technique”*° has been adapted and rescaled
for our tensor rank minimization problem. The solution of the optimization method, {&,X, Y, Z,R}, generates a
by-product [&; X, Y, Z]; as a low-rank approximation of .4; it provides a CP decomposition for an estimated rank R.

2. We provide some theoretical results on the convergence of our algorithm. We show that the objective function satisfies
a descent property in Lemma 3 and a subdifferential lower bound.?® A monotonically decreasing objective function
is ensured on the sequence generated by the algorithm. Furthermore, we point out that the sequence generated by
the algorithm converges to a critical point of the objective function with indicator functions on the normalization
constraint that all the columns of the factor matrices have length one.

3. For practical implementation, we provide a technique (as well as theoretical results) to find a suitable choice on the
regularization parameter directly from the data. The regularization parameter choice has remained a very challenging
problem?'-3* in applied inverse problems. Our technique is based on the probabilistic consistency of the sparsity in the
classical model found in other works,3*3¢ as follows:

b=BO0" +¢,
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where 0" is a sparse signal, B is a design matrix, and & is a vector of independent sub-Gaussian entries with mean
zero and parameter o2. We show that to find the true sparsity structure with a high probability, the regularization
parameter relies on two intrinsic parameters o2 and y of the models, where ¢ represents the variance of noise, and y is
the incoherence parameter3 on design matrix B. The relationship between the regularization and intrinsic parameters
actually provides us a suggestion on how to choose a reasonable regularization parameter for practical computation.
To illustrate the performance of this low-rank approximation method, our experiment consists of four parts. In the first
part, we show the relationship between the regularization parameter and the estimated rank. In the second part, we
estimate the number of rank-one components for given tensors by adaptively selecting the regularization parameter
A.In the third one, we compare our algorithm with a modified alternating least-squares algorithm. In the last one, we
handle the real surveillance video data.

1.2 | Organization

Our paper is organized as follows. The discussion is limited to third-order tensors, but the formulation works in any
nth order tensors. In Section 2, we provide some notations and terminologies used throughout this paper. In Section 3,
we formulate an [;-regularization optimization to the low-rank approximation of tensors. In Section 4, we propose an
algorithm to solve this [; -regularization optimization by using a rescaling version of the proximal alternating minimization
technique. In Section 5, we discuss the probabilistic consistency of the sparse optimal solution and give a suggestion on
how to choose the regularization parameter. The numerical experiments in Section 6 consist of simulated and real data
sets. Finally, our conclusion and future work are given in Section 7.

2 | NOTATION

We denote a vector by a bold lowercase letter a. The bold uppercase letter A represents a matrix, and the symbol of tensor
is a calligraphic letter .A. Throughout this paper, we focus on third-order tensors A = (a;;x) € RP*K of the three indices
1<i<I,1<j<Jand1 <k <K,butall the methods proposed here can be also applied to tensors of arbitrary high order.

A third-order tensor .4 has column, row, and tube fibers, which are defined by fixing every index but one and are
denoted by a., a;«, and a;;., respectively. Correspondingly, we can obtain three kinds A(), A(z), and A of matricization
of A according to respectively arranging the column, row, and tube fibers to be columns of matrices. We can also consider
the vectorization for .A to obtain a row vector a such that the elements of A are arranged according to k varying faster
thanj andj Varying faster than i, that iS, a= ((1111, e 511K, Q1215 o- s Q12K oo- s Q11 o-e sA1KS .- )

The outer product x oy o z € RPY*K of three nonzero vectors x,y, and z is a rank-one tensor with elements xiy;zy for
all the indices. A CP decomposition of A € RPY*K expresses A as a sum of rank-one outer products, as follows:

R
A= er oYy 0Z, 2.1

r=1

where x, € Rly, € R’,z, € RX for 1 < r < R. Every outer product X, oy, o z, is called as a rank-one component, and
the integer R is the number of rank-one components in tensor .A. The minimal number R such that the decomposition
(2.1) holds is the rank of tensor A, which is denoted by rank(A). For any tensor A € RPY*K rank(.A) has an upper bound
min{IJ,JK, IK}.16

The CP decomposition (2.1) can be also written as follows:

R
A= Zarxr oy, 0z, (2.2)

r=1
where o, € R is a rescaling coefficient of rank-one tensor x,o0y, oz, for r = 1, ... ,R. For convenience, we let ¢ =
(a1, ...,ag) € RRand [a; X, Y, Z]z = Zle X, 0y, 0z, in (2.2), where X = (xq, ... ,Xg) € RPR Y = (yy, ... ,yr) € R*K,
and Z = (z4, ... ,zg) € R®*R are called the factor matrices of tensor .A. We impose a normalization constraint on factor

matrices such that each column is normalized to length one,'%37 which is denoted by N(X,Y,Z) = 1. For most alternating
optimization algorithms for tensors, flattening the tensor (matricization) is necessary to be able to break down the problem
into several subproblems. Here, we describe a standard approach for a matricizing of a tensor. The Khatri-Rao product



40f17 WANG AND NAVASCA
WILEY

of two matrices X € R™R and Y € R/*R is defined as follows:
XO0Y=% QvVi, ..., Xg @ yr) € RVE

where the symbol “®” denotes the Kronecker product, as follows:

X®y = (xlyl, s X1Y1s oee s XIYV1, e ,X[y])T.

Using the Khatri-Rao product, the decomposition (2.2) can be written in three different matrix forms of tensor A8 as
follows:

A =XDZ oY) ,Ap =YDZoX)", Az = ZD(Y 0 X)', (2.3)

where the matrix D is diagonal with elements of a.

3 | SPARSE OPTIMIZATION FOR LOW-RANK APPROXIMATION

The main goal of this study is to find a low-rank tensor of the original tensor efficiently and accurately. We first formulate
a tensor rank optimization problem, as follows:

mBin rank(B) subjectto |l.A— BJ|} <e.

For any given error ¢, the minimal rank of 3 such that ||.A — B ||12, < e is no larger than rank(A). The optimal solution B
is a low-rank approximation of .A with error &.

We represent the tensor BB as Zle aX,oyy oz, = [a;X,Y,Z]g, where R is an upper bound of the rank of .4, and the
columns of X,Y,Z satisfy the normalization constraint N(X,Y,Z) = 1. Rescaling the columns of the matrices X,Y,Z is a
standard technique.!>¥ It is implemented in practice for CP tensor decomposition to prevent the norm of the approx-
imated matrices from blowing up to infinity, whereas another factor matrix tends to zero while keeping the residual
small.

The tensor rank minimization is equivalent to the following constraint optimization problem with l,-norm:

min[lello st [|A-[e:X, Y, Zkl} <&, NX,Y,Z) = 1. (3.1
a

The problem (3.1) is equivalent to that of finding the rank of tensors when £ = 0, whose decision version is NP hard.?
To make it more tractable, we turn to an optimization problem with the following /;-norm:

min [lall; st [A-[@;X Y, Zkl} <&, NX Y, Z) = 1. (3.2)
a
Furthermore, we then solve the following:
.1 . 2 —
XI,’{},IZI?G 5 ”A - [a9X’ Y7 Z]R“F + }\‘”alll s.t. N(X’ Y’ Z) - 1’ (3'3)

an l;-regularization optimization problem in which it includes the factor matrices as primal variables. These optimiza-
tion formulations are common in compressed sensing.?>~27-*-#1 By introducing the indicator function, we switch the
constrained optimization problem (3.3) into the following unconstrained form:

1
Join = A = (@ XY Zlelly + Mall + 85, (X) + 8s,(Y) + 8s,(2), (3.4)

where S; = {X|||Ix/| =1, r=1, ... ,R},S; ={Y]||ly,/l=1,r=1, ... ,R},and S; = {Z|||z/]| = 1,r=1, ... ,R}.
Remark 1. Here, there is no simple manner to compute the relationship between ¢ and A without already knowing
the optimal solutions of formulations (3.2) and (3.3). In the matrix versions of Basis Pursuit,
mein [10]l1, s.t. ||[b—BO| <e
and
min 2 1b - BOI + A0

it is possible to create a mapping between the two parameters through a Pareto curve to estimate the relationship from
the support of few solutions.*?
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Our algorithm is tailored for solving the problem (3.4). Let the objective function in (3.4) be as follows:

Y(X,Y,Z,a) : ROCRx RIR 5 REXR o RR 5 RT,
where

YX.Y,.Z, @) = f(X,Y,Z, @) + g(a) + 65,(X) + 65,(Y) + 65,(Z)

with the approximation term f(X,Y,Z, a) = % [|A-[a; X, Y, Z]R|| f, the regularized penalty term g(a) = A||@||;, and three
indicator functions &5, (X), 6s,(Y), 6s,(Z). The function f(e) is a real polynomial function on (X,Y, Z, a), and the function
g(e) is a nondifferential continuous function on a. Because Si, S,, S3 are closed sets, indicator functions és, (X), 6s,(Y),
and 6s,(Z) are proper and lower semicontinuous. Moreover, because ds, (X), 6s,(Y), and 6s,(Z) are three semi-algebraic
functions; thus, the objective function is also a semi-algebraic function. So, it is a Kurdyka-tojasiewicz (KL) function.
For a point ® = (X, Y, Z, &) € R x R>*R x REXR % RRif its (limiting) subdifferential,®® denoted by 0¥(@), contains 0,
we call it a critical point of W(e). The set of critical points of W(e) is denoted by Cy.

Due to the ill-posedness?**? of the best low-rank approximation of tensors, it is known that the problem of finding a best
rank-R approximation for tensors of order 3 or higher has no solution in general. However, after introducing the /; penalty
term Al|e||; to the low-rank approximation term f{e), it is always attainable for the minimization of the objective function
in (3.4). Thus, we have the following theorem to show the existence of the global optimal solution of problem (3.4).

Theorem 1. The global optimal solution of problem (3.4) exists.

Proof. For any tensor A € RPY*K the objective function %H.A — [: X, Y, ZIg|I% + Mlelly + 65, (X) + 65,(Y) + 65,(Z)
is denoted as ¥(X,Y,Z,a). Notice that all the columns of X,Y,Z in problem (3.4) are constrained to have length one.
We define the d— dimensional unit sphere as A? = {v € R?|||v|; = 1},and aset S = {(X,Y,Z, &) € (ADR x (A")R x
(AK)R x RR}, Because this function ¥(e) is continuous on S, we only need to show that there is a point s € S such that
Y(s) = inf{¥P(x)|x € S}, that is, the minimization of low-rank approximation with [; penalty is attainable.

For a scalar ¢ > inf{¥(x)|x € S}, we will show that the level set L = {x € S|¥(x) < £} is compact. Because ¥(e)
is continuous on S, the set L is closed, and we only need to prove that L is bounded. Actually, it is guaranteed by
the [; penalty term A||a||; of ¥(e). Otherwise, unbounded points will take the penalty term to infinity contrary to the
boundedness of ¥(e) on L. From the compactness of the level set L, the infimum inf{¥(x)|x € L} is attainable because
Y(e) is continuous on L. Furthermore, because inf{¥(x)|x € S} = inf{¥(x)|x € L}, there exists a point s € S such
that ¥(s) = inf{¥(x)|x € S}. ]

4 | LOW-RANK APPROXIMATION OF TENSOR
In this section, we first describe an algorithm of low-rank approximation of tensor (LRAT) for computing the solu-
tion of problem (3.4) and then show some theoretical guarantees on the convergence of LRAT: (1) The sequence

{X",Y",Z", a")},eN generated by LRAT converges to a critical point of W(e). (2) The limit point of {(X",Y",Z", &™) }.eN
is a KKT point of problem (3.3).

4.1 | The algorithm

Asin (2.3), the matricizations of tensor B = [a;X,Y,Z]g via Khatri-Rao products are as follows:
Bu) = XD(ZOY)',By = YD(ZOX)', B3, = ZD(Y 0 X)7,
where D = diag(a;, ... ,ag). We introduce the following three matrices for updating in the Algorithm 1:

U=DZoY) . Vv=DZoX) ,W=DYoX)? (4.1)
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Algorithm 1 Low-Rank Approximation Of Tensors (LRAT)
Input: A third order tensor .4, an upper bound R of rank(.A), a penalty parameter A and a scale s > 1;
Output: An approximated tensor /3 with an estimated rank R;

1: Give an initial tensor B° = [a®; X°, Y, Z°].

2: Update step:

b. Update matrices X, Y, Z:
Compute U" by (4.1) and let d,, = max {[[U"U"" ||p, 1}.
Compute D" and X"*! by

D" = X" — LV FXT Y2, ),
sd,
X" = D"diag(|[d]]], -+, |2 [

where d;’ is the i-th column of D" fori =1, -+, R.
Compute V" by (4.1) and let e, = max{||[V"V"T||,1}.
Compute E" and Y™*! by

En - Yn _ LVYf(XVH—l,Yn, Zn’ an)’
sen
Yn+1 - Endlag (“e;’lL v ”e;é”)_l

where e;z is the i-th column of E* fori =1, ---,R.
Compute W" by (4.1) and let f,, = max{||[W"W"T ||, 1}.
Compute F”* and Z"*+! by

Fn — Zn _ évzf(anrl’YnJrl’ Zn’ an)’
n

2+ = ¥ diag (|71, I6R))
where f!" is the i-th column of F" for i = 1, ---, R.
c. Update the row vector a:
Compute Q™! by (4.3) and let 7, = max{[|Q™1Q™1 ||z, 1}.
Compute " by (4.5) and use the soft thresholding:

an+1 — S'L (ﬁn+1).

Sin

3: Denote the limitations by X, S?, Z, &, compute B=la; X, S?, Z] r and count the number R of nonzero entries in &.
4 return The tensor 3 with the estimated rank R.

It follows that By = XU, B(;) = YV, and B3y = ZW. Thus, the function f{iX, Y, Z, @) can be written in three equivalent
forms: %llA(l) -XU||2 = %HA@) -YV|2 = %llA@) — ZW/||}. Furthermore, we have the gradients of f(e) on X,Y, Z, as
follows:

VxfX.Y.Z,a)= (XU - Aq)) U,
Vy/X.Y.Z,a)= (YV—-Ap) V',
VzfX.Y,Z,a) = (ZW — Ai)) W". (4.2)

Using the vectorization of tensors,* we can vectorize every rank-one tensor of outer product x, oy, o z, into a row vector
q, for 1 < r < R. We denote a matrix consisting of all q, for 1 < r < R by the following:

Q=(qj. ... ,qg)T. (4.3)

Thus, the function fiX,Y, Z, a) can be also written as %Ha - anlfw, where a is a vectorization for tensor .A. Furthermore,
the gradient of f{e) on « is as follows:

Vo f/X.Y.Z,0) = (@Q - a)Q". (4.4)
Our algorithm starts from (X, Y*, Z¥, a¥) and iteratively updates variables X, Y, Z and then e in each loop. Inspired by
the Equation (1.4), the update of X is based on the following constraint optimization problem:
arg min { (X=X, Vx fOX, Y 20 @) + 252X - X ||§}

s.t. [|Ixi]l=1,i=1, ... ,R,
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where X = (xq, ... ,xg) € RPR, d, = max{||U"U""||r, 1}, and U" is computed from a”, Y", Z" by (4.1). This problem is
equivalent to the following:

argmin {IX-D"|2} st xll=1i=1,..,R,
where D" = X" — SdiVX SX",Y", Z", a™). So, we obtain the update of X, as follows:

n+1 dn/”dn” l—l R

where x"*!' and d are the ith columns of X"*' and D".
Similarly, the update of Y is based on the following optimization problem:

se,

argmjn { (¥ = Y7, Vy fX", ¥", 2", @) + 22 [Y - V"I |

st. lyill=Li=1,....R,

where Y = (y1, ... ,yr) € R™*R e, = max{|[V"V"T||z, 1}, and V" is computed from a”, X"*!, Z" by (4.1). So, we obtain
the update of Y, as follows:

yrt=el/llefll.i=1, ... R,

1

"+1 and el are the ith columns of Y™l and E" = Y" - —V y XML Y™ 70 o).
The update of Z is based on the following constraint optlmlzatlon problem:

where y;

argmm{(Z Z" Vg fXM Yy zn, ”))+ 2z - z’l||F}
st. ||zl =1,i=1, ...,R,

where Z = (z,, ... ,zg) € RER, £, = max{||[W"W"T ||z, 1}, and W" is computed from a”, X"*!, Y"*! by (4.1). The update
of Z is as follows:

n+1 fn+1/

f"+1||,i=1, ...R

where z/"*" and f** are the ith columns of Z"*' and F" = Z" — —V FXHL YL Zn o),

Flnally, we consuier to update a by using the Equation (1.4), as follows:
s
argmin { (« - @, Vo /(€™ X, Y"1, 2%, a) + T o - @2+ Mlal |
a

where 7, = max{]|Q"*1Q"*1" ||, 1}, and Q"*! can be computed from X"*!, Y"*!, Z"+! by (4.3). This optimization problem
is equivalent to the following:

2
A
+ —llall.
N

n

arg min % Ha _ an + Sivaf(cn+1’xn+17Yn+1, Zn+1, an)
1

n

So, we can obtain the updated form for a in Algorithm 1 by using the separate soft thresholding as follows:
+1 =S, (ﬂl’H—l)
where

1
n+1 n n+1 n+1 n+l rn+l n
=a"—-—V ch XM YT 2 o). 4.5
p Vel ) (4.5)

It should be noted that if we set A = 0, the LRAT algorithm turns into a modified alternative least-squares method
(modALS). The modALS algorithm uses linearized iterative technique’-*® to update variables in each step. Although the
regularization parameter A is fixed in Algorithm 1, we can adaptively choose it for practical computation, which will be
shown in Section 5.

Remark 2. In our algorithm, the computational complexity mainly comes from matrix multiplications. The Update
Step (2b) for updating @ in LRAT Algorithm requires more cpu time than the Update Step (2a) because of the large
matrix dimension of Q. The complexity of our algorithm is O(NIJKR?), where N is the total number of iteration.
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4.2 | Convergence of algorithm

In this section, we illustrate the convergence mechanism of the LRAT algorithm, which is a rescaling version of the
proximal alternating linear minimization algorithm.*® The following Lemma 1 points out that for the function f (@) =
%HA —la;X,Y,Z]g ||12D , the gradient V,, flw) of flw) is Lipschitz continuous on bounded subsets and that all the partial
gradients of f(w) are globally Lipschitz with modulus.

Lemma 1. Let f(w) be the approximation term % |A-[a; X, Y, Z]r ||§, where ® = (X, Y, Z, a). We have that the gradient
function Vfis Lipschitz continuous on bounded subsets of R™*R x R™R x REXR x RR that is, for any bounded subset
B € RIR x RIR 5 REXR 5 RR there exists M > 0 such that for any o, ®, € B,

Vo f(@1) = Vo f(@2)|l[p < M|l01 — 3]|F.
Moreover, for any fixed X € RPR Y € R™R Z € RER o € RR, there exist four constants c,d, e, > 0 such that:

IVx f(X1. Y. Z,a) = Vx f(X2. Y. Z, )llr < d|IXi = Xz|lp, forany X1, X, € R™
IVy /X, Y1,Z, @) = Vy f(X, Y2, Z, @)||r < e||Y1 — Yal|r, forany Y1, Y, € R™¥
V2 fX,Y,Z1, @) = Vzf XY, Zy, 0|5 < fNZ1 — Z3||p, forany Z,,Z, € RO
IVa XY, Z,@1) = Vo /X, Y, Z, @) ||r < nll@ry = s I, forany ay, @, € RY,
where d = [|[UU||p,e = [VV' g, f = [WW |z, n = 1|QQ" |-
The proof has not been included because it relies on standard techniques. In our LRAT algorithm, those Lipschitz

constants rely on the iterative number n and have a lower bound 1. Specifically, d, = max{ ||U"+1U”+1T|| rl}, e, =
max{[V**V™* |, 1), f = max (W W1k, 1), g, = max(11Q™1 Q™ |, 1).

Lemma 2. (See sufficient decrease property in the work of Bolte et al.>?)
Let f : R™ — R be continuously differentiable with gradient Vf assumed to be Ls-Lipschitz continuous, and letc : R™ —
(—00, +00] be a proper and lower semicontinuous function with infg. ¢ > —oo. For any t > Lyand u € dom o, define
u* = argmin {(x —u, V) + éllx —ul*+ o-(u)} )
X
Then, we have that

f@W+o@— (fw)+oW?) >t~ Lllu™ —ull. (4.6)

N | =

Lemma 3. Let W(e) be the objective function in problem (3.4). If X", Y", Z", a") ,ey and (dy, e, fn, n)neN Qre generated
by our LRAT algorithm, we have that for any s > 1,

WK, Y7, 2" ) - WKLY, 20 @) 2 2G5 - DX - X,
\P(XnH,Yn, Zn’ an) _ ‘I‘(X"“,Y"“,Z", an) > %(S _ l)en||Y" _ Yn+1”12:7
lP(Xn+1,Yn+1, Zn, an) _ \P(Xn+1,Yn+1, Zn+1’ an) > %(S _ 1)fn||Zn _ Zn+1 ”}2?’

\P(Xn+1’Yn+1’ Zn+1’ an) _ ‘P(X"+1,Yn+1, Zn+1’ an+1) > %(S _ 1)’7n||an _ an+1 ”}2?

Proof. These four inequalities can be obtained by using Lemma 2. O

The following lemma shows that the value of ¥(e) monotonically decreases on the sequence (®"),cn, Which is generated
by our algorithm.

Lemma 4. Let ¥(w) be the objective function as follows:

1

SIA = [ X, Y, ZIellE + Mlall + 85, (X) + 85, (Y) + 85, (2),
wherew = (X, Y, Z, a), then

i. the sequence {¥(®")},cN is nonincreasing, and for any n € N, there is a scalar f > 0 such that ¥(o") — ¥(0"!) >
fllo" — "2
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ii. limy || X" = X" ||F = 0,1imy_ o ||Y" = Y™ |p = 0,1im,_ o ||Z" — Z"||r — 0 and lim,_»||a" — a"* || — 0.

iii. the sequence {@"},cN is bounded.

"2, where § = min{(s — 1)/2,1/2}. We can obtain the first conclusion (i).

The second conclusion (ii) holds from the first one because the sum Y.  (¥(0") — ¥(0"*)) is finite.

If the sequence {®"},cn is unbounded, it means that {a"},cx is unbounded because columns of X", Y",Z" are
constrained to have length one. So the sequence {¥(®")},cn is unbounded since ¥(C,X, Y, Z, a) > A||a||;. From the
conclusion (i), ¥(@") is nonincreasing. Because ¥(e) has a lower bound, the sequence {¥(®,)} ,cn is not unbounded.
It is a contradiction. So, the sequence {®"},cny must be bounded. O

Proof. In our algorithm, all the Lipschitz constants d,, e,, f,,,#, = 1. So, by Lemma 3, ¥(0") — Y(e"* by > glle" -

Furthermore, from Lemma 1 and the boundedness shown in Lemma 4, we can obtain the following Lipschitz upper
bounds for subdifferentials.

Lemma 5. Let 0" = (X", Y",Z", a") be the sequence generated by our LRAT algorithm. There exist four positive scales
L, Ly, L3, and Ly such that the following inequalities hold for any n € N.

There is some 1} € ox¥(@") such that ||n}||r < Ly |l@" — ©" |5

There is some n; € dy¥(@") such that ||n}||r < Lz||@" — 0" !||F.

There is some 1} € 0z%(@") such that ||n}||r < Ls||@" — @"!||F.

There is some 1} € 0,¥(0") such that ||n}||r < Lsl|0" — 0" |5

Proof. By the update of X,
X" = argmin { (X=X"1 vx f(C" XL Y20 et h) + SdT” IX - X"2 + 5SI(X)} )

So, we have that Vx f(X"1, Y"1, 2" @) + sd,(X" — X"!) + u? = 0, where u? € dx6s (X"). Hence,
u =sd, (X" - X" - Vx fX"LYLZV o',
Because Vx f(X",Y",Z",a") + u} € ox¥(X",Y",Z", a"), we have that

n = Vx XYL Z0 o) +5d, (X - XY - Vx fXPLYTLZV L o
= Vx /X", Y",Z", a") + u]
€ oxPX", Y",Z", a"). (4.7)

By Lemma 1 and the boundness of {®" } ,cy, we have that there exists a constant L, such that |7} ||r < L, [|e" —o"*||r.
Similarly, we can choose the following:

= VyfX"LY"Z" a") +se,(Y'™ = Y") = Vy /X" Y"1, 2" a" ) (4.8)
and
My =V fX" Y28 Q") +sfu(Z" =27 = V2 fX" Y2V a7, (4.9)

So, ng € oy¥YX", Y",Z", &™) and r]g‘ € 0¥YX",Y",Z", a"). Furthermore, there exist constants L, and Lz such that
I llr < Lyllo" — 0" ||r and |7} ||F < Lsl|@" — @™ ||¢.
By the update of a,

Vo fFXLYYZ", aY) + syu(a” — a™ ) +u" =0, (4.10)
where u" € Jdyg(a”) and g(x) = A|x||;. Denote 7 as V, f(X",Y",Z",a") + u". Thus, we have that n, €
0, ¥YX", Y",Z", a™) and

Il = IVe /X" Y", 2", a") + u"|Ip
< Vaf XLYLZM a) = Vo f XL YL Z0 o )||p + stlla” — | £
< Lyllo" — @™ |r.

We also get the last inequality by using Lemma 1 and the boundness of {®"} ,cn- O

The following theorem shows that the sequence of the LRAT algorithm is convergent to a critical point of ¥(e).
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Theorem 2. Let {@"},.N be a sequence generated by the LRAT algorithm from a starting point @°. Then, the sequence
{@"},en converges to a critical point ®* of V(w).

Proof. By Lemma 3, the sufficient decrease property is satisfied that there is a constant # > 0 such that foranyn € N,
fllo" — "7 < ¥(@") - P@").

By Lemma 5, the iterates’ gap has a lower bound by the length of a vector in the subdifferential of W. There is a
constant L > 0 and {n"},cn such that for any n € N,

In"llr < Lllo" - @"*||F,

where 1" € ¥ (0").
Furthermore, because W(e) is a KL function, we complete the proof by using theorem 3.1 in the work of
Bolte et al.>° O

Apointe = (X,Y,Z, @) is called as a KKT point of problem (3.3) if there are three diagonal matrices H;, H,, H; € RRxR
and a vector u € d,g(a) such that

Vxf(@)+XH; =0,Vyf(®)+YH,; =0,Vzf(®)+ZH; =0
Vof(@+u=0NXY,Z)=1. (4.11)
In the following, we show that the limit point @* = (C*,X*, Y*,Z*, a*) of the sequence {®"},cn is a KKT point of
problem (3.3).

Corollary 1. Let o* = (X*,Y",Z", a*) be the limit point of the sequence {@"},cn generated by the LRAT algorithm. If
X*,Y*, and Z* have a full column rank, the limit point @* is a KKT point of problem (3.3).

Proof. N(X*,Y*,Z*) = 1 is obvious because N(X",Y*,Z") = 1 and the convergence of {®"},c. From (4.10), there
exists a vector u € d,g(a*) such that
Vo f(@)+u=0.

By the update of X, there is a diagonal matrix H such that
Vx /XY 127 a" ) + sd, (X" - X" + X"HY = 0.
By the convergency of {@"},cn, we have that HY is convergent to some diagonal matrix H; because X* has a full
column rank. Furthermore, we can obtain the following:
Vx f(X*, Y5, ZF, ) + X*H} = 0.
Similarly, we have
VyfX Y, Z", @)+ Y'H; =0,V fX".Y",Z",a") + Z'H] = 0.
This completes the proof of this corollary. O

5 | PROBABILISTIC CONSISTENCY OF THE SPARSITY

In this section, we will discuss the probabilistic consistency of the sparsity of the optimal solution to problem (3.3). We
will see that under a suitable choice on the regularization parameter, the optimal solution can recover the true sparsity
in a statistical model with a high probability.

For a given regularization parameter A > 0, an optimal solution to problem (3.3) is denoted by the following:

X,¥,Z &) = arg min S [|A - [: X, Y. ZIgl> + Mlal, st. NX.Y.Z)=1.
XYZa 2
As shown in Section 4.1, we can construct a R X (I * J % K) matrix Q = @, ....q)" = (X0Y)o Z)T from (4.3) and
vectorize tensor .A into a row vector a.
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For convenience, we introduce new variables: b, 0, B foraZ, aT, QT, respectively. Thus, b and 6 are column vectors with
dimension I % J * Kand R, and Bis a (I * J % K) X R matrix. Furthermore, we have the following equality:

1 PRPNEN 1
SlIA = [ X, Y, ZIklI7 + llall = EIIb — BO|I3 + MOl (5.1)

The optimal solution @& for tensor approximation problem (3.3) is also an optimal solution @ of a standard I;-regularized
least-squares problem as follows:

.1
melnznb—BQll% + AllO||. (5.2)
Assume that b and B have a sparse representation structure as follows:
b=B6" +¢, (5.3)

where all the columns of B are normalized to one. The variable 0" is a sparse signal with k nonzero entries (k < R), and
€ is a vector with independent sub-Gaussian entries of mean zero and parameter ¢2.

Denote a subgradient vector in 9||0||; as B = (B, ... , fr)T. The entries of B satisfy that for any 1 < i < R, #; = sgn(é;)
if9; # 0 and g; € [-1,1]if §; = 0. As shown in the Lemma 1 of,3° @ is an optimal solution to problem (5.2) if and only if
there exists a subgradient vector B € 0]10||, such that

-B"(b-BO)+AB=0 (5.4)

if and only if there exists a subgradient vector B € 9]|0]|; such that

B'B(O - 6")—BTe + A =0. (5.5)

Assume that B is a full column rank matrix. Then, the objective function in problem (5.2) is strictly convex, and the
optimal solution  to problem (5.2) is unique and exactly @”. Denote S and S as the index sets of nonzero entries in 6*
and 6, respectively. So, the sparse signal 6* can be rewritten as (037,077, and the cardinality of S is k. We will show
in Theorem 3 that the optimal solution @, which is also the &, of problem (5.2) may become a suitable approximation
for the real sparse signal 6*. Similar results shown in other works®>3 consider the case B'B/n — Casn — oo or
n~1/?max;ecs||B;|| < 1, where n is the number of rows in B, whereas in this paper, all the B; are normalized to one. We can
further obtain a specific probability bound shown in Theorem 3, which relies only on two intrinsic parameters of model.

According to the unknown set S, we can separate columns of the design matrix B as two parts (Bg, Bsc), where SC is
the complement of S. Moreover, because Bg also have a full column rank, there exists a unique solution s by solving the
following restricted Lasso problem:

.1
min 5||b—Bses||§ + |6l (5.6)
N

Furthermore, if (@g, 07T satisfies the equation (5.5), (95 ,07)T is thus the unique optimal solution & to problem (5.2)
because B has a full column rank. Moreover, we also obtain that the index set S C S. From (5.5), if O satisfies two
equations, then

BIBgs (05— 0;) —Ble +\Bs =0 (5.7)

and
Bl.Bs (05— 0;) —Bl.e + \Bsc =0, (5.8)
where [35 € 9||6s|l; and ||,lA35c||oo = maxjesclii’jl < 1; we have that = (@g, 07)T satisfies Equation (5.5) and ([Ai; BZC)T €
96||;. Actually, because Os minimizes the problem (5.6), there exists ﬁs € 9|0s||; such that Equation (5.7) holds. So, if

it happens with a high probability that Equation (5.8) holds and || Bsc|le < 1, then the event I’ = {(é§ ,0M)T is the unique
optimal solution @ to problem (5.2)} happens with a high probability. Furthermore, the event {S C S} also happens with
a high probability. We are going to show these in the following part of this section.

From Equations (5.7) and (5.8), we have that

A -1 4 -1
Bse = BL.Bs(BIBs) " Bs + BL. (1 Bs(BIBs) 'B]) (5.9)

£
}\l’
85 =05 — 05 = (BIBs) ™' (Ble —2fg) . (5.10)
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For anyj € S, we have that
A T T -1 T T “laT) €
§) = BBs(BBs) ' ps + B] (1 Bs(BBs) 'BI) =
We assume that there exists an incoherence parameter y € (0, 1] such that ||B BS(BTBS) Yl <1 -y, where matrix
norm [|M||e = max;y;;|My|. It is easy to obtain |u;| = |BTBS(BTBS) 154 < ||B BS(BTBS) Nl <1 —y.Letus consider
BjT(I Bs(BIBs)~ Bg)i = X(0161+ -+cpe,), Where (cy, ... ,Cp) = BjT(I BS(BgBS) 'BY). Thus, w; is a sub-Gaussian

distribution with zero mean and parameter “—z(cz +ot+2) = ”ZBT(I — Bs(B{Bs)™'B{)B,;. Because BTB = 1, this

= U +w;.

parameter is no more than So Pr(max;esc|w;| > t) < 2(R—k) exp( ), where k is the cardinality of S. By choosing

t= —y, we have that Pr(maxjesc|wj| > y) < 2(R—k)exp(— y ) Thus, we have that

Pr mx|ﬁ|>1 ! <Pr mx|a)|>1 <2(R-k)ex o (5.11)
a . —_—— a . — — —_—— . .
jese 2) " jese T 2Y - P 802

Now, let us consider the upper bound of &s: |85/l < |(B¢Bs) ' Bie|lo + AlI(BEBs)™ |- Because Al|(B{Bs)™ ||« has a
fixed value, we only need to consider the first term. For any i € S, we have thatv; = eiT(BgBS)‘lBgs =cie1+ -+ Cpén,
where (¢, ... ,cp) = eiT(Bng)‘lBg. If we assume that }\min(Bng) > u, then vy; is a sub-Gaussian distribution with zero

mean and parameter %(cf +--+c) = azeiT(Bng)‘lei < ‘;—2 Thus, Pr(max;es|v;| > t) < 2k exp(— ) By choosing

)\‘ )\2 )LZ,YZ
Pr| max|v| > —— | < 2kexp| —— ) <2kexp|—-——= ). (5.12)
ies 2\/ﬁ 802 802

By combining (5.11) and (5.12), we have the probability inequality Pr({maxjesclﬁjl >1- g} U {maxies|v;| >

t= L, we have that

2

2
—_ <
2\/}7 }) =
2R exp(——) Thus, the probability inequality on the complementary set is that

A Y A A2
Pr max |f;| <1- = ﬂ max [vj| < —— >1—-2Rexp| ——= ).
jese 2 ies 2\/; 802

Furthermore, we have that

by _ }\2 2
Pr <rﬂ {nasuw < W + Ml (BgBs) 1||oo}> >1-2Rexp (—8772> : (5.13)

where I’ = {(éﬁ, 07)7is the unique optimalsolution & to problem(5.2)}.
From the above discussion, we obtain the following Theorem 3, which illustrates the probabilistic consistency of the
optimal solution @ to problem (5.2).

Theorem 3. Suppose that the sparse structure (5.3) exists, the sparse signal 8* = (65",07)", and B has a full column
rank. If there exist some parameters y and u, where 0 < y < 1 and u > 0 such that ||B BS(BTBS) Yo £1-yand
hmm(B Bs) > u, we have that

}\ - }\27/2
Pr S} ﬂ 165l < ﬁ +MI(Bg Bs) lloo > 1-—2Rexp <—@> , (5.14)

where S is the index set of nonzero entries in 0, and 85 = O — 05 and Os is the optimal solution of (5.6). Furthermore, if
the lower bound of the absolute values of elements in 0 is larger than M=+l (Bng)‘1 [l), we have that

i

2

K—YZ> . (5.15)

Pr({S=S}) >1-2Rexp <_8 >
[0}

Proof. In terms of (5.13), the first inequality (5.14) follows from {SC S} 2T, whereIl = {(@g, 07T is the unique
optimal solution 8 to problem (5.2)}.
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If |05 — Ol = 10slle < ﬁ + 7»||(B§Bs)‘1||oo and the lower bound of the absolute values of elements in 65 is

larger than # + Ml(Bng)‘1 |l it can be checked that the entries in O and 0} of the same index have the same sign.
From (5.13), we can obtain the second inequality (5.15). O

Theorem 3 tells us that if we want to recover the sparsity in (5.3) with a probability p, we should choose a A such that
1-2R exp(—g) > p when we know the intrinsic parameters y and ¢2. So, to adaptively give a regularization parameter
) based on the data A, we need to give two guesses on the intrinsic parameters y and ¢2. We set A to zero in Algorithm 1
and compute an estimated tensor B= [a; X, Y, 2] r from the tensor data .A. The parameter ¢2 is estimated by using the
variance 62 of all the entries in the difference A — 53, and the parameter v is set as § = 1 — max{|(B;, B )l # j}, where
B; is the ith column in B = (X © ¥) ® Z. With regularization parameter A = 24/26210g(200R), the result of our algorithm
is shown by using the simulated and real data in the next section. ’

6 | NUMERICAL EXPERIMENT

In this section, we have four types of numerical experiments for testing the performance of our algorithm. The codes
of the first three experiments are written in Matlab with simulated data. In all the simulations, the initial guesses are
randomly generated. The stopping criterion used in all experiments depends on two parameters: one is the upper bound
of the number of iteration (e.g., iter_max= 10, 000), and the other is a tolerance to decide whether convergence has been
reached (e.g., conv_tol= e¢~1?). The fourth numerical experiment is executed in C++ with OpenCV for surveillance video
data. These experiments ran on a laptop computer with Intel i5 CPU 3.3 GHz and 8 GB memory.

6.1 | Estimated rank

We randomly create a tensor A € R1919X10 with five rank-one components and then use LRAT to estimate the rank of A
along with the increment of the regularization parameter. The upper bound R of rank(A) is fixed to 10 in the algorithm,
whereas the regularization parameter A varies from 0 to 0.1 by step 0.001. As shown in Figure 1, the estimated rank R has
a decreasing trend as the parameter A increases for these particular random tensor examples. Heuristically, the reason for
this trend lies in the minimization the objective function in (3.3); an increase in A reduces the value of ||&||; and thus the
estimated rank R.

6.2 | Accuracy of the estimated rank

We randomly generate three kinds of tensors with various dimensions and various rank-one component numbers (cn).
The estimated rank R is calculated with the regularization parameter A = 24/262 1og(200R), where 62 and  are computed

7

FIGURE 1 Trend of the estimated rank R
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TABLE1 Mean and standard deviation of the estimated

rank R
I=J=K=5 I=J=K=10 I=J=K=20

n=2 2.28 (0.87) 3.25(1.31) 5.41 (1.85)
cn=3 3.15(0.93) 4.49 (1.12) 7.2 (2.06)

cn=4 3.6 (0.92) 5.18 (1.16) 8.35(1.82)
cnm=>5 n/a 5.77 (1.29) 9.98 (1.60)
cn=38 n/a 7.52(1.01) 10.88 (1.51)
cn =10 n/a n/a 11.69 (1.50)
cn=15 n/a n/a 14.11 (1.43)

Note. cn = component numbers.

as discussed in Section 5. Table 1 shows the mean and standard deviation of the estimated rank. Also, the experiments ran
when cn is less than the mode size. Otherwise, no experiments (n/a) ran with cn larger than or equal to the mode size.

For each cn(cn = 2, 3,4) we randomly generate 100 tensors in R3%5 with I = J = K = 5 and then use the LRAT with
the upper bound R = 5 to compute the estimated rank R. As shown in Table 1, when the rank-one cn = 3, the average
estimation difference of R — cn is 0.15 and the standard deviation of R is 0.93.

Similarly, for each cn, cn = 2, 3,4, 5,8, we randomly generate 100 tensors in R019<10 and for cn = 2,3,4,5,8,10, 15,
we randomly generate 100 tensors in R2%%20%20_ The upper bound R is set to I = 10, 20. The mean and standard deviation
of R are shown in the last two columns of Table 1.

6.3 | Comparison between LRAT and modALS

In this subsection, we show the comparison between LRAT and modALS’ on a toy model. A tensor .A in R>>% is randomly
generated with three rank-one components for these experiments. Figure 2(a) demonstrates the residual function ||.A —
[a;X,Y,Z] R||12D for the modALS and LRAT algorithms. The method modALS provided a better accuracy than LRAT; the
residual errors are 10~* (modALS) and 10~3 (LRAT). However, modALS was able only to generate a CP decomposition
of an input rank of 5 with this accuracy. On the other hand, LRAT gave an estimated rank of 3 and a CP decomposition
with a residual error of 1073. This is a sensible result that modALS has a low misfit because we know that it specializes
on minimizing the residual function with a required rank input, whereas the LRAT algorithm is designed for the sparse
optimization, as follows:

min

1 2
X’Y,Z’ai”A_[a;X’YaZ]R”F‘i‘}‘«HaHI st. NXY,Z)=1.

The LRAT monotonically decreases %H.A —[; X,Y,Z]r ||12E + M||@||; as shown in Figure 2(b) and provides an estimate on
the number of rank-one components for any given tensor.

LRAT

— — —modALS
—— LRAT 10| |

0 500 1000 1500 0 500 1000 1500

(b)

FIGURE 2 Comparison between LRAT and modALS. (a) Residual of LRAT and modALS; (b) objective function of LRAT
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FIGURE 3 Computation results based on LRAT and modALS. (a) 20 frames for Fountain; (b) results from LRAT; (c) results from modALS;
(d) 20 frames for Lobby; (e) results from LRAT; (f) results from modALS

6.4 | Application in surveillance video

Grayscale video data is a natural candidate for third-order tensors. Due to the correlation between the subsequent frames
of the video, there exists some potential low-rank mechanism in the data. In this subsection, we apply the LRAT and the
modALS to two surveillance videos* on Fountain and Lobby. For each video of 220 consecutive frames, we choose a region
of interest with a resolution of 30 x 30.

Figure 3 demonstrates simulation results on the LRAT and the modALS. Here, the upper bound R is fixed to 400.
Figure 3 shows 20 frames in the original video data .4 and those frames estimated by the LRAT and the modALS. The
modALS provides an approximation with three factor matrices of (30+ 30+ 220) X400 elements. For the LRAT algorithm,
the regularization parameter A is set to %\/26-2 log(200R), where 62 and # are computed as discussed in Section 5. The

estimated number of rank-one components in 3 is 378 for the Fountain video. The representation of B with three factor
matrices only needs (30 + 30 + 220) x 378 elements. The estimated number of rank-one components is 392 for the Lobby
video, and the representation with three factor matrices needs (30+30+220) X 392 elements. Compared with the modALS
algorithm, the LRAT has a smaller estimated rank but sacrifices more cpu time, because the LRAT algorithm requires an
instructive (a starter) choice on A. For this case, we used the modALS algorithm to obtain a starter choice ) for LRAT.

7 | CONCLUSION AND FUTURE WORK

‘We propose an algorithm based on the proximal alternating minimization to detect the rank of tensors. This algorithm
comes from the understanding of the low-rank approximation of tensors from sparse optimization. We also provide some
theoretical guarantees on the convergence of this algorithm and a probabilistic consistency of the approximation result.
Moreover, we suggest a way to choose a regularization parameter for practical computation. The simulation studies
suggested that our algorithm can be used to detect the number of rank-one components in tensors.

The works presented in this paper have potential applications and extensions, especially in video processing and latent
cn estimation. The ongoing work is to apply this low-rank approximation method to moving object detection and video
data compression.

*The original data is from http://perception.i2r.a-star.edu.sg/bk_model/bk_index.html
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