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Abstract

Intermultiplet transitions involving emission (or absorption) of one photon and n phonons are theoretically investi-
gated in trivalent rare earth (RE) ions in crystals. Transitions are induced by joint action of electromagnetic field and
high-order optical anharmonicity (M-process). Hence, this work extends Judd’s study of one photon-one phonon
transitions to the multiphonon case. The processes under consideration give rise to the Stokes and anti-Stokes
multiphonon sidebands of light emission or absorption. Besides, these processes can significantly increase the rate of
intermultiplet transitions in the presence of stimulated emission. As far as we know the problem of multiphonon
sidebands have not been considered previously in the theory of M-processes. Here we obtained general expression for
transition probabilities. In doing this we used the crystal field model that takes into account both Coulomb and
non-Coulomb interactions of 4f-electrons with ligands. (Previously we used this model for the calculation of multiphonon
rates in RE ions.) The “electronic part” of obtained expression is presented exactly in the same form as the well-known
Judd-Ofelt expression for radiative transition probability between multiplets. A simplified form of general expression is
proposed. Other mechanisms of photon-phonon transitions are briefly discussed. © 1999 Elsevier Science B.V. All
rights reserved.
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1. Introduction Judd’s study [1] of one photon-one phonon

transitions to the multiphonon case. The processes

In this paper we present results of the theoretical
study of intermultiplet photon-phonon transitions
in RE ions. These transitions are induced by joint
action of electromagnetic field and high-order op-
tical anharmonicity. Hence, this work extends
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under consideration give rise to the Stokes and
anti-Stokes multiphonon sidebands of light emis-
sion or absorption. Besides, these processes can
significantly increase the rate of intermultiplet
transitions in the presence of stimulated emission.

Here we obtained general expression for
transition probabilities. In doing this we used the
crystal field model that takes into account both
Coulomb and non-Coulomb interactions of 4f-elec-
trons with ligands.
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The probability of induced absorption transition
from initial state | i ) with energy E; to final state | f')
with energy E, (E; < E;) can be written as

2moy P [ *
h

x {d(t)d(0)>ege, dt, (1)
where o = e*/hc is the fine-structure constant;
7=+ 2)/31%/e (/e is the refractive index);
P is the intensity of incident light; Q is the light
frequency; e, are components of light polarization
vector; A =(E; — E;))/h. In the expression for
correlation function {d,(t)d,(0)) the symbol {---)
denotes an average on lattice vibrations;
dy=(@i|D,|f); dy =(fIDy|i); D =ple, p is the
4f-electrons dipole moment; d,(t) = exp (iH.t/h)
d,exp(—iHyt/h); Hp is the lattice vibrations
Hamiltonian. The probability of induced radiation
transition (W,,,) is related to the probability of the
induced absorption transition (W,,, = W) by the
equation

Wem/Wabs = &Xp [h (A - Q)/kT] (2)

W =

exp [i(4 — Q)t]

— 0

The probability of spontaneous emission in fre-
quency region [Q, Q + dQ] can be written as
We(2) = w (2) dQ with

W(Q)—Z%‘XSPj

- 2
3nc Cw

xexp [i(4 — Q1) <d(d-0)> dt.  (3)

In Egs. (1)-(3) the magnitude % (4 — Q) consti-
tutes the energy which the crystal obtains or loses.
When 4 < Q (4 > Q) the expression (1) gives the
intensity of the Stokes (anti-Stokes) wing of absorp-
tion band. The mechanism considered here is some-
times called M-process [2,3].

In order to proceed with the W and W, calcu-
lation we will use an “exchange-charge” model [4]
of the crystal field. The crystal field is considered
in this model as H = Hy + Hg, where Hy; is the
Coulomb interaction of 4f-electrons with a field of
point charges (H"°) and that of the dipole moments
due to the ligands. The non-Coulomb Hamiltonian

HE = Z Z Bk (rs) Z Y;ckm (rs) z Ykm (gu) (4)
s k m a

(rsand &, are the instantaneous radius vectors of sth
ligand and ath 4f-electron, respectively), deals with
interaction that is mainly due to the overlap of
electron wave function with wave functions of
ligands and includes the corrections to Coulomb
interaction resulting from the spatial distribution of
ligand electronic charge, the energy of exchange
interaction, and contributions from the charge
transfer states. Previously we used this model and
correlation function method for the calculation of
rates of the multiphonon transition [5-7].

2. Coulomb interaction contribution
to muiltiphonon sideband

Here we consider the contribution to multi-
phonon sideband arising from the modulation of
Coulomb field by crystal vibrations. In this case

<dy (1) dg (0)7
=(=D"7Ty Y (=214

kmi k'm' 2’

<1 A k> < 1 i k’>
% .
q —m—q m —qg —-—m+q m

X (LU | D (S1U 04 g 1)agE (K, DE (K, 2)
X {Ain(1) Aié (0))- (5)

The notation of Eq. (5) follows Judd in Ref. [1].
Subscript 4f in matrix elements of Eq. (5) denotes
that operator U}, connect states of 4f-configura-
tion, and [A] = 24 + 1 (A = 2, 4, 6). Expressions for
Ajm in point charge model are given by Eq. (21) in
Judd paper [1]. Using this expression we obtain

= dne*([k] [k'])~ V2 Z qsqs Glomirm (t), (6)

where ¢g is the effective charge of sth ligand. The
result of the calculation of correlation function
GoS L (t) is given by Egs. (A.1)~(A.3) in the appen-
dix. Substituting Eq. (5) in Egs. (1)«(3) gives the
expression for probabilities of vibronically induced
forced electric dipole transitions in the framework
of the point charge model. However, the obtained
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expression is too cumbersome. By applying the
Judd-Ofelt method [1,8] for the calculation of
probabilities intermultiplet transitions, one finds
that the averaged probability W of photon absorp-
tion accompanied by absorption or emission of
phonons is given by

= QnyaP/3h [J][J])

X Jw exp [1(4 — Q)t]S;,(t) dt, (7)

Syp(t) = z <d )>

= ) [AJIU2)?

kmA
X { Ain(0)AFA0)) Z2(k, 2)/LK]. @)

It should be noted that S;;.(0) is the usual expres-
sion for the zero phonon line (ZPL) strength of
J — J' intermultiplet transition. Hence, Eq. (7) can
be rewritten as

W = Q2ryaP/3h[JJ]) Y. QPUIUPI), ©)

n=1

where

(") =[4] Z 4me? qsds- :2(k )

kSS’
x T3> (n)J$(4 — Q)/[k]>. (10

In Eq. (10) T35 (n) is given in the appendix, and the
spectral density is given by

J8(w) = j e Kig(t) dt. (11)

In Egs. (9)-(11) n is the number of phonons
involved in the intermultiplet transition. Eq. (9) is
precisely of the same form as Eq. (16) [1]. The
expression (10) for Q¢ can be simplified by using
the approximation of the additive contributions of
the ligands motion to the sideband intensities
(when Ky () = K(t)dss):

) 2n + 26)[7]
QY = Ze*q? . k]Il RZE D

x Z2(k, )J™(A — Q), (12)

where Z is the number of anions nearest to the RE
ions, R is the equilibrium distance between RE ion
and ligand, ¢ is the effective charge of ligand.

Finally, in a single-frequency (wo) model of crys-
tal vibrations we obtain

on _ 2zt ¢ (2n + 20)'[7]
’ o ; [k]in!R*®*D
x 52 (k, )"0, (13)

where @, = (N + 1>" and {N)" for Stokes and
anti-Stokes absorption band, respectively ((N) =
[exp (hwo/kT) — 1]~ ' is a mean phonon-occupa-
tion number). The quantity n = (u*>/R? in Eq. (13)
is the parameter characterizing dynamical proper-
ties of lattice [5-7]. The value of (u®> can be
roughly estimated as #/2Mw,, where M is a re-
duced mass of ions involved, mainly ligands. Hence,
values of 1 are expected in the region 10 3~10"*.In
Ref. [1] quantity = includes a 3j, 6j-symbols and
sum Y (nl|r|n'l) (nl| | n'l/A'l'). This sum was
calculated for a number of RE ions in Refs. [9,10].
So, the Q" parameter can be easily estimated by
using Eq. (13).

3. Non-Coulomb interaction contribution
to multiphonon sideband

As noted above, the non-Coulomb part of crystal
field is described by the Hamiltonian Hg (see
Eq. (4)). In this case [4]

1 A k
-3 [l](—l)’””< >
jkma q —m-—qg m
X (U | )asAnlr) E (o K 5 2), (14)
where

A1) = ([K]/Am) 2 Y i (),

XE(jk;A)=2) [11'](

I 1 l’) r k1
v .
0 0 0/)\0 0 O

X (nl[ S| D)n'T| By(ry) [ nl)/A(n'T), (15)

)l+llik
I r i
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(n'l'| By(r)) nl) = {8nez/rj (D2 1G(nl, n'l
x [Ss (J, nD)Sy(j, n'l) + S4 (j, nl) S, (j, n'l)
+ i (1) Sy (J, n)SH(j, n')]. (16)

Here G(nl, n'l') are dimensionless fitting parameters
(which, in particular, determine ZPL intensity),
W) =00+ D)+ I+ 1) — k(k + DY/LIT+ DY
+ 1)]*3, and S,(j, nl) (v = s, o, m) denotes the over-
lap integral of the ni-configuration electron wave
function of RE ion with the wave function of the
external electron shell in jth ligand. In the impor-
tant case of RE ions surrounded by oxygen or
fluorine ions, these ligand wave functions are of
2po, 2pm, and 2s type. A general expression for
{d,(t)d,(0)) is too cumbersome. Here we give only
an expression for S;;(t) in the approximation of
additive contributions of ligands to multiphonon
sidebands. In this case

VA
Sult) =43 Y. DIKCE (k251 E (K, 2)), (17
E(k, A1)
= exp (iH.t/h) E (k, 1) exp (—1Ht/h). (18)

The quantity = (k, 4) in Egs. (17) and (18) can be
written as

E (k, 2) = X, CulkA)p,r), (19)

where p,(r) = exp (—a,r)/r. Here we take into ac-
count that to good approximation the overlap inte-
grals Sy(nl), S(n'l') in Eq. (16) can be represented in
the form S, exp (—yr). Coefficients C,(k4) can be
found from Egs. (15) and (16). Hence, we have

(B (k, 2, t) B (k, A))

=Y C, (k2)C, (kA)F . (t), (20)

up

where the expression for the correlation function
F,.(t) is given by Egs. (A.5) and (A.6). In the case
considered, the modulation of the RE ion-ligand
distance r results in the modulation of the overlap
integrals, which, in turn, contribute to the multi-
phonon sideband. In a single-frequency model for

crystal vibrations we obtain
Z , , "
Trary & o kA, () @l 21

The expression for @,,(n) follows from Eq. (A.6) in
appendix.

oy

4. Discussion

The M-process implies that lattice Hamiltonian
does not change during | i ) — | f) transition. On the
contrary, the A-process is essentially caused by the
change (shifts of equilibrium position of ions and/or
change in lattice frequencies) in lattice state under
|i)—|f) transition [11]. The theory of both pro-
cesses has a common problem related to the math-
ematical difficulties of phonon factor calculation,
namely, the spectral density J™(w) and Huang-
Rhys parameter S. At present, it is not clear which
process will dominate. To our knowledge the only
experimental paper on multiphonon sidebands in
RE ions is the paper [12]. Further experimental
and theoretical studies are necessary for a detailed
description of phonon sidebands formation.
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Appendix A

A.1. The correlation functions in the harmonic
approximation

Glomime = <exp (iHLL/B) (Y35, (rs)/r§™ 1)
x exp (—iHyt/h) (Yiiu(rs)/rs ™)

= z T;cs;"ls:lk)'m’ (n) KgS’(t)a (Al)
n=0
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where

Tiomim(n) =

(=1 A[KILK 2N + 2k)!(2n + 2k’)!/(2k)!(2k’)!}1/2
REFIRE T 10my

, +k k
><z:(_l)m-%-m< n h >
P —p—m p m

< n+k n k’)
X
_ p _ m/ p m/

: Y:’f+k,p+m (nso)- Yn+k’,p+m’ (ns0) (A.2)
and
Kss (t) = {us(t)us »/3RsRy. (A.3)
T =¥ T

_D Cent2ur
" 4n (2k)n12%(RgRg )T TE

(nsonso),

(A.4)

where P, ;i (nsons) is the Legendre polynomial.
(In Egs. (A.1)~(A4) r¢ = Rs + us, Ry is equilibrium
distance between RE ion and sth ligand, ngy =
Rs/Rs).

Fiu ()

Cexp (iHyt/h) [exp ( — o,rs)/rs]
xexp (— iHyt/h) [exp ( — o, rs)/rs 1)

= ) Pu (m[Kss(1)/2]", (A.5)

n=1

where

o ) =

pu (RS)pu'(RS’)n7 l/z(ﬁl:.ﬂtﬁl:s’u’)rﬂr 12

nt®/2) o —4p +1)P, _ 2p(RsoMs o)
I'lp+ DI'(n—p+3/2)

X exp(Ts,+Ts'y)
=0

X Ky —2p+1/2(Ts) K- 2p+1/2(Ts ) (A.6)

= o, R, Int(n/2) is the integer part of n/2, I'(x)
1s a gamma function, and K,_;,+1,2(x) is a
MacDonald function.
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