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Abstract

We study Anosov diffeomorphisms on surfaces with small holes. The points
that are mapped into the holes disappear and never return. In our previous paper
[6] we proved the existence of a conditionally invariant measure p4. Here we show
that the iterations of any initially smooth measure, after renormalization, converge
to p4. We construct the related invariant measure on the repeller and prove that
it is ergodic and K-mixing. We prove the escape rate formula, relating the escape
rate to the positive Lyapunov exponent and the entropy.
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1 Introduction

A pictorial model of a chaotic dynamical system with holes (also known as open dynamical
systems) was proposed by Pianigiani and Yorke [14]. Imagine a Sinai billiard table (with
dispersing boundary) in which the dynamics of the ball is strongly chaotic. Let one or
more holes be cut in the table, so that the ball can fall through. One can also think of
these holes as ‘pockets’ at the corners of the table. Let the initial position of the ball
be chosen at random with some probability distribution. Denote by P(t) the probability
that the ball stays on the table for at least time ¢, and if it does, by p(t) its (normalized)
distribution on the table at time ¢. Some natural questions are: at what rate does P(t)
converge to zero as t — oo, what is the limit probability distribution lim, .., p(¢), and
does it depend on the initial distribution p(0)? These questions remain open.
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Open billiards and other open Hamiltonian systems have become very popular in
physics under the name of chaotic scattering theory in the past ten years. They have
been studied numerically and heuristically, see the survey [9] and the references therein.
This has prompted mathematicians to study open systems as well. The first mathematical
results have dealt with the case when the underlying system is uniformly hyperbolic and
admits a finite Markov partition: expanding maps of the interval [14, 8|, horseshoes [3],
open billiard tables with no eclipse [12], and Anosov diffeomorphisms with Markov holes
[4, 5]. In all these papers the holes are elements of a Markov partition.

This is a continuation of the paper [6] where we started the study of Anosov diffeo-
morphisms with small open holes. The relaxation of the Markov property of the holes is
our main objective of this article as well as [6]. The main result of [6] was the existence
and uniqueness of the conditionally invariant measure p, with smooth distributions on
unstable fibers. Here we prove that the iterations of any initially smooth measure, after
renormalization, converge to u;. We also construct the related invariant measure, ji,, on
the repeller, which turned out to be ergodic and K-mixing. We then obtain an escape rate
formula, relating the escape rate to the Lyapunov exponent and the entropy. Thus, the
entire mathematical theory of open hyperbolic dynamical systems is here extended from
examples with clear-cut Markov (‘rectangular’) repellers to Anosov diffeomorphisms with
quite general small open holes. Our results have many promising physical applications
to, e.g., open Lorentz gases, billiard tables with holes and pockets, and other models in
the scattering theory.

This paper is closely connected to [6], even though the main ideas here are quite
different. We often refer to [6] for notations and technical results, but we provide all
necessary definitions here as well. We make an additional technical assumption on the
holes, see Sect. 3, but our principal theme is unchanged — we work with small open holes
of quite general nature (not even assuming the smoothness of their boundary).

2 Statements of main results

2.1 Let T : M — M be a topologically transitive Anosov diffeomorphism of class Clte
of a compact Riemannian surface M. Let H C M be an open set with a finite number
of connected components.

We denote M = M\H For any n > 0 we put

M, =" T°M and M_, =N "M, (2.1)
and also
M, = N1 M,, M_ =1 M_,, Q=M,NM (2.2)

Observe that all these sets are closed, T’1M+ C M., TM_c M_and TQ=T"1Q = Q.
The set € is called a repeller.

We refer to the connected components of H as holes. We study the dynamics outside
the holes, i.e. the trajectories that fall into H disappear and never return. We denote



by T the restriction of 7' on M, which means that for any set A C M and n > 1 we put
T"A=T"(ANM_,) and T~"A =T (AN M,).

Let W} and W be local unstable and stable fibers through = € M. We denote by Jy
and J? the Jacobians of the map T restricted to Wy and W, respectively, at the point
x. We put

Amin = mlp{‘]gjv 1/‘];} and  Apax = ma?({‘]sv 1/‘];}
xeM zeM
For any two points z,y € W* a holonomy map h,, : Wy — W/ is defined by sliding
the points of W} along local stable fibers (symmetrically, h,, : W7 — W}’ is defined for
x,y € WH).

A rectangle R C M is a small subset such that for any x,y € R we have WNW; € R.
We consider only closed connected rectangles. Those are bounded by two stable and two
unstable fibers (called stable and unstable sides of R). Segments of local unstable and
stable fibers inside R that terminate, respectively, on the stable and unstable sides of R
are called R-fibers. Any subrectangle R C R whose stable (unstable) sides are on the
stable (unstable) sides of R is called a u-subrectangle (s-subrectangle).

Denote by ugpr the unique Sinai-Bowen-Ruelle (SBR) measure of the diffeomorphism
T, cf. [17, 1, 15]. Tts conditional distributions on local unstable fibers are smooth (with
Holder continuous densities). Motivated by this, we call the conditional distributions of
uspr on unstable fibers u-SBR measures. Equivalently, for any local unstable fiber W™
its u-SBR measure is a probability measure, vy«, on W* whose density p(z) with respect
to the Riemannian length satisfies the equation
hy e SR,

—~ = lim
ply) oo Jp, o I,

(2.3)

The u-SBR measures are T—invariant, ie. T WU = Ujppu-

For any r > 0 we denote by D;(r) > 1 the supremum of all ratios p(x)/p(y) in (2.3)
for all z,y € W* on all fibers W* C M of length r (length always means the Riemannian
length). Next, Dy(r) denotes the supremum of all the Jacobians of holonomy maps
h, for points x,y € W™* at distance < r (measured along W**). We put D(r) =
max{D;(r), Ds(r)}. One can think of D(r) as a general upper bound on distortions
within the distance r in M. Obviously, D(r) — 1 as r — 0.

2.2 We recall the assumptions on H made in [6]. First, there is a constant By > 0
such that for any local unstable fiber W* and any local stable fiber W* that intersect
only one hole H' (connected component of H) the sets W*\ H' and W*\ H’' consist of
not more than By connected components.

Let Ny be the number of holes. We denote by do(H) the minimum distance between
the holes, if there is more than one hole. We also assume that do(H) is smaller than a
quarter of the length of the shortest closed geodesic on M. In the case Ny = 1 this will
be the definition of dy(H).

Let dy be any lower bound on do(H), i.e. dy < do(H).



We fix D = D(2dy), which will be the only bound on distortions that we use. We
assumed in [6] that Ay, > 64D?) which was not a restrictive assumption, because it can
be always fulfilled by taking higher iterates of T.

We denote by h the maximal size of holes defined as follows. For any hole H' € H
its size is

sup {diam W N H', diam W N H'}

x€H’
where the diameter is measured along the fibers W*. We will need h to be small enough
compared to dy, i.e. h < hy = hO(T, do, Bp). In Sections 2 and 3 of [6], we have assumed
four specific upper bounds on hg, but here we will just assume that hg is small enough
whenever necessary.

We note that the assumption dimM = 2 is made mainly to simplify the proofs and
can be possibly relaxed along the lines of [7]. On the contrary, the smallness of the holes
is essential — for large holes the conditionally invariant measure may be not unique, and
the dynamics on the repeller may be not ergodic.

2.3 For any finite Borel measure p on M we define its norm by ||u|| = pu(M).
We denote by T, the adjoint operator on the class of Borel measures on M defined
by (T.u)(A) = p(T~H(A N My)) for any A C M. Due to the holes, the operator T,
does not preserve norm. We also denote by 7', the (nonlinear) operator on the space of
probability measures on M defined by T'y i = Typ/||Tipi||, whenever ||T,ul|| # 0.

Definition. A probability measure p on M is said to be conditionally invariant under
T it T p = p,ie. if there is a A > 0 such that T, = Ap. The factor A is the eigenvalue
of p.

Obviously, any conditionally invariant measure p is supported on M, , and we have
A= ([Tl = (M),

We are interested in measures whose conditional distributions on unstable fibers co-
incide with u-SBR measures. In addition, we assume a certain natural balance between
long and short unstable fibers in terms of measures, see below.

First, for certain technical reasons it is convenient to limit the length of unstable
fibers in M,, and M, by dy. This can be done as in [6], Sect. 2, by subdividing longer
unstable fibers into subfibers of length between dy/2 and dy. This can be accomplished
by making a finite number of cuts in M along some local stable fibers, whose choice is
not very important to us. Now, with these additional cuts, any maximal unstable fiber
W* C M,,, m >0, and W* C M, has length < dy. We denote by |W*| the length of
w.

Now, for m > 0, we denote by W} the set of maximal unstable fibers W" C M,,.
For every unstable fiber W*" and ¢ < |WW*| we denote by W"(¢) C W* the union of two
subsegments of W of length ¢ terminating at the endpoints of W*, and put W*(e) = W*
if ¢ > |W"|. In other words, W"(¢) is the e-neighborhood of the endpoints of W™ with
respect to the length on that curve. Let Uy, . = Uwuews W*(e). Let Wy - = {W*" €
Wy o |[W| < e}. By replacing m with + in the above formulas, we define W¢, U, . and
Wi ..



Let m > 0. Denote by M,, the class of probability measures supported on M,,, such
that for any u € M,,
(M1) its conditional measures on unstable fibers W* € W coincide with u-SBR measures
on those fibers;
(M2) for any € > 0 we have (U, ) < Cie.
Here Cy = 48D/dy is the constant introduced in [6]. By replacing m with +, we define
the class of measures M, . We call the above measures SBR-like measures.

Claim. For all m > 0 we have T, M,,, C M,,4+1. Also, Ty M, C M.

Proof. The preservation of the property (M1) is obvious. That of (M2) follows from
Theorem 2.1 in [6], along with the second remark after it for measures supported on a
finite union of unstable fibers. Then taking weak limits of such measures automatically
extends this claim to all measures in M,,, and M. O

The main result of [6] is the following.

Theorem 2.1 ([6]) There is a unique SBR-like conditionally invariant measure ji; €
My, i.e. the operator Ty : M — M has a unique fized point, fi.

The eigenvalue A, of the measure p, satisfies the bound Ay > 1 — Cyh, where
Cy = C1D(Amax/Amin + 1). Technically, the uniqueness of py was proved in [6] under
one extra assumption, but that one was proved there (in the statements 5.10 and 5.11)
based on the remaining assumptions, so we drop it here.

Convention. We will use here the constants Cy,...,Cy and Dy, Dy introduced in
[6]. Generally, we will denote by C; and D, constants determined by the given Anosov
diffeomorphism T and the parameters dy, D, By, Ny, which we call global parameters
(as opposed to the size h of the holes or any characteristics of the shape of the holes).
The same goes for other constants: a;, b, a;, B;, Vi, lo, 7o All these constants will be
independent of the size h of the holes or the particular shape of the holes. We call such
constants global constants. (The only exception is ¢ in Section 4, which is proportional
to h.)

2.4 The SBR-like conditionally invariant measure . plays the same role in the theory
of open systems (= systems with holes) as SBR measures play in conservative systems:
they are the only physically observable measures. That means that taking a large N > 1
and a point z € M_y at random (according to a smooth probability distribution), the
orbit T"x, 1 < n < N, will be asymptotically distributed according to p,, as N —
0o. Equivalently, if o is a smooth measure on M, then the sequence {171} weakly
converges, as n — 00, to the conditionally invariant measure . .

First of all, if the conditional measures of yy on unstable fibers W* € W, have smooth
densities, then the densities of the measure T o on fibers W* € W, approach those of
u-SBR measures exponentially fast in n, see [4]. Therefore, to find limit points of the
sequence {17 1o} we can restrict ourselves to the measures g € M.

The weak convergence Ty — (14 was previously proved for various open systems
with Markov ‘rectangular’ holes, cf. [4, 5]. Here we prove it in our context.
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Theorem 2.2 For any measure pg € My the sequence of measures Ty weakly con-
verges, as n — 00, to the conditionally invariant measure p,.. Moreover, the sequence of
measures \;" - T} o weakly converges to p(juo) - juy, where the function p(po) is uniformly

bounded on M.

Observe that M contains any measure p supported on a single unstable fiber W* C
M of length > dy/2, which coincides on it with the u-SBR measure vy«. The above
theorem also holds for measures supported on arbitrary short single fibers, provided they
are ‘eventually long’, see Corollary 7.4.

We also estimate the speed of convergence in this theorem. Let f be any continuous
function on M. Denote by ds(¢) = sup{|f(z) — f(y)| : dist(z,y) < €} its modulus of
continuity. Since M is compact, f(z) is uniformly continuous on M, so d;(e) — 0 as
e — 0.

Theorem 2.3 Using the notation of the previous theorem, let p, = Tug. For any
continuous function f € C(M)

< const - {5f (67“1"1/2) + ||f||ooe*“2”1/2} (2.4)

[ f@dn [ f(a)dn

for some global constants ay,as > 0 and const > 0.
In particular, if f(z) is a Holder continuous function, then d;(¢) = O(e®) with some
a > 0, and we get the so-called stretched exponential convergence in the last theorem.

2.5 Next, since M, is invariant under 7!, it makes sense to look for an invariant
measure for the transformation 7" : 2 — € by taking a weak limit of 7", as n — oo.
Due to the conditional invariance of p., T, "uy simply coincides with the measure p
conditioned on M_,, defined by

pe(A/M_y) = p (AN M) /iy (M) = A" - e (AN Moy

Theorem 2.4 The sequence T, "u, weakly converges, as n — oo, to a T-invariant
probability measure, called [iy, supported on the repeller ). The measure iy is ergodic
and K-mizing.

We also estimate the speed of convergence in this theorem.

Theorem 2.5 In the notations of the previous theorem, let jiy,, = T, "u.. For any
continuous function f € C(M)

[ s@ = [ @) das

< const - [0y (e7™"%) + || fllsoe™ "] (2.5)

for some global constants as,as > 0 and const > 0.



We conjecture that our measure ji is Bernoulli and enjoys strong statistical properties
(fast decay of correlations and central limit theorem). It is quite clear, though, that fi,
is not (necessarily) a Gibbs measure, because of the lack of a local product structure in
its support.

The quantity 74 = —In A, is known as the escape rate. It characterizes the rate
of escape of the mass of any smooth measure pg through holes under the iterations of
T. Denote by x, the positive Lyapunov exponent of the ergodic measure i, and by
h(jiy) its Kolmogorov-Sinai entropy. The following escape rate formula relates these
three quantities: v, = x4 — h(fiy). It was previously proved for open systems with
Markov rectangular holes, cf. [4, 5].

Theorem 2.6 v, = x+ — h(fiy).

Next we prove that the measures iy, fi and the values of v, h(fi4) depend contin-
uously on the open hole H. For any open sets H', H” C M consider the distance

d(H',H") :==min{e >0: H'\ H" C H! and H"\ H C H.} (2.6)

where H. is the e-neighborhood of 0H in M \ H.

Let H, C M be a sequence of open sets. Assume that each H,, satisfies our assump-
tions on H with the same values of dy, By, Ny, so for each H,, the measures p, [H,] and
fi+[H,] and the quantities Ay [H,] and v, [H,] are well defined.

Theorem 2.7 Ifd(H,, H) — 0 asn — oo, then we have the weak convergence p[H,] —
py and iy [H,] — [y and the convergence v, [H,| — 4 and h(jiy [H,]) — h(i).

Corollary 2.8 Let Hy D Hy D --- be a decreasing sequence of holes such that their
intersection N, H, consists of isolated curves or isolated points, or is just empty. Then
v+ [Hp] — 0, as n — oo, and both measures u,[H,| and i [H,| weakly converge to the
T-invariant SBR measure JUSBR -

Back to a single open set H. By reversing the time, we can define the conditionally
invariant measure p_ on M_ for the map 7!, whose conditional distributions on stable
fibers W* C M_ are smooth. It has an eigenvalue, A_. We can then define the cor-
responding invariant measure i on the repeller 2. Those also have all the properties
described in the above theorems. The measure i and the value of A_ are, generally,
different from ji, and A\, respectively. However, there are important exceptions:

Theorem 2.9 If for every periodic point x € Q, TFx = x, we have |det DT*(z)| = 1,
then fiy = fi— and Ay = A_. In particular, this happens if the given Anosov diffeomor-
phism T preserves an absolutely continuous measure.

The last theorem has potential applications to open Hamiltonian systems, including
billiards, which preserve smooth (Liouville) measures.
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3 Assumption on holes and preparatory lemmas

Definition. We say that an unstable fiber W}* C M is dy-close to another fiber, W3t C M
if for any x € W7 there is a local stable fiber W7 of length < d, that meets W3 in
exactly one point. In this case denote by h W — W3 the holonomy map defined by
h(x) = W:N Wy

We will say that a local unstable fiber W* is dy-close to a hole H' (a connected
component of H) if for any x € H' there is a local stable fiber W? of length < d, that
meets W in exactly one point. Then we define the holonomy projection of H' onto W*
by projw«(H') = {W:nNW*: x € H'}. We put |H'|, = supyu |projy«(H')|, where the
supremum is taken over all local unstable fibers dy-close to H'. Now we put

[Hlu =D [H'], (3.1)

Hl

Remember that our holes H' C H are assumed to be short (of size h) in stable and
unstable directions. The values |H'|, and |H |, are not necessarily small, however. They
can be large, for example, if the holes stretch ‘diagonally’; i.e., transversally to stable
and unstable directions on M. We additionally assume here that

~ Assumption HO. The diameter of every hole H " C H in the Riemannian metric on
M does not exceed dy/2.

Under this assumption, for any hole H’ there are local unstable fibers dy-close to it.
It also follows that |H'|, < 3dy and |H|, < 3Ngd,.
Next, let Wi, W3' be two local unstable fibers dy-close to a hole H'. We define

dp (W', W3') = max{|(Wy' 0 H') \ = (W3 0 HY )|, [(Ws 0 HY) \ h(W 0 H o)

where | - |1, | - |2 are the length measures on W{* and W', respectively. Clearly, dg (-, ")
is a pseudo-metric on the set of local unstable fibers dy-close to H'. Now let

Var,(H') = swp (A (W W3 + dpgr (W', W) -+ 4 dpgr (Wit W]
VW

where the supremum is taken over all finite collections of local unstable fibers dy-close to
H'’ naturally ordered in the stable direction.

Now, recall that any local stable and unstable fiber intersects any hole H' in at most
By — 1 open intervals on that fiber. This implies the following.

Lemma 3.1 For any hole H' we have Var,(H') < ByD|H'|,, so that > Var,(H') <
BoD|HlL..

Next, we prove two technical lemmas to be used later. Let W*" C M be an unstable
fiber, and for any n > 0 let W}, be the connected components of T"(W*" N M_,).



Remember that the lengths of W* and all Wy, are bounded by dy. Denote by v the
u-SBR measure on W* and v,, = T]'v for n > 0.
Let B > 1 be an integer. For every n > 0 let ij” C Wy, forr=1,..., B be some

disjoint subsegments of the fiber W!;. We assume that their total measure is less than
1/4:
ZZVTL n,t,r <1/4 (32)

Lemma 3.2 Let 0 < g < 1/3. Let W* be a fiber of length between do/2 and dy. Then
for every n > 0, every i, and any collection of subfibers W“ C W, we have

ZZ [Vn nzr }1 < O Aglgaxs’}z g (10g2 57:1)9 (33)
where Cy = 200D'9B9.

Proof. We start with the following obvious consequence of the Holder inequality:

Sublemma 3.3 Let z1,...,x,, be positive real numbers. Then x%_g + o ale <
($1 + PP + xm)lfgmg.

Let 6 > 0. Observe that

#{i: 6 < |W,| < 26} < CDdoA”

max

v(W* N M_,) < 48D*A" (3.4)

max

Indeed, for any such ¢ we have ’T’”Wf; ‘ > oA, On the other hand, W, coincides with

max*

the closure of W, (6) since [Wy;| < 26, and so the total length of the subfibers T~"W}
i > 1, of the fiber W*" does not exceed D|W"|Cyov(W* N M_,,) due to Theorem 2.1 in
[6]. Finally, recall that |W*"| < dy, and the first bound in (3.4) follows. In the second
bound we replaced C} by its value, 48D /dy, and dropped v(W" N M_,), since that one
was < 1.

We now prove Lemma 3.2. First of all, we bound the left hand side of (3.3) as follows:

1-g

i:; Z Z[Vn(W#w)r_g < ki::l > Zl/n i)

. dg dg
<IWils ik <IWi 1< orty

dy d, g
x (Bx#z’:Qk <|w |_2°}>
1-g
< Z Z ZV” nw

k=1 . dO<|W“ |

x [483D2A” ]

max



where we used Sublemma 3.3 and (3.4).
Now, let kg > 1. Then we have

1—g 1—g
ko

Z Z Zyn TL’L’I‘ S Z Zyn nzr ng

k=1 \ide <y < <wr "

Zko

< 5,7k (3.5)

where we again used Sublemma 3.3.
Theorem 2.1 in [6] implies that for any k > ko + 1

Z Zyn nzr S Z Vn(WrzLL,z)

.d g . d d
iop <[We <5y isp <IW 1< 55

Zun do/zk))
< 48D/2k

IA

Therefore,

A

> Z Zvn )| < (8D (z zkag)

k=ko+1 \ dO <|W“ < k=ko+1

< (48 D)9 .27RU=9) . (919 _ 1)~
< (48 D)9 .2 kol=9) .9 (3.6)
Here in the end we used the fact that (2179 —1)7! < 2 since g < 1/3.

We now fix kg so that 271 < 5, < 2750 Then ky < log, §,‘Ll, which we substitute
n (3.5). Also,the right hand side of (3.6) does not exceed

(48 D)' 79217 5179 2 < (192 D)' 95,77 - (log, 5, ')’

where we bounded the factor of 29 by (log, 5,')?, because 5, < 1/4. Now, combining all
the above estimates gives Lemma 3.2. O

Lemma 3.4 Let R C M be an arbitrary rectangle with at least one stable R-fiber of
length between dy/2 and dy. Let d“; (R) and d", (R) be the minimum and maximum

length of unstable R-fibers, and suppose d®. (R) < dy. Then for any p € My we have

max

C5 'y (R) < (T ) (R) < Cidyy

min

(R)

with some global constant Cs > 0. Here ky is the constant appearing in Theorem 3.6 of

/6].
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Proof. The upper bound follows from the requirement (M2) on the class of measures
M, with any Cs > C;D?. The lower bound follows from Lemma 5.9 in [6], see also 5.10
and 5.11 there. O

Remark. Examining the proof of Theorem 3.6 in [6] shows that the constant k;
depends only on T , do, and Np, so ki is a global constant. Also, in this paper, for
technical reasons, we restrict the lengths of unstable fibers by dy rather than by 2dy, as
we did in [6]. So, we need to replace dy in Theorem 3.6 of [6] by dy/2, which is clearly
possible.

4 Measures on long unstable fibers

Denote by W*(dy) the collection of all unstable fibers in M of length between doA;!

max

and dy. This restriction is convenient since for any unstable fiber W* C M there is an

n € 7 such that T"W* € W¥(d,).

Theorem 4.1 Let W, W3 € W¥(dy), and let vy, be their u-SBR measures, respec-
tively. Then for any n >0

Vl(Wlu N M,n)
Z/Q(WQU N M,n)

0<Cyt < < Cg < 0 (4.1)

where Cg > 1 is a global constant.
Notations. Put A\, = 1 — Csh, as in Theorem 2.2 of [6]. Since h is small, we can write
A = e G2l (4.2)
with some C! > C5 which is certainly close to C for small h. Put also
g = Cyh/In Ay, (4.3)

Observe that C! and g are not global constants.

Remark. According to the above theorem, the sequence 6,(W*") := vy« (W* N M_,,)
has the same asymptotics for all W* € W"(dy). Below we will show that 6, (W*") ~ A",
where A\, is the eigenvalue of the conditionally invariant measure py. For now, we fix
a Wyt € W¥(do) and set 6, = vwu(Wg' N M_,). Theorem 2.2 in [6] implies that for all
n>0>0

So > A7 and G, < NN (4.4)

The rest of this section is devoted to the proof of the above theorem. Readers in-
terested in getting quickly to the proofs of the main results of this article can skip it.
Only the last remark in this section will be actually used, just once, in the subsequent
sections.
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Proof. Due to an obvious symmetry, it is enough to prove the upper bound in (4.1).

There is an mo > 0 and depending only on dy such that the fiber W§ = TAmOWQU
is long enough so that any fiber W* € W¥(dy) is do-close to Wi, as defined in the
previous section. Denote by hpyu : W* — VT/Z“ be the holonomy map, i.e. the sliding
along local stable fibers the distance < dy. Since dy is assumed to be less than a quarter
of the shortest closed geodesic in M [6], the rectangle with the unstable sides W* and
Ay (W) € W is well defined (without overlaps).

Applying Theorem 2.2 in [6] shows that it is enough to prove the upper bound in (4.1)
for WQU instead of W3, so we will simply assume that original fiber W3 is long enough,
so that any fiber W* C W"(dy) is dy-close to W'

Note that dist(z, ﬁwux) < dy for any x € W". Therefore, the jacobian of the map
th with respect to the length on W* and W3 is bounded by D. For k > 1 denote by
hyur = T% o hoT* the induced holonomy map T*W* — T*IW¥. Since T* makes stable
fibers shorter, the jacobian of hwu,k is also bounded by D.

Now, let W} € W¥(dy) and n > 0. We will define the generation gen(z,n, W) for
every point x € W N M_,, as follows. If FLW{L(l’) € Wi3n M_,, then gen(z,n, W}*) = 0.
If not, we set k = k(z) = min{k’ > 1: T’“’(ﬁwlu (x)) € H} (obviously, k(z) <n). Let H’
be the particular hole (connected component of H) that contains the point TAk(ﬁwlu (x)),
and let W3, . be the component of (TkWQU) N H' containing that point. We denote the
connected component of the set ﬁ;vlluk(W;M) \ H' containing the point T*z by W{‘M
This entire segment will be our trouble, since its counterpart, BWf,k(Wffk,x) falls through
the hole H'.

Now, let | = I(z) = min{l' > k = k(z) : T'*W,, € W¥(do)}, and let W, =
T* Wi, .. Observe that
Indy — In |W, .|

l—k< A (4.5)
(since |W1“l$| < dp) and
T Wit e W M_pir) C W, O Moy (4.6)
Now, if I(x) > n, we set gen(x,n, W}*) = 1. Otherwise the equation
gen(x,n, Wi") =1+ gen(Tlx, n—I, Wlulx) (4.7)

defines gen(x, n, W) inductively on n (for all fibers in W*(dy)). In particular, gen(z, n, W) =

Lif hyp (T'z) € W& N M_p4y.
We now estimate n(WinM_,). Let Vo wu be the measure on W' obtained by taking

vy from W* under the holonomy map hyw to Wy'. Clearly, dvsww/dve < Dy for some
constant D3 = D3(dy) > 0. Therefore,

vi{z : gen(z,n, Wy) = 0} < vowu (W3 N M_,) < Dava(Wy' N M_y,) (4.8)
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We now consider the points z € Wy N M_, with gen(xA,n,Wul) = 1. For every
such point we have defined the segment W7 . on the curve T FWe with k = k(z) < n.

Obviously, for each kK =1,...,n there is only a finite number of distinct segments V~V1“M
for points = with gen(z,n, W) = 1. We denote these segments by Wf"k’j, j > 1. Denote
by 11 the u-SBR measure on T* Wi (the image of vy under T* ). Recall also that for every
segment, Wl",w we previously defined an [ = I(k,j) by | = min{l’ > k : Tl/_kW{fw €
W¥(dy)}. Put also Wffljj = TAl_kWﬁkJ, and we keep in mind that [ = I(k, j).

Claim. We have

vi{z: gen(z,n, W) =1} <> > l/l,k(WﬁkJ’) - Ds Nt (W30 M) (4.9)

k=1 j

Proof. First note that if I = I(k,j) > n, then A\, 'vo(W3 N M_,) > 1 in view of
Theorem 2.2 in [6]. For those k,j that [ < n we have

vi{z: gen(z,n, W) =1} < > > iy {y € Wf‘,w : fzwﬁ (T k) e Wi N Mn+z}
k=1 j !

n
< 3> k(W) - Yive, {z e Wyt by (2) €Wy N M_pyy

- 1,0,
k=1 j J

< Z Zl/l,k(Wlu’k’j) . D3 V2(W2u N M_n_H)

k=1 g

< 3> vy ,) - Ds Ay (W3 0 ML)
k=1 j

In the last step we used the inequality
v(War MM _pyy) < M (W N ML) (4.10)

which follows from Theorem 2.2 in [6]. This proves the claim.

Due to (4.5) we have

In|W¥%, . |—Ind,
n| l,k,]l nadg

IREOWIPHEES (4.11)

In order to estimate |W1“kj| here, we observe that

vi(Wi) = (T FWE, ) DT~ * Wl /W

D Wi 1A/ (Araxdo) (4.12)

max

VARVAN

Therefore, In |W1“kj| > In z/Lk(Wffk,j) — In(Ddy Apax) + kIn Ay, and so (4.11) implies

_ In(DAmax) ln(yl’k(WﬁkJ)
)\*l < A In Apin . A In Apin
h — h h

13
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_ / ( maX) / ln(Vl,k(lefk,j)
= exp (C’Qh A exp | —Cs5h A

= (DApax)’ - [yl,k(Vfok’j)} - (4.13)

where we used (4.3). The main bound (4.9) then yields
n 1—
vi{z : gen(x) =1} < D3 (DApax)fr2(Ws' 0N M_,) - Z > [1/1 R(WE 'k } ? (4.14)
k=1 j

In the spirit of notation in Lemma 3.2, we denote by W' ; the components of T*IV}.

Each curve Wf‘kj lies on some component W', ;, and we denote this fact by a short-
hand j € i. Recall that the components Wy, ; have length < 2dy, so that every curve

iLWluk(Wlum) C T*W has length < 2Dd, and thus can cross at most 2D + 1 holes. The
intersection of that curve with any hole consists of < By — 1 segments. Therefore, every
curve W, ; contains no more than (2D + 1)(By — 1) < 3D By subcurves Wluyk’j, ie. for
any ¢ we have

#{j: jei} <3DB, (4.15)
In addition, the intersection of the curve iLWluk(Wf‘kl) with any hole has total length
< h. Therefore, |l~zW1uk(Wfkl) NH| < (2D +1)h < 3Dh. Mapping this intersection back
on Wy ; gives 3° |W1“k]| < 3D?h, so that

jEi
Z Vl,k(Wﬁk,j) S Dyl,k(Wl,k,i(2D2h))
j€i
where W x ;(€) stands for the e-neighborhood of the endpoints of W . ; within this curve.
Applying Theorem 2.1 in [6] gives
S (Wi ) < 201D*h < Dh/dy (4.16)
i jei
where D = 2C1D%dy = 96D*. On the other hand, between any component W, ; C T*W7*

and its counterpart Bwluk(WlukZ) C TFW¥ there is no other parts of T*W# or TFW.
Therefore, Lemma 3.1 applies and gives

S Wiy, < BoD|H],
J

so that using (4.12)

(4.17)

min

S v k(W) < BoD?|Hludy " Amax A
J

Now we fix k, so that A_%~t < h/|H|, < AF i

min min’ “°Y°

ko 2 In(|Hu/h)/ I A

14



We will use (4.16) for k < k, and (4.17) for k > k..
We can now apply Lemma 3.2 with B = 3D By, cf. (4.15). But first, just to simplify
our calculations, we will assume that h (and hence, g) is small enough, so that, e.g.,

(Dh/dg)=9 = 1+ 0(1) < 2 and [log,(Dh/dg)~}]" =1+ 0(1) <2, (BD) =1+0(1) < 2,
etc. Then Lemma 3.2 combined with (4.15) and (4.16) yields

kv—1 ki—1

S S [, 7 < 80D 'S A, (Dh/do)! [logs(Dh/dy) )’
k=1 J k=1
h Aﬁ”fgx —1

Note that both ¢ and k,g approach zero as h — 0. Thus, if h is sufficiently small, we

have
Ak*g _

/\Z:% k* + O(k*) S Qk*
and hence
_ vy
Z > k(W) 7 < D'(h/do) In(|H]u/h) (4.18)
k=1 j

where D' = 10°D°/In A in.
Next, using Lemma 3.2 and (4.17) gives

0o s 1— BoDQAmaX|H|u =g Aﬁundo !
3 [Vl’k(wlm ] < C, Z Akg ( A d log, BoD2 A x| H

k=ks« J k=k min

We again assume that h is small enough, then it is simple estimation that

S Y s )] < D (hfdo) (|1 /1) (4.19)

k=ky 7

where D" = 2000 D?ByAax. (A crucial point here is to observe that t = A9, /AL9 < 1,
and Y00 k9tF < [ at® dx < 2k, t* Int~! with t* < 2h/|H|,.)
Combining (4.3), (4.14), (4.18) and (4.19) (and assuming h is small enough) gives

vi{z: gen(x,n,Wi*) =1} < D3Dyvs(Wy' N M_,,) - (h/do) In(|H|,/h) (4.20)
with Dy = 2(D’ 4+ D"). We assume h is so small that
h € (h/do) In(|H|./h) < D' /2 (4.21)

Next, observe that we actually proved that the right hand side of (4.9) was smaller
than that of (4.20), i.e

SN v (Wi )AL < Dahy < 1/2 (4.22)
J

k=1

15



Observe also that this bound is uniform in n.
Now, due to (4.7), we can estimate the measure of points of the second generation as
follows:

iz : gen(z,n, W) =2} < Z Zl/u{y € W{flvj :gen(y,n — I, Wlulj) =1}

k=1 j
= Z Do vw(Wiy) vy, {y € Wi o gen(y,n — LWy ;) = 1}
k=1 j 2tad
< ZZM 1'kj)  DsDahy va(Wy' 0 M_,1y)
k=1 j
< > Z’/lk(Wfkg) - D3Dyhy A, va(W N M)
k=1 J
< D3Dih% VQ(WQHQM_TZ) (4'23)

Here we subsequently used (4.20), (4.10) and (4.22).
For higher generations, we obtain inductively that

vi{z : gen(x,n, W) =r} < DsDihivo(W3' N M_,,) (4.24)

In particular, for r = 0 we recover (4.8).
Summing up over r > 0 and using (4.21) completes the proof of Theorem 4.1 and
gives Cg = 2D3. O

Remark. Summing (4.24) over all r > 1 gives
DsDjhy
1—Dshy

Assuming that h, and hence hy, are small enough, we will have D3D,hy /(1 — Dshy) <
(2C6)~!. Then, combining (4.25) and (4.1) gives

iz : gen(z,n, W) > 1} < ve(Wy N M_,) (4.25)

1
vi{x: gen(x,n, W) =0} > 5 n(WinM-,)

In other words, assuming that the fiber W} is dy-close to W', we have that Vn > 0, at
least 50% of the points in W}* N M_,, can be connected by stable fibers of length < d,
with points of W3' N M_,,.

5 Measures on short unstable fibers

Theorem 5.1 Let W* C M be an unstable fiber of length < dy, and v its u-SBR measure.
For any subfiber W{* C W" and any n > 0 we have

v(Wi' N M_y) < Cro, [WH 0/ [W| (5.1)
where g is given by (4.3) and C; = 4CsD?.
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Proof. First, we assume that W* € WH(dy), i.e. |W"| > do/Amax- Let 3 = min{l’ >
0:T"W € W¥(dp)}. Since |ThWE| < dy,

< Indy — In |[W}|

[
b= In Amin

Consider the u-SBR measure vy« on Wi, Observe that dvyy/dv > D~HW*|/|[W}] on
Wit Thus

V(WA M) < DWW oy (W 0 M)
< Dwy| |Wu’71VT11Wf(ThW1u NM_p1,)
< DWW Corwa (W' N M_pniy,)
< D, |[WH [WH 71N (5.2)

Here we subsequently used Theorem 4.1 and (4.4).
Using (4.2) and (4.3) gives

Indg—1In |[W¥|
! 0 1
Cyh

A < R g e
For h small enough, dj =1+ o(1) < 2. Combining the last bound with (5.2) yields
v(W{n M_,) < 2Cs DS, |[WH 9 /[W| (5.3)
Next, let [WW¥| < do/Amax. Let I = min{l’ > 0: T'IW* € W¥(dy)}. Again, as above,

Indy — In [WY|
<

l
In Amin

and so R
’ ndp—In
Ayt < €T = d W (5.4)

We now have

v(WE N M=) < vy (T'WE O M)
< 2C5D6,_|T'WH =9 /| T'W™|
< 2CsDE N (1T Wi/ [T W) T
< 205 DS d|WH |~ (DIW|/ W) (do/ Ammax) ™
< ACsDo, Wy /W

where we subsequently used (5.3), (4.4), (5.4) and the fact that AZ =1+ 0o(1) <2 for
small h. Theorem 5.1 is now proved. O

In particular, setting W;* = W* gives the following corollary:
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Corollary 5.2 Let W* C M be an unstable fiber of length < dy, and v its u-SBR
measure. For any n > 0 we have

V(WA M_y) < Crd,|WH|0 (5.5)

Convention. In the rest of this section, we use the notations M,,, Wy, Wy, _,
with either m > 0 and m = +, see Section 2.3.

Un,e

Let B> 1,e >0, and G C M be an arbitrary subset such that for every maximal
unstable fiber W* € WY the intersection W"NG is a union of no more than 25 subfibers
of W*, and each of those subfibers has length < e. One can think of G = U,,., as an
example, in which B = 1. Loosely speaking, the set G is (2B¢)-thick in the unstable
direction.

Theorem 5.3 For any p € M,,, B>1,¢ >0, and any set G described above, we have
for allm >0
w(GNM_,) < CgBd,e' ™ (5.6)

where Cg = 2C1C7D.

Proof. Consider the factor measure p/ induced by p on the set of maximal unstable
fibers Wy . Then

1(Unpe) = /Wu V(W O Up ) dped (W)
> (UWU Wt e W#wQBa)

Lo D7 2B/ W i (W) 57)

,2Be

Now, let
Fu(y) = p(Uw": w"ews ) (5.8)

The function F),(y) is a kind of distribution function of the length of maximal fibers
W € W with respect to the given measure g € M,,. Then (5.7) and the properties
(M1)-(M2) of v imply that for any € > 0 we have
d
F.(2Be)+ [ DY (2Be/y)dF.(y) < C1Be (5.9)

2Be

In particular,

1
Fu(y) < 5Cy (5.10)
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In the following estimate, we apply Theorem 5.1 to fibers of length > 2Be and a

subfiber of length 2Be, and Corollary 5.2 to fibers smaller than 2Be:
d 2Be
WGNM_) < [ 2BC6,9/ydF,(y) + | Coduy™? dF,(y)
2Be 0
d

= OyD6,e? [ DN (2Be/y) dF,(y) + C10,(2Be) 9 F,(2B¢)

2Be
2Be
+ 079571/0 Yy IF(y) dy (5.11)

Here we applied the integration by parts to the integral from 0 to 2Be. Due to (5.10),
the last integral in (5.11) does not exceed CyBe'™9/(1 — g). To the first two terms on
the right hand side of (5.11) we apply (5.9) and get

W(G N M_,) < CyDS,e~9Cy Be + C1CyBgbns' /(1 — g)

For h small enough, we have ¢g/(1 — ¢g) < D, which completes the proof of Theorem 5.3.
O

In particular, if B = 1 and € = dy/2, we can take G = M,,,. Assuming g be sufficiently
small, we have

On the other hand,

p(M_p) > (UV* M) = W] > doAg,)

max

> G0 p (UW™ s W] > doALL,) (5.13)

max

Here we used Theorem 4.1 (recall that |W*| < dy, YW* € W*). Using the property (M2)
with e = (2C;)~! gives
L (UW“ W > 01—1) >1/2

Since C = 48D /dy and Ayax > Apin > 64D, cf. Section 2.2, then

max

p (U W] > doALL ) > 1/2
so that (5.13) implies
u(M_y,) > 6,/(2Cs) (5.14)

Lastly, recall that py(M_,) = ||T7p4|] = Np. Combining (5.12) and (5.14) gives the
following:

Corollary 5.4 For any up € M,, and n > 0 we have
Cy? N < p(M_y,) < CIAT (5.15)

and
Cy ' N} <8, < CoN} (5.16)

with Cy = max{2Cs, dyCs}. The last bound holds true for any §,(W™), W* € W*(dy).
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This also gives a corollary to Lemma 3.4:

Corollary 5.5 Using notation of Lemma 3.4, we have for any n > k;

O Nl (RB) < (T74) (R) < CroXi—Bd (R)

with Ci9 = C5CF.
Recall that for any € > 0 we denote by H. C M the e-neighborhood of 0H in M.
Theorem 5.6 Let € > 0 and put
¢- =In(D'dy/2)/ In Apax
Then for any p € M,, and ¢ > q., n > 0, we have
() (.0 M) < Cra=49) (T9) (M._,) (5.17)
where b =1n Apin /(210 Ayax) and Ciy > 0 is a global constant.

Proof. Assume for a moment that OH consists of a finite number of smooth curves
transversal to the unstable direction. Then the set H. is at most (Bye)-thick in the
unstable direction, and a combination of Theorem 5.3 and (5.14) applied to the measure
Ty imply (5.17) with b = 1/2 and all ¢ > 0. Similarly, if 9H consists of curves which
either are transversal to the unstable direction or have curvature larger than that of
unstable fibers, the set H. is (const-!/2)-thick in the unstable direction and we again get
(5.17) with b = 1/2 and all ¢ > 0.

There are, however, reasons why the theorem cannot always hold for all ¢ > 0. For
example, let a hole H' C H be a rectangle of size h in the unstable direction, and u be
supported on a single unstable fiber of length dy that is (£/2)-close to an unstable side
of H', then u(H.) > h/dy independently of ¢.

Now, in the general case, we consider maximal connected unstable fibers W" C H.
and call them long if |WW*| > &b, To any long fiber W* C H, we associate the rectangle
R = R(W™) such that (i) the fiber W* is an R-fiber [6] (i.e., it terminates on the stable
sides of R) and (ii) the minimal distance from W*" to each unstable side of R(W*"),
measured along stable fibers, is 2¢ (the maximal distance is then < 2De). We now pick
any long fiber W} C H., then any long fiber W' C H.\ R(W}), etc. In that way we
will find a finite collection of rectangle R(W*), r = 1,...,7 such that the residual set
H_\ (U,R(WH)) consists of short fibers. That residual set is then at most (2Bye®)-thick
in the unstable direction, and the above argument applies giving the right estimate for
it. It remains to consider the set U, R(W*).

The regularity of our holes H' C H (the fact that any local stable/unstable fiber
intersects any hole in no more than By intervals) implies that

d_IWY < BilH,

r=1
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with some By = const(By) > 0, cf. (3.1). Therefore,
7 < By|H|,e® (5.18)
For any r = 1,...,7 the rectangle R. = T~%R(W") has length < 4d; in the stable
direction and < |WH|- A% < |H|,(De/dy)? in the unstable direction. Let p/ = T¢ %y

min —

(note that p' € My,44—q. ). Observe that
(L) (RWy) N M) _ p' (B 0 M_py.)

(Tp) (ROV)NM ) = (T ) (ROW)NM ) = = = 7
! ! 1T T

Applying Theorem 5.3 with B =1 to R gives
WRLA M ) < Cibq | HIL(Dedg)2079) < 2C58, | Ho(De/do) 20~
According to (5.14), (4.4), (4.3), and (4.2), we have
1T || = 1/ (M—g.) = 64/ (2C5) = (2C5) ~tem M > (2C6) " (De /do)™
Combining the above estimates gives
(T ) (ROW") N M_,) < 4CsCs0,|H o De /) =2
Together with (5.18) this yields
(TE) (U, ROWS] 0 M_y,) < 4CsCs DBy, | H 2?19 /g0 =27
Theorem 5.6 is now proved. O

Let W* C M be an unstable fiber. For every n > 0 and x € W* N M_,, denote
by W¥(z) the smooth component of T"(W*" N M_,,) containing 7"z and by |W(x)| its
length. For every x € W* N M_, let [,(x) = min{l € [0,n] : |[W}*(x)| > dy/2}, and if
Wi (x)] < do/2 for all 1 =0,...,n, we set [,(x) =n+ 1.

Lemma 5.7 There are global constants p € (0,1) and Ci3 > 0 such that for every
n>m2>0
vin{x € WNM_, @ L,(z) > m} < Ci3 BN} /|

Proof. For each ¢ = 0,...,m let W* = {x € W* N M_,; : l;(x) = i}. The points
x € W have their first i —1 images under 7" in short components (of length < dy/2) in the
images of the curve W*. The proof of Lemma 3.3 in [6] can be easily modified to produce
the bound vy« (W) < const - (By/Amin)'/|W"|, where the constant is global. At the i-th
iteration, however, all the points x € W} get into long (of length > dy/2) components of
TH(W" N M_;). Due to (5.16) we have vy(W* N M_,) < const - (Bo/Amin) N}~ /|[W"].
We can find a global constant 3 € (0, 1) such that

B > BoAgin/ M+ (5.19)
cf. Assumption H2 in [6]. Hence, vy« (W N M_,) < const - F{A%/|W*|. Summing up

over ¢ =m,...,n gives the lemma. O
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6 Iterations of SBR-like measures

In [6] we defined ‘rectangular’ holes H®) approximating the given holes H as follows. We
fixed an arbitrary Markov partition R, refined it in a standard way, R®* = vk TR,
and defined H®) to be the union of the interiors of all rectangles R € R®* that intersected
H. In other words, H®) consisted of ‘rectangular holes’ approximating H ‘from outside’.
We proved that for all sufficiently large k, & > ko, the map T (the restriction of T to

the set M® = A\ H®) had a unique conditionally invariant SBR-like measure, ,uf ),

) (k)

with an eigenvalue )\S]f and a unique invariant measure fi},’ on the repeller Q*). We also

showed that /\Sf) — A4 and uf) weakly converged to p, as k — oo.

The rectangular holes H®) for sufficiently large k, are very close to H. So, they
satisfy all the assumptions we have made in [6] and in the present paper, hence we can
assume that the values of the parameters dy, By, Ny are the same for all the holes H®),
k> k.

Observe that

H®\ H C H,, (6.1)
where
er = 2DsAF (6.2)

and Dj stands for the maximal diameter of the atoms R € R of the Markov partition R.
In all that follows, unless specified otherwise, we will use rectangular holes H*) defined
in a more flexible way.

Definition. Let k& > ky and H® be the union of interiors of some R € R*®. We say
that H® properly approximates the given hole H if

(i) d(H®) H) < ¢ in the sense of (2.6),

(ii) the holes H® satisfy all our assumptions on H with the same values of dy, By, Ny.

The results of [6] and this paper apply to the map 7" on M®*) = M \ H® if H®)
properly approximates H. But remember, the convergence )\(f ) Ay and pf ) [T
proved in [6] only for the approximation ‘from outside’ as described in the first paragraph
of this section.

Let 119 € My. Let k > ko and ¢ > 1 to be specified later. Assume that H®) properly
approximate H. This will be a standing assumption for the rest of the paper. For any

n > 1 denote p,, = T . For n > g we can write this as
ne T g T p,
Hn = T+ qH’ = n— = (63)
TN gl (M)
Consider also the measure
(k)1n—q (k)1n—q
k) yn— [T ]" [T ]"
) = [T, = : : (6.4)

B = k
T r=apy||  pg(ME),,)
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The superscript (k) is always the index of the Markov approximation 7*) to the map 7.
For k > ko we set q to be ¢ = q(k) = k + ly, where Iy = [In(do/DDs)/In Apax| + 1.
Observe that

q=q(k) >In(D " dy/er)/ In Apax (6.5)
so that we can apply Theorem 5.6. Suppose n > q. Since
M—n-i-q \ M n+q = ?:_OqT_i(H(k) \ H) - U?:_OqT_iHEk

we have the following estimate:
n—q

(M—n+q \ M—kn)Jrq) < D pg(Monig N T7'H.,)
=0

n—q
< Z 01152(1_49),Uq(M—n+q)

=0

= Cnln—g+ D py(Mony) (6.6)
Here we used the following estimate, based on (6.5) and Theorem 5.6:

Hq (M—n+q N T_iHak) = Hq {T_Z (M_piqri N He, )N M—z}
(Tfﬂq) (M_pntgi N He,)

(T tg) (Mg 0 He,) - || T g

< Cnugl T (Thptg) (Moigs) - || T
= 01152(1_49) ' (Tf:“q) (M_yqti)

= Cnel" pg(Mopyy)

for any i = 0,1,...,n—q. The following bound is symmetric to (6.6), its proof is similar:
k b(1—4 k
Nr(zk) (METerq \ M—n+q> < Cp(n—q+ 1)<€k(1 g)u( )(Mf,zﬂ) (6.7)

Observe that the measure p, is supported on M,,_, and the measure pik) is supported

on M, (k . On the common part of their supports, M,_, N Mn 4> these two measures are
proportlonal so their condltlonal measures on that common part coincide, we call that
conditional measure ,u+ . Therefore,

fn = (1= Un)ﬂgzk) + ol (6.8)
and
W = (1= o)A + oy (69)
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for some 0, 0¥ > 0 and some probability measures p/, u”" supported on M,,_ ¢\ M, k)

and Mnk_)q \ M,,_,, respectively. Moreover, it follows from (6.6) and (6.7) that
op + 0¥ <200l < Cynat (6.10)

with Ci9 = QClng/z and o = A <1 (recall that g, as well as h, are very small, so

we can assume that g < 1/8). Therefore, for any bounded function f(z) on M we have

[t~ [ s dp®

Definition. We say that two sequences of probability measures, {u,} and {u.} on M
are (asymptotically) equivalent (denoted by pu!, ~ p!) if for any continuous function f(x)

on M
5, ‘/ v dy, - /M /(@)

Note that if u!, ~ u” and u!, converges weakly to a limit measure, pio., then u” also
converges weakly to fioo.

< 2| flloe(n + o) < 2[| fllscCranaq (6.11)

Proposition 6.1 Let k =k, be a sequence that grows faster than any logarithmic func-
tion but slower than any linear function: k, = o(n) and 1/k, = o(1/Inn) as n — oo.
Then pi, ~ ).

Proof. For large n we have n > q = k, + ly, so that (6.8)-(6.11) hold, and naj™ — 0
as n — o0o. U

Our next goal is to show that there is a sequence k,, — oo such that k, = o(n) and
1/k, = o(1/1Inn), for which p{F») ~ uf").

We say that a sequence of numbers { L; } majorizes another sequence { My} if L, > Mj,,
Vk > 1. The above goal will be achieved if we show the following:

There is a sequence { My} such that for any majorizing sequence { Ly} the sequence

of measures ,LL(ka) = [Tik)]Lk_k_lo,ukHO is equivalent to uf), i.e.

lim ' /M @) dpf) — /M f@)dpl

for every f € C(M). The sequence { My} has to grow faster than any linear function Ak,
A >0, and slower than any exponential function e, a > 0.

The weak convergence of u(Lk) to /Lgf), as L — oo, for all k > ky was proved in [6].

It implies that for any continuous function f € C(M) there is a sequence My = Mg(f)
such that (6.12) holds for any majorizing sequence {Lj}. All we need to prove is that

one can choose My uniformly in f and so that M, = o(e*), Va > 0.

Recall that the measures ,u% and u + are supported on M (k ) C M® and M

M®) | respectively. Recall that diamR < ¢, = DsAY, VR € R . The oscillation of
f(z) on any rectangle R € R" does not exceed d;(gy), and 6;(cx) — 0 as k — oo.

—0 (6.12)
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For any two probability measures, ¢/ and p”, on M®*) let

W ="l = Y I (R) — 1'(R)]
ReR (k)

It is then a simple calculation that

[ s@ ) - [ )

Therefore, to establish (6.12) it is enough to prove the following:

< 267 (ek) + || flloo - |l — 1 (6.13)

L

Proposition 6.2 There is a sequence M, — oo such that for any majorizing sequence
b ® _ (k)
. k k
,}ggo\mk — \k =0
The sequence { My} has to grow faster than any linear function Ak, A > 0, and slower
than any exponential function e®*, a > 0.

We will also sharpen this proposition as follows:

Proposition 6.3 There are global constants r > 1, C14 > 0 and as € (0,1) such that
for all k > ko and L > rk*> + k +

i — pP| < Craoh

These two propositions are only concerned with properties of conditionally invariant
measures u(f) for the Anosov maps T*) with rectangular holes, H*). So, we can apply
the finite-dimensional approximations and matrix techniques developed in [3, 4, 5]. A
complete proof of Proposition 6.3 is provided in Section 8, while 6.2 immediately follows
from 6.3.

7 Proofs of the main theorems

Proof of Theorem 2.2. To prove the weak convergence of T 1 to pi4, it is enough to
combine Proposition 6.1, (6.12) and the weak convergence of u&f ) to 4 proved in [6]
for the specific rectangular holes H*®) described in the first paragraph of the previous
section. The second statement of the theorem will follow from Corollary 7.2 below. O

Proof of Theorem 2.3. For any large n, i.e. n > ng := rkZ + ko + lo, we take k = k,, =
max{k : n > rk?+k +lp}. Then we combine (6.11) and (6.13) with Proposition 6.3, in
which we set L = n. As a result,

\ | f@ i = [ f@)aul| < const- [o; () 4 | fllce] (7.1)
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with some global constants aj,as > 0 and const> 0. Since this bound holds for any
Lo € My, it holds, in particular, for the conditionally invariant measure p, for which we
have (fi4)n, = TP p4 = py. Now, we combine the above bound for p, = T} with that
same bound for p = T x4 and use the triangle inequality. That concludes the proof of
Theorem 2.3 for n > ngy. To enforce that theorem for all n > 0, it is enough to adjust
the constant coefficient in (2.4). O

Remark. For each k > ko put n = rk* + k + Iy in (7.1), and then combining it with
the just proved Theorem 2.3 yields

[ s@an® ~ [ g,

Note that the measures ,uf ) here correspond to any rectangular holes H*®) that properly
approximate H.

Let po € Mo and g, = T7 o Recall that ||T || = pn(M-_1).

< const - |:5f (e“”k) + ||f||ooe_“2k] (7.2)

Lemma 7.1 There are global constants Ci5, a5 > 0 such that ¥n > 0

1/2 1/2

) < pn(Mo1)/ Ay < exp(Crse "

)

exp(—Cze” 4"

Proof. Let again n > ng and k = k, = max{k : n > rk? + k +lp}. Then (6.8-6.10),

and Proposition 6.3 allow us to compare the measures p, and pu; = (uy), with the

measure ,uf) and imply that |u, — py|r < Ce % with some global constants C,a > 0.

Therefore,

S (B~ Y wi(R)| < Cet

RCM_q RCM_q

where the sums are taken over R € R®).
Furthermore,

Z pn(R) < [T*,un](H ) < Oy (g )b(l 49)
RNOM_1#0

with €, = €xAmax (Aobserve that if RN OM_; # (), then R lies in an &,-neighborhood of
~'(0H), and so TR C H.). The second bound follows from (5.17), by setting n = 0
there. The above estimate also holds for 1. Hence,

[fn(M_y) = pi (M_y)] < Cem® 4201, ()"

for all n > ng. Lemma 7.1 is then proven for n > ny. To enforce it for all n > 0, it is
enough to adjust the value of C'5. O

Now recall that ||T} || = po(M-n) = TIiZ pta(M-1).
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Corollary 7.2 For any measure g € My there is a finite positive limit

im po(M_p) /AL == p(po) (7.3)
Furthermore,
0< 01_61 < p(Mo) < (O < oQ, \V/,u() e My (74)
with some global constant Cig > 0. In addition, ¥Yn > 0
0(M_) /N = plpo)| < 7, = CisCre S 59" (75)
j=n

Now, let W* C M be an unstable fiber and v its w-SBR measure. We will use the
functions [, (z), n > 0, on W*" introduced before Lemma 5.7. In terms of these functions,
the fiber W*" is said to be eventually long, cf. Section 3 in [6], if /,,(x) < n for some n > 0
and some x € W" N M_,,, otherwise the fiber W*" is said to be forever short.

Theorem 7.3 For every local unstable fiber W* C M there is a finite limat

dim p(W*NM_,) /N = p(W) (7.6)
which is positive if and only if the fiber W™ is eventually long. In addition,
V(W O M) /XL = p(W™)] < AL/ (7.7)
where . -
Vo = Cir z%%—jﬁ{ + Cis Z Bl < Crgeom”? (7.8)
Jj= j=n

with some global constants ag, C17,Chs, C19 > 0 and ), defined in (7.5).

Remark. Due to Corollaries 5.2 and 5.4, we have v(W* N M_,)/ N} < Co|W"|79 for
every n > 0, and so p(W") < Cy|W*|79. Here Ty = C7Cy

Remark. It W* C M, then p(T—"W") = \{"p(W") for all n > 0.

Proof. For fibers W* of length between dy/2 and dy, we have v € My, thus the
theorem follows from Corollary 7.2, and we actually get a slightly better estimate: ~,, =
doy,,- Assume now that [W*| < dy/2. For every j > 0 let Wi' = {z € W*: [;(x) = j}.
Observe that the sets W]“, j > 0, are pairwise disjoint, and for any j > 0 the set
T7 V~V]“ is a finite union of unstable fibers of length > dy/2, which we denote by W

]78’

s =1,2,.... Denote by v; = TVv the induced u-SBR measure on 77(W" N M_;). Put
kpn=v{zeW*NM_,: l,(x) =n+1}. Now, for any n >0
I/(Wu N M,n) = Z Vj (ijVT/;-J N M7n+j) + Kp,

j=0

= zn:zyj (VT/;,LS N M—n-i-j) + Rn

j=0 s
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We will show that
Z > v (W) p(W)AY
Jj=0 s

Taking this as the definition of p(W*) yields

PV ML)/ = oW €S0 SR TEINT + rody”
j=n+1 s
+ ZZVJ VW“ (Vf/ﬁs N M-”-Fj)//\?—il-_j - p(W;fs) )\-T—]
Jj=0 s
To each Wjus, 0 < j < n, we apply the already proven bound (7.7) with 4/ = dy7, as

noted above. To each W;fs, j > n+ 1, we use the bound p(W“ ) < Chg, cf. (7.4). Then,

for every j > 0 we have 3, Vj(VT/]?fS) < CysfI N, /|W*| according to Lemma 5.7 (setting
m = n = j there). We also have k, < Ci387 AL /|[W*¥|, due to the same lemma (setting
m = n there). The rest is direct substitution. Theorem 7.3 is proven. O

Corollary 7.4 Let W* be an eventually long unstable fiber, and let po be the measure
concentrated on W* and coinciding with the u-SBR measure on that fiber. Then the
sequence 1% 1o weakly converges to ji,..

Proof of Theorems 2.4 and 2.5. For every unstable fiber W" and n > 0 denote
by vwu, its u-SBR measure vy« conditioned on W* N M_,,. Recall that the measure
ftn =T, "y coincides with the measure pi; conditioned on M_,,, cf. Sect. 2.5. Hence,
for every n > 0 the measure 44, has conditional measure on W* € WY which coincides

with vy ,,. Denote by ui the factor measure on W¢ induced by p., and by Mi,n the
factor measure on WY induced by py . It is an easy exercise that the measure Mi,n is
absolutely continuous with respect to ui, and

dul L(WenM_,
Pen ey = 2 ( B Ve W) e W (7.9)
dp A%

Next, we will define the measure fi, by first introducing its conditional measures on
wee Wi
For every eventually long unstable fiber W* € WY define a probability measure vy«
on it by
o (W1 == v (W) p(W) /0 (W) (7.10)

for every subfiber Wi* C W*. Theorem 7.3 implies that vy« is a weak limit of vy, as
n — oo. In particular, 7y« is a probability measure supported on W* N ). For forever
short unstable fibers W* € WY, let 7y« be an arbitrary probability measure on W*.

Next, define a measure, ﬂi, on WY by

_f
%(W“) — o) (7.11)
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Lastly, let fi; be a measure on M, whose conditional measures on W* C WY coincide
with 7y« and whose factor measure on WY is ﬁi. Clearly, pi. is supported on 2.

First, we show that the measure ﬂi, and hence, i, , are finite. We use the first remark
after Theorem 7.3 and the function F},, (y) defined in (5.8), and get a bound

I8

Integrating by parts and using (5.10) gives

do
PV dp, < Coo [y dF. ()

u
+

d,
CyTIdF,, (y) < dy? + gCidh T < 00 (7.12)

In the same way, Ve > 0

I8

Observe that the above bound also holds if we substitute p, (W*) for p(W™).
We now prove (2.5), which will imply the weak convergence of 4, to fip. For

p(WY) i < Cap /0 yIdE,, (y) < CpChe'™ (7.13)

u
+.e

every n > 1 we take ¢ = &, = e """ with a; = ag/2. Then according to (7.8),
V! Je < Crge™™"* . We put, for brevity, Wit = WA WY . We have

[t [ g = [ i [ = [ did [ f o

M M we W we W

< / i, / f dviya +‘ / diil / f diwe
we W we W

+ /ucdui,n/ fdywuvn—/ u»dﬂi/ F dog
W W wie W

+,e +,e

(7.14)

The first two integrals on the right hand side of (7.14) do not exceed

20|fllClo [ 70 dE,, (9) < 20|l CenCirc™?
according to (7.13).

Using (7.9) and (7.11) we see that the last term on the right hand side of (7.14) does
not exceed I; + Iy, where

[1 :/
Wie

IQ :/
Wie

p(W™) dyil.

W f(l') dVW“,n - /Wu f(l') dﬁwu

and
Npn (W) = p(W™)] dpsl.

f(z) dvw,
WU
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The bound (7.7) immediately implies that Io < || f||7)/e.

We now bound I;. Observe that p(WW*) = 0 for forever short fibers, so they can be
ignored. Let W* € W{¢ be an eventually long fiber, |[W*| > . Partition it into some
subfibers W}, i > 1, of length between /2 and . On each W}, pick a point x; € W
Then for any probability measure v on W* we have

‘/f’dv—Zf

)| < dr(e)

Therefore,

‘/ fnwen ~ [ f o
Wu Wu

IN

Zf 33'1 I/Wu (W )—un(W )) +25f( )
< HfHooZ\un,n i') = e (W[ + 204 (¢) (7.15)

For each subfiber W, we have

v (W) vwe (Wi 0 M_y,)
VWu(Wu N M—n)

VW“,n<Wz‘u) =

Using (7.9) and (7.10) yield

0 o = bV o
i) = s W] = e ()20 — ) 2000

e [ P20V = (W)
= () 2 (W)p(W)

Now, using (7.7)

o0 (W) p(W*) = o (W) p(Wi)| = [pn(W)(0(W*) = pu(W*)) + pu(W*) (pn(W*) —
< pa(WE/IW ]+ 200 (W), /€

Hence,

’VWu,n(VVi ) - VW“(Wi >| < VW“(VVz' ) ’ pn(Wu) (W“) + VWu(VVi ) . 5p(W“)
Note that
> v (W) = e (W) = 1
and

ZVW“ “)on W)/ pn(WY) = vy n (W) =1
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Therefore,

3,}///
(W) — Dy (W] < — 210
S lwen (W) = e (W) < s

Combining this with (7.15) and substituting in the integral formula for I; give the bound

L < 3lfllaife+200(0) [ p(W")dn]

+,e

< 3| flleen/e +205(e) (dg* + gCrdg )

where we used (7.12).

The proof of Theorem 2.5 is completed. This implies the weak convergence of the
measures fi4 , to fiy. In particular, iy, and hence, ﬁi, are probability measures.

We now continue the proof of Theorem 2.4. The invariance of the measure ji, follows
from the above weak convergence.

To prove the ergodicity of i, we employ the classical Hopf technique of connecting
any two generic points of {2 by a finite chain of stable and unstable fibers, see, e.g., [2]
for a self contained introduction to the Hopf technique in Hopf’s original setting. The
crucial step in this technique is to ensure some analogue of the absolute continuity of the
foliations of €2 by stable and unstable fibers. Precisely, we need to show that for any two
nearby parallel unstable fibers Wi W3 C M, the holonomy map (sliding along stable
fibers) is not completely singular with respect to the conditional measures D, Vg

Let W}, W3t C M, be two unstable fibers of lengths > dy/4, and let v, 15 be their
u-SBR measures, respectively. Assume that W is dy-close to W', see Sect. 3. By
shortening W3, if necessary, we can make it dy-close to W7', too. In particular, the
holonomy map h (sliding along stable fibers of length < dy) will be then a bijection
of Wi to Wy'. For any n > 0 let Wlun = {z e WrNM_,: h(z) € W¥nNM_,}, and
WQ“H = B(Wlun) C WgNM_,,. The sets Wlun and WQ“n are finite unions of closed subfibers
in W, W3, respectively, and the jacobian of h: Wlun — Wgun is uniformly bounded away
from zero and infinity (by D~! and D). The remark in the end of Section 4 shows that
v (W) > v (Wi N M_,)/2, ie.

fort=1,2 and all n > 0.

Claim. The holonomy map h : Wi — W3 is not singular with respect to the measures
vwe, @ =1,2.
Proof. By way of contradiction, assume that 3A C W} such that vyu(A) = 0 and

Dwe(h(A)) = 1. Then V§ > 0 there is a countable union of disjoint open subintervals
I; C Wit such that A C Ul; and vy (UI;) < 9. Since DW;(E(UIZ-)) = 1, we can find a
finite subunion G; = UJ_,I; for some j < oo such that DW;(B(Gj)) > 0.99. Recall that

vin weakly converge, as n — 00, to Iy for ¢ = 1,2. Since E(Gj) is an open subset of
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W, there is an ng > 1 such that vy, (h(G;)) > 0.98 for all n > ny. Due to (7.16), we
have . ) . )
V27n(h/(Gj N Wﬁn)) = V27n(h(Gj) N W2u’n> Z 0.48

for all n > ng. Hence, v1,(G; N Wlun) > 0.48 (CgD)™* > 0, where we used Theorem 4.1.
Hence, vy, (G;) > 0.48(CgD)~! for all n > ng. Consider the closure G; of G;. The
weak convergence vy, — Py implies that leu(é’j) > 0.48 (Cs¢D)~!. Note that e
is a nonatomic measure, cf. (7.10) and the first remark after Theorem 7.3. Hence,
pwa(G;) > 0.48 (CsD)™', a contradiction that proves the claim.

This allows us to link W}* and W3 by stable fibers and make one Hopf chain that
contains both W}* and W3'.

Next, the unstable fibers W* C M, of length > dy/4 are rather dense in M. As it was
shown in [6] (Lemma 3.4), any stable fiber W* C M of length dy (with dy ~ h) crosses at
least one unstable fiber W* C M, whose endpoints are the distance > dy/3 away from
the point of intersection, W?* N W*. Therefore, any two unstable fibers W*, W3 C M,
of length > dy/4 can be connected by one finite Hopf chain of stable and unstable fibers,
so they all belong (mod 0) in one ergodic component of the measure i, .

Consider now short unstable fibers W* C M. If W* is forever short then p(W*) = 0,
and hence the union of such fibers has zero ji; measure. If W* is eventually long, then, in
the same way, only its parts that become long under the iterations of T' can carry positive
mass of ji,. Those parts, however, belong (mod 0) to the same ergodic component as
above, since that component is T-invariant. The ergodicity of i is proved.

It is standard that the K-property on each ergodic component follows from the ex-
istence of stable and unstable fibers at a.e. point, see, e.g., [10] and [11] (Theorem B).
Since our measure [, is ergodic, it is K-mixing. O

Remark. Due to (5.17),
pin(He) < Ce¥? Ve>0andn>0 (7.17)

Hence, fi.(H.) < Cp1€%2. It is then a standard application of Borel-Cantelli lemma
to show that at fii-a.e. point z € 2 there are fibers W C M, and W, C M_ of
nonzero length. Furthermore, for any € > 0 the set of points whose fibers W} C M, and
W2 C M_ are shorter than ¢ has ji;-measure < const - %/2.

Next, the estimates on convergence in Theorem 2.5 are independent of h and the shape
of the holes. Therefore, the weak convergence of the measures uf)n = [T®]; ”ugf ) to ﬁf ),

proved in [4],[5] is actually uniform in k for all k > ky. Hence, for any sequence ny — oo

as k — oo the sequences of measures {ugf)nk} is equivalent to ﬂ(f), i.e. uglf)nk ~ ﬂ(f) as

defined in the previous section.

Recall that the sequence uf ) converges, as k — 00, to pu,, cf. [6]. Since T™! acts

smoothly on M;, the measures ,ugf)n =T"u f ) remain close to Mg n = T "py in the

weak topology for sufficiently small n (compared to k). It is, however, clear, that n may
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be taken larger as k grows, i.e. there is a sequence ny — oo such that ,uf)nk ~ by, @S

k — oo.
Combining the above observations with Theorem 2.4 gives

Corollary 7.5 The sequence of measures ﬂf) supported on the repellers QF) C Q weakly

converges, as k — 0o, to the measure fi, supported on . Note that all these measures
are T-invariant, ergodic and K-mixing.

Proof of Theorem 2.6. We start with a formula for the Kolmogorov-Sinai entropy of
smooth hyperbolic maps on surfaces:

h(p) = x+(p) - lim log (B2, ¢))

7.18
e—0 IQg c ( )

where p is an ergodic invariant measure, x(u) is its positive Lyapunov exponent, x
is a p-generic point, p* is the conditional measure induced by p on the local unstable
fiber WY, and B“(z,¢) is the e-ball in W} centered at x (i.e., the interval on W of
length 2¢ centered at x). This formula was proved by Ledrappier and Young, even in the
nonuniformly hyperbolic case, see pp. 545, 559 in Part II of [11].

For any f[i,-generic point x € () there is a sequence n; — oo such that the points
x; := T™x have long unstable fibers in M, , i.e. the distance from z; to the endpoints
of W C M, is at least dy/8. For every sufficiently large ¢ we find an ; > 0 such
that W := T" B%(x,¢;) is a subsegment of W of length > d/8. Due to the standard
distortion estimates,

8D) < ol

= Tedty - Ty
Next, let W* C M, be the maximal unstable fiber containing x. Then

vwe(BY(x,6:)) = vwu(B*(2,€:)) p(B*(x,€:))/p(W*)
= vwu(B"(x, ) AT p(T™ B (2, :)) [ p(W")

<8D

where we used (7.10) and the second remark after Theorem 7.3. Observe that vy« (BY(z, &;)) ~
g;/|W*|, and p(T™ B"(x,¢;)) ~ 1. Therefore,

loge; — log A’

h(fe) = x4 - lim

i—00 log ¢;
log A\
= x4 (1—1im_01g+>
i—oon; - loge;

= X4+ |1—lim — fhs
1—00 M. logJU ui =

Theorem 2.6 is proved. O
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Corollary 7.6 (see [13]) Let Gz, C Q be the set of i, -generic points x € Q. Then the
Hausdorff dimension, denoted by 6", of Gp, N W*"(x) is independent of x € Q, and

_ _log p"(B"(z,¢))
§“=h =1
(A4)/x+ = lim log.e

Proof of Theorem 2.7. Let now, for a moment, H* be rectangular holes approx-
imating H ‘from outside’ as described in the first paragraph of Section 6. They sat-
isfy d(H®) H) < ¢,/2, see (6.1). Hence, d(H® H,) < d(H,,H) + &/2. Let k =
k, = max{k > ko : &, > 2d(H,,H)}. Obviously, k, — oo as n — oo. Then
d(H%) H,) < &, so the rectangular holes H») properly approximate H,. Hence,
we can apply (7.2) with u, replaced by py[H,] and k = k,,. This proves the weak
convergence fi[H,| — py. The convergence ji[H,] — [, is proved exactly as Corol-
lary 7.5.

Now, \y[H,] = 1 — p,[H,](T"'H,). The weak convergence u,[H,] — i, the
assumption d(H,, H) — 0, and the bound (7.17), in which one sets n = 0, imply that
A+ [H,] — Ay, and hence v, [H,] — 4. The escape rate formula holds for all measures
i+ [Hy,] and implies the convergence of the entropies h(fiy[H,]) — h(fiy). Observe that,
generally, the entropy h(x) in not (!) a continuous function of the invariant measure u
for T. O

Proof of Theorem 2.9. That theorem was proved in [4] for Anosov diffeomorphisms
with rectangular holes. We can apply it to T®) because Q*) C Q, so the necessary
assumptions are fulfilled on Q*). Thus, we get ﬂf ) = /?L(_k) and )\f) = A" for all k > ko.
Taking the limit as k — oo proves Theorem 2.9. O

8 Proof of Proposition 6.3

The matrix techniques for proving the weak convergence of measures is based on the
following. Let ¢V < ¢) < ... be an increasing sequence of finite partitions of the under-
lying space, £®) = {Aﬁ’“), cee Agf,)c}, that converges to a partition into single points. Then
one can represent any measure £ by a sequence of (row) vectors p®) with components
pgk) = M(Agk)), 1 < i < my. The norm of the measure is given by |u| = [p®)| = ¥, pgk).
Then, under certain regularity conditions, the weak convergence of a sequence of mea-
sures, (i, — [, 1S equivalent to the componentwise convergence of the sequence of
vectors p™ (p,) — p®™ (1), as n — oo, for all & > 1. Similarly, the transformation
of measures y/ = T,u is equivalent to the right multiplication by matrices, p® (u/) =
p® ()II®) (1), with components
I (1) = p (A T AR Ju(Al)

which is a nonnegative substochastic matrix for every k. More details of our techniques
can be found in [4, 5, 16].
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Fix a k > ky. We represent any measure x4 on M®*) by the row vector p(u) with
components {u(R) : R € R®}. We always assume, for simplicity, that u(UrdR) = 0,
so that |u] = |p(u)|.

For n > ¢ denote by p, = {p,(R)} the vector representing the measure [T*(k)]"’q,uq,
q = k+1y (this is not a probability measure for n > ¢, of course). The normalized vector,
Pn/|Pnl, Will then represent the measure (.

Recall that the conditional distributions of s, on unstable R-fibers, R € R®_ coincide
with u-SRB measures on those fibers. Then the sequence of vectors p, can be well
approximated by the product of the vector p,, (representing ,,) for some ny > ¢ and
certain substochastic matrices defined as follows. In every rectangle R € R™ pick an
arbitrary unstable R-fiber U(R). For any m > 1 define the substochastic matrix II,,
with components

(R, R") = vuey (UR) N [T (R 0 MP)) (8.1)

where vy () is the u-SBR measure on U(R').
Since the rectangles in R* are exponentially small (in k), then for any n > m + ¢

and R" / .
B pn(R) -
and for any R, R” and my,mg > 1

eicak < ZR/// Hml (R/, R///) Hm2 (R,”7 R”> < ecak
o Hm1+m2 (R/7 R//) -

for some global constants C' > 0 and « € (0,1). Let m =my +---+my; < n—q and put
ﬁn - pn—mHml e Hmz
Then, for any R € R*

6—C’tak S ﬁn(R) S eC’toak
pn(R)

As aresult, e € < [p,|/|pa| < %", so that the normalized vectors p,/|pn| and p, /|pn|

are close as well:

672Ct04k < ﬁn(R)/|ﬁn| < 62Ctak (82)

~ pa(R)/Ipn| T
According to (8.2), the vectors p,/|p,| approximately represent the measure u{*) as
long as t < a~*. In our further considerations, ¢t will be actually equal to k, so p,, will
always approximate p, well enough. In fact, we will find an integer » > 1 such that such
that the matrix II,, has good mixing properties uniformly in &, see below. Then for any
n > rk? + q we approximate p®) by

ﬁn = pnfrk:21_-[fk (83)
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Due to (8.2), for any n > rk? + ¢

Z pa(R)  Pu(R)

ReR(F)

< 2%k _ 1 = O(ka) (8.4)

N

|pn| |pn|

Remark. The vector p,/|p.| represents the measure u*. According to (8.4), the
vector p,,/|pn| approximately represents the same measure. The vector p,/|p,| will not
change if we normalize the vector p,_,2 in (8.3), i.e. if we assume that p,_,.2 represents

the measure u!*) , rather than [TM]r—rk*~a,

We will need certain matrix estimates similar to those in [16]. Denote by A, B,C
nonnegative N x N matrices and X,Y nonnegative row vectors of length N with the
norm | X| = Y x;, the distance | X — Y| =3 |z; — y;|, and the normed distance

N

X =Y][=>_

=1

X Yi

X[yl

Let X = X+ X and Y = Y +Y’, where X, X’,Y.,Y’ are some nonnegative vectors.
Denote ex = |X'|/|X| and ey = |Y’|/]Y|. The following estimate is a result of direct
calculations: o

IX =Y[| < [IX = Y|+ 2(ex +ev) (8.5)

Let 1 < J < N. Assume that ; > 0iff j < Jand y; > 0iff 7 < J. Let

d(X,Y)=1In méxlgis‘](%/yﬂ = max In i)
ming<;< s (2;/ys) I<ij<J LY

be the projective distance between vectors, based on their first J components. Obviously,
zifr; < XYy /y. for all 1 < i, < J. Summing over i = 1,...,J gives y;/|Y| <
eV 2. /| X|, hence

| X = Y| < ed&Y) 1 (8.6)

Note that d(X,Y) = 0 (hence, || X —Y]|| = 0) iff X = AY for some A > 0.

Now, let 1 < I < J. Let A= B+ C, where B and C are nonnegative matrices. For
the matrix B, assume that
(B) by >0iffie{l,....I}UI and j € {1,...,J},
where I’ C {J 4+ 1,..., N} is an arbitrary subset of indices. Denote by B} the J x J
principal minor of the matrix B", n > 1. Observe that B} = (B})".

For any nonnegative vector X = {&;} we put X,, = XA", X,, = XB" and X! =
X, — X,. We say that X is admissible if #; > 0 for at least one i € {1,...,1} Ul In
that case xgl) > 0, V) < J, where xg»l) are the components of X; = XB. Therefore, for
any two admissible vectors X, Y we have d(X,,,Y,) < oo, ¥n > 1.

It is known that d(X,,,Y,) < d(X,_1, Y1), cf. [16]. Let

d(XB,YB)
B) = ok St Bl
(B) = su =Xy
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where the supremum is taken over vectors X,Y whose components z;,y; are positive
if and only if j < J. 7(B) is called Birkhoff contraction coefficient. It is known that
T7(B") < [1(B)]™, cf. [16]. There is an explicit formula for 7(B), see [16], pp. 101-106:

1_(701/2

birbji

m1n
i,j<I, kI<J bjby

7(B) o =p(B) =

In particular, 7(B) = 0 iff the J x J principal minor of B coincides with that of the
matrix U7V, where U and V are some nonnegative row vectors such that u; > 0iff i < I
and v; > 0 iff j < J, and U is the transpose of U.

Assume that 33, > 0 such that

birbji

k041

0<f <

<Gt (8.7)

for alli,j < I and k,l < J. Then 7(B) < 3 := (1 —/Bo)/(1 + v/B) < 1, and hence
d(X, ;) < d(Xs,Ys) - g7
It is also a direct calculation that
d(X5,Ys) < d(X,B,Y1B) < 2In ;"
for any two admissible vectors X, Y. Summarizing (8.5), (8.6) and (8.7) gives

~ ~ _9opn—2
X =Yall < (87" = 1) +2(ex, +ev,)

<
< const(fy) - " + 2(ex, +e€v,) (8.8)

To prove (8.7), it is enough to show that there exist two nonnegative vectors U and
V such that u; > 0 ift ¢ < I and v; > 0 iff j < J and the components b;; of the matrix B
admit the decoupling b;; ~ u;v;, i.e. for some 5 > 0

bii
0<y<—=—<7" (8.9)

L)

for all i < I, 7 < J. Then (8.7) follows with 8y = ;.

Next, we will define the matrices A and B related to the transition matrix II,, in (8.1)
and show (8.9). For brevity, we will suppress the superscript (k) in R*®), T® and M®*).

Let R € R and U be an unstable R-fiber. Consider the functions [, (z), n > 0, on
the fiber U as defined before Lemma 5.7. Let S be a stable R-fiber. In a similar way,
define functions [, (z), n > 0, on S. For every n > 0 and = € S N M,, denote by S, (x)
the smooth component of 7-"(S N M,,) containing T~"z. For every x € SN M_, let
I-(x) = min{l € [0,n] : |S/(x)] > do/2} (if |S;(z)| < do/2 for all I = 0,...,n, we set
I(x)=n+1).
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Let r > rg > 1 to be specified below. We set A = I1,, see (8.1), and will now define

B so that C = A — B will be a nonnegative matrix. For any two rectangles R', R”" € R
we define B(R', R") as follows. Let U(R’) be the unstable R'-fiber fixed in (8.1). Let
UR) = {z € UR)NM_; : Li(z) < rok}. Now, let S(R") be an arbitrary stable
R'-fiber. Let S(R") = {x € S(R")NM,, : I5(z) < rok}. Now, let R” C R” be the union
of unstable R”-fibers that cross S(R”). Obviously, R” is a finite union of u-subrectangles
in R”. Observe that 7" R” N R’ consists of a finite number of s-subrectangles in R’. We
now define

B(R',R") = vyn|[U(R) N T~ (R")] (8.10)

Comparing this to (8.1) shows that B(R', R") < ILx(R',R") = A(R', R"), so that the
matrix C = A — B is, indeed, nonnegative.

We now prove (8.9). Let again R, R” € R. Denote by U;, i > 1, all distinct curves
Uy,,(x)(x) for points x € U(R'). If U; = Uy, () for some z, we put l; = l4(x), the
iteration associated with U;. There are finitely many of those curves, and their lengths
are > dy/2 and < dy. Observe that 740, i > 1, are disjoint subsegments of U(R'), and
their union covers U (R).

Similarly, we define stable fibers S'j, J =1, and [; < rok such that T S'j are disjoint
subsegments of S(R"), their union covers S(R”), and the length of every S; is between
dy/2 and dy. Denote by R;’ the u-subrectangle in 7% R” that consists of unstable fibers
crossing the curve Sj. Let dj be the maximum length of unstable }N%;-’ -fibers.

Assume that r > 2rg, so that rk > 2rok + ky for all sufficiently large k. Denote by v;
the u-SBR measure on the fiber UZ and put w; = I/U(R/)(T_li (71) In the following, we use
Corollary 5.5:

rk—li—l;

B(R,R") = Zw[T m] (RY)

~ D PN
i,

- (Z w; [Af’]rk—li> (;[Ag@]z ki d;)

(8.11)

where a ~ b means that the ratio a/b is bounded above and below by two positive global
constants, in this case the constants are Cjy and Cyp'. This proves (8.9) with vy = Cy".

Remark. Observe that if U(R') = 0 or S(R") = 0, then B(R',R") = 0. Otherwise
B(R',R") > 0, as the above calculation shows. We can number the rectangles R; € R,
1 <4< N, so that g(RZ) # () iff 1 < J for some J < N, and furthermore, for i < .J we
require U(R;) # 0 iff i < I for some I < J. Then the matrix B will satisfy our early
assumption (B), if only I > 1, i.e. if there is at least one rectangle R with U(R) # () and
S (R) # () simultaneously. This will be ensured by our choice of ry and r below. Here we
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just observe that if I = 0, nonetheless, then B2 = 0, so X,, = XB" will be zero vectors
for all n > 2.

We now turn to the proof og Proposition 6.3. Let L > rk? +q. Let X represent the
measure N(Lkzrw (cf. the remark after (8.4)), and let X}, = XTI¥,. Then the vector X}, /| X|

approximately represents the measure M(Lk), according to (8.4). Also, let Y represent the

measure ,uglf). Then Y, /|Y;| approximates the same measure ,uf ), Therefore, due to (8.4)

i = u], = 1% = il + O(ka)

Here and further on, ay = O(by) means that a, < Cby, with some global constant C' > 0.
Next, we use (8.8) with n = k. If I > 1, then the just proven bound (8.9) ensures
that the first term on the right hand side of (8.8) is exponentially small in k, i.e.

‘M(Lk) — uf)‘k < 2(ex, +ew,) + O(B%) + O(ka™)

with 8= (1 —92)/(1+92) < 1. If I = 0, however, then X} =Y}, = 0, and the first term
in (8.8) can be simply omitted, but then ex, = ey, = 1.

Therefore, it remains to estimate the quantities €x, , ey,. We will show that they are
exponentially small in & by choosing rq and r properly. In particular, that will imply
that I > 1, i.e. the matrix B will be nontrivial (8% # 0).

Again, for brevity we will suppress the superscript (k) in R*), T*) and M®). Let
R € R and U be an unstable R-fiber. Denote by vy the u-SBR measure on U.

Lemma 8.1 There is a global constant Coy > 0 such that for everyn >m >0

vz € UNM_, : lo(z) = m} < Cus 8P AP /|U| < Coy B AP] A

max

Proof. The first bound is claimed in Lemma 5.7 for the original holes H, so, it applies
here provided
B1 > BoAgh, /A

for all sufficiently large k, which is true, see (5.19). The second inequality in the lemma
follows from the obvious bound |U| > const - A X . O

max"*

Corollary 8.2 By settingm = 0 we get vy (UNM_,,) < Ci3 [)\Sf)]”/]U] < Cy [)\S{C)]”Ak

max

Now, let R € R and S be a stable R-fiber. Let m > 1 and S,, = {x € SN M,, :
[,.(r) = m+ 1}. These are points in S whose first m backward images (under T~ ') are

in short components (of length < dy/2) in the backward images of the curve S. Denote
by R,, the union of unstable R-fibers that cross S,,. Let G,,, = Urer Rp.
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Lemma 8.3 Let € My and n,m > 0. Then for some global constant Cys > 0

(T 1) (G N M) < Coo 5{”[ ]nerA%

max

Proof. Let R € R and d*“(R), d°(R) be the maximum lengths of unstable and stable
R-fibers, respectively. The set T"™R,, consists of at most Bj' connected rectangles,
denote them by R,,;, 1 <1i < B{". Each R,,; has length in the stable direction < dy/2
(measured along the stable fiber R,,; N T~™S,,). The length of unstable fibers in R, ;
does not exceed A d“(R). Therefore, u(R,,:) < C1 DA d*(R), and so (T ) (Ry) <

min min

CiDBIALT d*(R). Observe that Y per d*(R)d*(R) < const - Area(M). Also, d*(R) >

min

const - A—* . Therefore,

max’

IN

(T7'0) (Gu) < const- Y0 By A d*(R) d*(R)/d*(R)
RER

const - B"A,, mAk

S min- "max

< const - 7" [)\(k AR
Now, we apply Corollary 8.2 to each unstable R-fiber in R,, for all R € R and complete
the proof of Lemma 8.3. O

We will apply Lemmas 8.1 and 8.3 with m = rok and n =rkl with l =1,...,k.
We now fix ry large enough, so that Gy := ﬁ”’AfnaX Then, the right hand side
of the bound in the Lemma 8.1 will be const- 62[ ¥ ]”, and that of Lemma 8.3 will be
const- 3% [)\S{C )]m+”, where the constants are global. The value of 7 is simply chosen to be
> 2rg, so that rk > 2rgk + k; for all sufficiently large k.

We now estimate the value ex, = | Xz — Xj|/| Xy, i.e. the relative difference between
the vectors X, and Xj. Recall that X represents the probability measure ,u(LkZ k2 and

that X = XTI¥,, cf. Remark after (8.4). Observe that
% rk? (k oF k) k2
Xel = 1770 el (14 0™ ~ PP

We now make the last crucial observation. The difference between X 1 and X}, results
from the differences between the matrices A = I1,; and B, compare (8.1) setting m = rk
there and (8.10). We have defined the components B(R', R”) by removing certain parts
from R’ and R” that entered the definition of II,, = A. Those parts are precisely
described by Lemmas 8.1 and 8.3, where one sets m = rok and n = rk, 2rk, ..., rk% Our
choice of ry ensures that the relative losses incurred by the removal of those parts from all
R/, R" € R are exponentially small in k (the losses are bounded by const-35). The vector
X, = XB* suffers these losses every time we replace A by B in the product X, = X A*.
This happens k times during rk? iterations of 7', so the total relative difference between
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X, and X will be bounded by const-kB35. The argument for the vector Y} is the same.
Therefore,

€x, + €y, < const - k;ﬁ;“

which is exponentially small in k. This completes the proof of Proposition 6.3. O
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