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Abstract

W.P. Thurston introduced closedσd -invariant laminations (whereσd = zd :S1 → S1, d � 2) as a tool in complex dynamics
He definedwandering triangles as triplesT ⊂ S1 such thatσn

d
(T ) consists of three distinct points for alln � 0 and the convex

hulls of all the setsσn
d
(T ) in the plane are pairwise disjoint, and proved thatσ2 admits no wandering triangles. We show that

everyd � 3 there exist uncountably manyσd -invariant closed laminations with wandering triangles and pairwise non-conju
factor maps ofσd on the corresponding quotient spaces.To cite this article: A. Blokh, L. Oversteegen, C. R. Acad. Sci. Paris,
Ser. I 339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

L’existence des triangles errants. Les laminations ferméesσd -invariantes (oùσd = zd :S1 → S1, d � 2) ont été introduites
par W. P. Thurston comme un outil pour l’étude des systèmes dynamiques dans le plan complexe. Il avait défini lestriangles
errants comme étant des tripletsT ⊂ S1 tels queσn

d
(T ) est composé des trois points distincts pour toutn � 0, et les enveloppe

convexes de tous les ensemblesσn
d
(T ) sont deux-à-deux disjointes dans le plan complexe. Il avait démontré queσ2 n’admet

pas des triangles errants. Nous montrons que pour toutd � 3 il existe une collection nondénombrable de laminations ferm
σd -invariantes qui ont des triangles errants et des applications-facteurs deσd non-conjuguées, deux-à-deux distinctes, sur
espaces quotients associés.Pour citer cet article : A. Blokh, L. Oversteegen, C. R. Acad. Sci. Paris, Ser. I 339 (2004).
 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Les laminations ont été introduites par Thurston [10] comme un outil pour étudier en même temps les po
complexes individuels et leur ensemble tout entier. Dans le cas où le degré estd , ce dernier se réduit à l’étude d
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1 Recherche partiellment supportée par NSF Grant DMS 0140349.
1631-073X/$ – see front matter 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2004.06.024
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l’espace paramétrique des polynômes centrés moniques de degréd � 2 qui sont de la formez �→ zd + ad−2z
d−2 +

· · · + a0 [3]. L’ensemble des paramètres pour lesquels l’ensemble de Julia correspondant est connexe estle
lieu géométrique de connexité. (Si d = 2, le lieu géométrique de connexité s’appellel’ensemble de Mandelbrot et
l’on utilise la notationM).

SoitP :C∗ → C∗ un polynôme de degréd qui est défini sur la sphère complexeC∗ et qui possède un ensemb
de JuliaJ connexe. Soitθ = zd : D → D (où D ⊂ C est le disque-unité). Il existe un isomorphisme confor
Ψ :D → C

∗ \ J tel queΨ ◦ θ = P ◦ Ψ [4,5]. Si J est localement connexe, alorsΨ se prolonge à une fonctio
continueΨ̄ : D → C∗ \ J . Soientσd = θ |∂D, ψ = Ψ̄ |∂D. Pour chaquey ∈ J , soit C(y) l’enveloppe convexe d
l’ensembleψ−1(y) dans le disque-unité, soitLP la collection de toutes les cordes contenues dans la frontiè
tous les ensemblesC(y), y ∈ J . Alors LP est un exemple d’une laminationd-invariante. Une telle laminatio
donne une description combinatoire deJ . D’après Kiwi [7], une construction similaire est possible pour tous
polynômes qui ont des ensembles de Julia connexes et qui n’ont pas des cycles neutres irrationnels.

Dans le cas oùd = 2, Thurston [10] a démontré que l’espace de toutes les laminations 2-invariantes (quadra-
tiques) peut être interprété à travers une « méta-lamination » appelé LMQ (lamination mineure quadratique). La
relation exacte entre LMQ etM n’est pas connue (Thurston a conjecturé que le bord deM est essentiellement l
LMQ.) Un ingrédient majeur de la théorie de Thurston est la nonexistence des triangles errants pour les lam
quadratiques. Du point de vuedes dynamiques dans l’ensemble de Julia,ceci est equivalent à la nonexistence d
points de branchement dansJ qui sont nonprécritiques nonprépériodiques, et peut êtrevu comme une extensio
naturelle du résultat similaire pour les applications des graphes finis.

Les extensions des résultats de Thurston au delà du casd = 2 ont été entravées par le manque d’informat
sur l’existence des triangles errants pourd > 2. Dans ce qui suit, nous donnons un schéma sur la constructio
laminations invariantes ayant des triangles errants, et nous démontrons le théorème suivant.

Théorème 0.1. Pour chaque d � 3 il existe une collection nondénombrable des laminations d-invariantes L(α)

ayant un triangle errant telles que les applications induites fL(α)|JL(α)
sont deux-à-deux non conjuguées.

Nous donnons les idées principales de la démonstration. SoitX ⊂ S1, une applicationg :X → g(X) ⊂ S1

est diteσ -prolongeable si X ∪ g(X) peut être plongé dansS1 au moyen d’une application (non-nécessairem
continue)ϕ préservant l’ordre de telle sorte que l’application induiteg′ :ϕ(X) → g′(ϕ(X)) ⊂ S1 (définie par
g′ = ϕ ◦ g ◦ ϕ−1) coincide avec l’applicationσd |ϕ(X) pour un certaind . Un tel d minimal est appelé lepseudo-
degré deg.

L’idée est de construire un ensembleA ⊂ S1 et une applicationσ -prolongeableg :A → A de pseudo-degr
3 tels queA est l’orbite d’un tripletT0 par l’applicationg, et T0 est un triangle errant deg. La construction es
flexible et peut être mise en oeuvre de plusieurs manières différentes nondénombrables. En utilisant la définition
nous pouvons alors plongerA dansS1 à l’aide d’une applicationϕ qui préserve l’ordre de telle manière q
l’application induite surϕ(A) coincide avecσ3. L’ensembleϕ(T0) est un triangle errant pourσ3. La lamination
L′, qui estσ3-invariante dans le futur et qui est composée des cotés de tous les trianglesϕ(Ti), peut être étendue
une lamination cubique nondégénéréeL, et les manières nondénombrables de faire cette construction donne
essentiellement à une collection nondénombrable de laminations distinctesL. L’éxtension aux degrés superieu
est basée sur la technique « d’insertion d’un extra wrap ». Ceci achève la démonstration du Théorème 0.1.

1. Introduction

Laminations were introduced by Thurston [10] as a tool for studying both individual complex polynomia
the space of all of them. In the case of degreed the latter reduces to studying the parameter space of degreed � 2
monic centered polynomials of the formz �→ zd + ad−2z

d−2 + · · · + a0 [3]. The set of parameters for which th



A. Blokh, L. Oversteegen / C. R. Acad. Sci. Paris, Ser. I 339 (2004) 365–370 367

led

a

y

d
L
f
the
s

xis-
ring

o-

only
ence

riodic
e

corresponding Julia set is connected is called theconnectedness locus (if d = 2 the connectedness locus is cal
theMandelbrot set and denoted byM).

Let P :C∗ → C∗ be a degreed polynomial with a connected Julia setJP acting on the complex sphereC∗.
Denote byKP the corresponding filled-in Julia set. Letθ = zd :D → D (D ⊂ C is the unit disk). There exists
conformal isomorphismΨ : D → C∗ \ KP with Ψ ◦ θ = P ◦ Ψ [4,5]. If JP is locally connected, thenΨ extends
to a continuous function̄Ψ : D → C∗ \ KP . Let σd = θ |∂D, ψ = Ψ̄ |∂D, for eachy ∈ JP let C(y) be the convex
hull of the setψ−1(y) in the unit disk, and letLP be the collection of all chords ofS1 contained in the boundar
of all the setsC(y), y ∈ JP (if C(y) is a point then this point is included inLP too). ThenLP is an example
of a d-invariant lamination. Such a lamination gives a combinatorial description ofJP . By Kiwi [7] a similar
construction is possible for all polynomials with connected Julia sets and no irrational neutral cycles.

In the cased = 2 Thurston [10] proved that the space of all 2-invariant (quadratic) laminations can be interprete
through a ‘meta-lamination’ called QML (quadratic minor lamination). The exact relationship between QM
andM is unknown (Thurston conjectured that the boundary ofM is essentially QML). A major ingredient o
Thurston’s theory is the non-existence of wandering triangles for quadratic laminations. From the standpoint of
dynamics in the Julia set this is equivalent to the non-existence of non-preperiodicnon-precritical branch point
in J , and can be viewed as a natural extension of the same result for maps of finite graphs.

Extensions of Thurston’s results beyondd = 2 have been hampered by the lack of information about the e
tence of wandering triangles ford > 2. Here we sketch the construction of invariant laminations with wande
triangles.

A lamination L is a closed set of chords and points inD ⊂ C such that any two distinct chords inL (called
leaves) intersect at most at a common endpoint; leaves may be degenerate. A leaf with endpointsp,q ∈ S1 is
denoted by� = 	pq . Denote the union of all leaves inL byL∗. A gap G of L is the closure of a complementary d
main ofL∗ in D. For each chord� = 	pq let σd(�) be the chord joining the pointsσd(p) andσd(q). The lamination
L is d-invariant if for each� ∈ L we haveσd(�) ∈ L, there existd pairwise disjoint leaves�i ∈ L (i = 1, . . . , d)
with σd(�i) = �, and for each gapG either|σd(G ∩ S1)| � 2, or there exists a gapH of L such thatσd |G∩S1 maps
G ∩ S1 ontoH ∩ S1 as a covering map with positive orientation; in this case we writeσd(G) = H .

Given a laminationL there exists the finest closed equivalence relation≈L (or simply ≈) on S1 with the
property that if 	pq ∈L thenp ≈ q (for some laminationsL all of S1 is a single class andS1/ ≈ is a point). IfL is
d-invariant then≈ is σd -invariant, andσd induces a branched covering mapfL :JL → JL, whereJL is the quotient
spaceS1/ ≈. For a polynomialP with locally connected Julia setJP the above defined laminationLP gives rise
to the equivalence≈P with equivalence classes being the setsC(y) ∩ S1, y ∈ JP so thatP |JP andfLP

|JLP
are

topologically conjugate. In particularJLP
is non-degenerate. To avoid ambiguity we from now on consider

q-laminations, i.e. closedd-invariant laminationsL such that the convex hull of each non-degenerate equival
class of≈, is either a leaf or a gap ofL.

Let us introduce some notions. Assume thatL is ad-invariant q-lamination,≈ is its equivalence, andX ⊂ S1 is
an equivalence class of≈. Call X critical iff σd |X is not 1-to-1 andprecritical iff σ

j
d (X) is critical for somej � 0.

Call X preperiodic if σ i
d (X) = σ

j
d (X) for some 0� i < j . A gapG is awandering n-gon if |G ∩ S1| = n � 3 and

G ∩ S1 is neither preperiodic nor precritical. A wandering 3-gon is awandering triangle.
Now we list some known facts. Kiwi [6] extended Thurston’s theorem by showing that every non-prepe

non-precritical gap in ad-invariant lamination is at most ad-gon. In [8] Levin showed that laminations with on
critical class do not have wanderingn-gons. Another result was obtained in [1] (see Theorem 1.1). LetkL be the
maximal number of critical classesX of ≈L with pairwise disjoint infiniteσd -orbits such thatσd(X) is a singleton.

Theorem 1.1. Let L be a d-invariant q-lamination and let Γ be a non-empty collection of wandering dj -gons
(j = 1,2, . . .) with distinct grand orbits. Then

∑
j (dj − 2) � kL − 1 � d − 2.

Until now, it has not been known if wandering triangles exist; our main result shows that they do.
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Theorem 1.2. For each d � 3 there exists an uncountable collection of d-invariant q-laminations L(α) with a
wandering triangle such that the induced maps fL(α)|JL(α)

are pairwise non-conjugate.

2. Construction

For several obvious reasons we call laminations with wandering trianglesWT-laminations. Here we outline the
construction of one 3-invariant (cubic) WT-lamination. The example was inspired by ideas of [1] and [9]. In a l
paper we will use the freedom of the construction to prove the full version of Theorem 1.2.

The circleS1 is identified with the factor spaceR/Z; points ofS1 are denoted by real numbersx ∈ [0,1] with
the induced circular order. By an arc(p, q) in the circle we mean the positively oriented arc fromp to q . A few
necessary conditions for a cubic laminationL to be a WT-lamination follow from [1] (or from [6]). Indeed, b
Theorem 1.1 ifL is a cubic WT-lamination thenkL = 2. This implies that the two critical classes are leaves oL
andJL is a dendrite. Other more dynamical facts about cubic WT-laminations follow from [2].

Let X ⊂ S1. A mapg :X → g(X) ⊂ S1 is said to beσ -extendable if X ∪ g(X) can be embedded intoS1 by
means of an order-preserving (not necessarily continuous) mapϕ so that the induced mapg′ : ϕ(X) → g′(ϕ(X)) =
ϕ(g(X)) ⊂ S1 (defined asg′ = ϕ ◦g ◦ϕ−1) coincides with the mapσd |ϕ(X) for somed . The minimal suchd is said
to be thepseudo-degree of g.

The idea is to construct setsA ⊂ A′ ⊂ S1 and aσ -extendable mapg :A → A′ of pseudo-degree 3 so thatA

contains theg-orbit of a tripleT0 andT0 is a wandering triangle ofg. The construction is flexible and can b
implemented in uncountably many ways. By the definition we can then embedA′ into S1 by means of an order
preserving mapϕ so that the induced map onϕ(A) coincides withσ3. The setϕ(T0) is a wandering triangle forσ3.
The σ3-forward invariant laminationL′ consisting of the sides of all trianglesϕ(Ti) can be extended to a no
degenerate 3-invariant (cubic) laminationL, and the uncountably many implementations of the construction
rise to uncountably many essentially distinct laminationsL. The extension onto higher degrees relies upon
techniques of ‘inserting an extra wrap’ and completes the proof of Theorem 1.2.

SetB = {0 < c′ < s0 < u0 < 1
2 < v0 < d ′ < t0 < 1} and denote bȳc0 the chord with the endpointsu0 andv0

and byd̄0 the chord with the endpointss0 and t0. Let the pointu−k be the only point such thatu−k ∈ (u0, v0),

σ3(u−k) ∈ (u0, v0), . . . , σ
k
3 (u−k) = u0. Similarly we define pointsv−k, s−k, t−k . Observe that limn→∞ u−n = 1/2

andσ3(u−i ) = u−i+1; similar facts hold forv−n, s−n, andt−n. All these points together with the setB form the
setB ′. The chord connectingu−k, v−k is denoted bȳc−k and the chord connectings−k, t−k is denoted bȳd−k.

The setB ′ is an initial part ofA used to determine the location of other points ofA on the circle. Below we will
define the tripleT0 = {x0,y0, z0} and the setX0 = B ′ ∪ T0. On each step a new tripleTn = {xn,yn, zn} is added
and the setXn = Xn−1 ∪ {xn,yn, zn} is defined. We denote new points added on each step by boldface l
This explains the notation in the next phrase: the mapg on pointsxn−1, yn−1, zn−1 is defined asg(xn−1) = xn,
g(yn−1) = yn, g(zn−1) = zn. Below by a ‘triple’ we mean one of the setsTi and by a ‘triangle’ the convex hull o
a triple.

We suggest the following system of notation and rules which are enforced throughout. SupposeXi−1 has been
defined. The location of thei-th triple Ti is determined by pointsp,q, r ∈ Xi−1 with p < xi < q < yi < r < zi

and [(p, xi) ∪ (q, yi) ∪ (r, zi)] ∩ Xi−1 = ∅. In this case we writeTi = T (p,xi , q,yi , r, zi ). If 2 or 3 points of
a triple are located between two adjacent points ofXi−1 then we need less than 6 points to denoteTi – e.g.,
T (p,xi , yi, q, zi) wherep,q ∈ Xi−1 means thatp < xi < yi < q < zi and[(p, yi) ∪ (q, zi)] ∩ Xi−1 = ∅. Define
the mapg on all points of(B ′ ∩ [s−1, t−1]) ∪ {0} asσ3. Setg(u0) = g(v0) = c′, g(s0) = g(t0) = d ′. This defines
a mapg :B ′ \ {c′, d ′} → B ′. In what follows the mapg is constructed to be order preserving on subsets oA

contained in the closures of components ofS1 \ {0, s0, u0,1/2, t0, v0}.
Now we introduce locations of some initial triples:T0 = T (u0,x0,y0, t−1, z0), T1 = T (c′,x1,y1, t0, z1),

T2 = T (v0,x2,y2, d
′, z2), T3 = T (c′,x3,y3, z3), T4 = T (s−1,x4, v−1,y4, z4), T5 = T (s0,x5, v0,y5, z5), T6 =

T (0,x6, c
′,y6, z6), T7 = T (x0,x7,y7, z7), T8 = (x1,x8,y8, z8), T9 = T (x2,x9,y9, z9), T10 = T (x3,x10,y10, z10),
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Fig. 1. First twelve triangles.

Fig. 1. Les douze premiers triangles.

T11 = (u−1,x11,y11, t−2, z11). Our rules force the location of some triples, e.g. the fact thatT7 ⊂ (x0, y0) forces
the location ofT8, T9, T10. The segment of triples{T0, . . . , T11} is the basis of induction (see Fig. 1).

Given two disjoint chordsp,q denote byS(p,q) the strip enclosed byp,q and arcs of the circle. SinceT11
is contained inS(d̄−2, c̄−1), its image must be contained inS(d̄−1, c̄0); setT12 = T (y0,x12,y12, t−1, z12). Thus,
T12 separates the chord̄d−1 from T0 (inside the unit disk). Our rules then imply thatT13 = T (y1,x13,y13, t0, z13)

separates the chord̄d0 from T1. Moreover, this fact together with our rules forces the location of forthcoming tr
T14, T15, . . . with respect toX13,X14, . . . for some time. The first time when the location of the triple is not for
is whenT1 is mapped ontoT11 andT13 is mapped ontoT23. At this moment our rules guarantee thatT23 must be
located in the arc(y11, z11), but otherwise its location is not forced. The freedom of choice of the location oT23
at this point, and the similar variety of options which will be available later on at similar moments, is exac
reason why the construction yields not just one, but uncountably many types of behavior of a wandering triang

However here we are only interested in one example, so we choose the location ofT23 as

T23 = T (s−2,x23, v−2,y23, z23)

(in particularT23 ⊂ S(c̄−2, d̄−2)). This implies thatT24 must be located insideS(c̄−1, d̄−1), and we choose it
location so thatT24 separates̄c−1 from T4 in the disk. This forces the location ofT25 which separates̄c0 from T5.
As before withd̄0, T1 andT13, this determines the location of the triplesT26, T27, . . . relative toX25,X26, . . . for
some time until the choice for the location of the triple is not forced. This happens exactly at the moment wT5
maps intoT23 andT25 maps intoT43. We choose the location forT43 asT43 = T (u−2,x43,y43, t−3, z43) to mimic
already existing triplesT0 andT11. Then we chooseT44 so that it separates̄d−2 andT11 and proceed with the
construction as before. The step fromT11 to T43 is the first inductive step in the construction.

Let us now describe the induction in general. Stepn begins at a momentin with a triple

Tin = T (u−n,xin ,yin , t−n−1, zin ) ⊂ S(d̄−n−1, c̄−n).

It is followed by a segment of triples which comply with our rules and are contained in stripsS(d̄−n, c̄−n+1),

S(d̄−n+1, c̄−n+2), . . . closer to chords̄d−n, d̄−n+1, . . . than previously existing triples until the tripleTjn whose
triangle is located to the right of̄d0 and separates̄d0 from Tjn−1 in the disk. From that time on the be
havior of Tjn is forced by our rules and behavior ofTjn−1 until at a later moment the tripleTjn−1 maps
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into Tin and Tjn maps onto a new tripleTkn , closer to 1/2 than previous triples. We chooseTkn as Tkn =
T (s−n−1,xkn, v−n−1,ykn, zkn) ⊂ S(c̄−n−1, d̄−n−1). We now follow this triple by a series of triples contained
the stripsS(c̄−n, d̄−n), S(c̄−n+1, d̄−n+1), . . . closer to the chords̄c−n, c̄−n+1, . . . than previously existing triples
This series of triples ends with a tripleTln whose triangle separatesc̄0 from Tln−1 and whose future behavior
forced by that ofTln−1 until the moment whenTln−1 maps ontoTkn . At this momentTln maps ontoTin+1 and the
construction repeats.

This leads to a setA′ = B ′ ∪ (
⋃∞

i=0 Ti) =⊂ S1 such that allTi ’s have pairwise disjoint convex hulls. Moreove
the mapg is defined onA = A′ \ {c′, d ′}. We then prove that in factg :A → A′ is σ -extendable of pseudo
degree 3. Thus, we can embedA′ into S1 by means of an order-preserving mapϕ so that the induced map onϕ(A)

coincides withσ3. The setϕ(T0) is a wandering triangle forσ3. This forward invariant non-closed lamination can
completed to a closed cubic invariant lamination. By the construction, there are countably many available
as to in what strips the trianglesTin andTkn can be placed. That leads to uncountably many cubic WT-laminations
whose induced maps on the quotient spaces are non-conjugate. The extension onto higher degrees relies upon
techniques of ‘inserting an extra wrap’ and completes the proof of Theorem 1.2.
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