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On the Leading Energy Correction
for the Statistical Model of the Atom: Non-Interacting Case

Von Heinz K. H. Siedentop und Rudi Weikard, Braunschweig
vorgelegt von Egon Richter

(Eingegangen am 5.7.1986)

Itis shown that the infima of the Hellmann and the Hellmann-Weizsicker functional
without electron-electron interaction can be written in terms of the nuclear charge Z and
the particle number N as E(Z,N) = ZX(ayN"* + ay +...). In the case of Hellmann func-
tional we calculate both o, and o, in the case of the Hellmann-Weizsdicker functional we
calculate ar: We compare our results with Thomas-Fermi theory. Finally, we apply our
result to bound the quantum mechanical ground state energy of the system.

1. Introduction

We are interested in a system of N electrons moving in the field of a nucleus of
charge Z. The Hamiltonian of such a system is
N N
4 1
w H=Y(-a-Z)e St
2 (-4 I ,; [ri — ;]

=1 ] =
<y

Let Ey(Z,N), the quantum mechanical ground state energy, be the infimum of the
spectrum of H for the self-adjoint realization of H on A (LX(R’) ® C%), where g is
i=1

the number of spin states, in our case g=2. Several approximation schemes have been
developed to solve the associated Schrédinger equation. A review is given by Gombas
[L,2]. One of those approximation schemes is the Thomas-Fermi theory (Thomas [3],
Fermi [4]). For this model the energy of N = AZ electrons in the field of a nucleus of
charge Z is

(12)  EZF(N)=Z"3ETF ().
Later Lieb and Simon [5] showed that this is just the leading term in the quantum
mechanical case, when Z- and hence N-approaches infinity.

But already in 1952 Scott [6] had conjectured that the Thomas-Fermi theory should
be corrected by a term of order Z2. For a neutral atom he proposed

(13)  Eq(2,N =2)=2"*ETF(1) + g-zﬂ + o(22).

The Z’-correction has its origin in the electrons near the nucleus, where the electron-
nucleus interaction is supposed to dominate the electron-electron interaction. Thus
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Scott’s formula should be correct regardless of the presence of electron-electron inter-
action, if ETF (1) is understood to be the infimum of the corresponding Thomas-Fermi
functional with or without interaction, respectively. But this is still an open question.
Our purpose in the present paper is to do one step on the way proving this conjecture.

One of the authors [7] showed that the Hellmann-Weizsacker functional is an upper
bound of Ey(Z, N), if Ny, the number of electrons in the angular momentum channel ¢,
is an integer multiple of g(2¢+1) for every ¢. In a previous paper [8] we examined
various properties of the Hellmann and the Hellmann-Weizsicker functional with and
without interaction and gave a generalization of the upper bound of [7] allowing for
arbitrary values for N;. Since the Z*-correction should be independent of the electron-
electron interaction we consider the Hellmann and the Hellmann-Weizsicker func-
tional of N non-interacting electrons. The aim of this paper is to show that the Hell-
mann-Weizsicker functional provides a Z%-correction of the Thomas-Fermi model and
furthermore because (7] and [8] can be used to bound Eg (Z,N). As a corollary we
obtain

(14) Eq(2Z,N =2)<ETF(1)2"7 +0(2?),
a well known result for the Bohr atom. However, our method of proving (1.4) is not
restricted to this case, but generalizes to the interacting one [9].

In chapter two we give the asymptotic behavior of the infimum of the Hellmann
functional, i.e. the functional without gradient term. In the third chapter we show that
the presence of the gradient term changes the energy only of order Z2. This will give us

the proposed result, which is stated in chapter four. In a subsequent paper we shall

come back to this very point for the case, where interaction is taken into account as
well.

2. Infimum of the Hellmann Functional

We define the Hellmann energy functional to be

@D ) =Y (o)

with £=0
T (1 B 2
@2 el = [ (Gaurt)+ (% - D)) ar.
°
E[fz, and £¥ are defined on the function sets
G={plp 20, peL*(R*) N L*(R*), LeL! (IRF)} and
r

(2.3)

oo o0 oo o
M = {pel*(R* X INo,dp)lp 2 0, Y 6, / Brdr < oo, Y / pedr < 0o},
=0 3 =0}
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respectively, where g stands for (gq, ..., @, ...), and du is the Lebesgue measure in the
first and the counting measure weighted by a, in the second co-ordinate. In order to
establish contact with quantum theory let us choose

1
(2.4) oy = (my, Be = (t+ 5)2

First we calculate the ground state energy of 5;,’ under the condition
(o o]

00
(2.5) N = ZNt, N[ = /ptdr.

=0 0

Therefore we consider the Euler-Lagrange equation of the functional

T /1 z

2o ellpo= [ (Feerttr) + (B - Z-2outr)) ars arv
0

which is

Q7)) pe(r) = M\/[—(£+ %)2 +2Zr+ Ar’]
+

xr

The norm condition (2.5) determines the Lagrange multiplier A as follows

_ gty Y
28 rA=-22 (2N‘+q(2£+1)2).

Inserting (2.7) and (2.8) into the functional and carrying out the integration yields
gNe

2. H = inf €2 (p)) = = 2% et
29)  E{iz(Ne) plc':gfz.z(ﬂt) Z SN, +q(2L+1)?

Next we determine the quantities N, in order to minimize Cg under the condition
N= 3" N, So we look for minima of
¢

gN,

9 ____ ,N,)+uN.
N, T qirE PNt

210) Ef =) (-2
t
Necessary conditions for a stationary point are

& 2
(2.11) oef =73 _2(_2£i_1)__) -p=0, (£=0,1,2,..).
aN, 2N, + g(2¢ + 1)?

This yields

(212) Ny =qat+1) [% -1 e] = g(2+ 1)[k - s,
+

where we defined k= ;f_’ - % The sum in (2.10) runs over those ¢, which are less
than &, since N, > 0. We define k' to be the greatest integer less than k and e=k-k’. So
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0< e=<1. One will find just these occupation numbers, if one assumes &’ shells to be fil-
led completely, while the (k' +1)* shellis filled by a fraction .
Inserting (2.12) into (2.10) and carrying out the sum yields

FH _sng §l - _
@13) EF =inté} 2k+1z(

kl
The condition Y ¢(2¢ + 1){k — ¢) = N determines k and hence k” and &. One finds
=0

3 2

k' Y
= of e o - 1)%.
(214) N=q(5+5 +g) +eal¥ +1)
This yields
kK = (?_)I/SNI/S _ _];__ €+0(N—-1/3)
q 2 ’
2.13) k 3 1/8 p71/8 1 1/3
= (=)°N° - = =),
) 3 +ON)

Inserting (2.15) into (2.13) we obtain
THEOREM 1.

Eg(N) — _____( )I/SNI/S Z2o(N—1/3).

] /3 -
We remark that — &% (‘;-) N3 is just equal to EZF (N), the infimum of the
Thomas-Fermi functional in the noninteracting case.

3. Infimum of the Hellmann-Weizsicker Functional

The Hellmann-Weizsicker functional is

31 EEV(p = Z&z(m

where

2
(32) &8 (o) '/(\/—'2 21;+1) p; +(£(£+1) - %)pz) dr.

2
Each €& . Z is defined on the function space F, while E AW is defined on W:

= {plp 2 0, /peH; (0, 00)}

= {ple >0, \/,7669110(0 ), Ze z+1)/

=0 =0

(3.3)

dr<oo}

We now show that adding the gradient term changes the ground state energy only by
const Z” at most. From Hardy’s inequality [10] follows
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o0 oo
” (4
(3.4) / VP dr > / 4—;2-dr.
0 0
With this result we easily find a lower bound of the infimum of f;’w

65 BE*(V) = mtEEY (g} 2 BE(N),
since £(¢+1) + § = (¢ + 1)? and W c M. This is

THEOREM 2.
EFY(N) 2 E(N).
Now we state
THEOREM 3.
EZY(N) < EZ(N)+ 2%0(1).

In order to prove theorem 3 we firstly choose appropriate trial functions, secondly we
prove some of their properties.

In the case of missing gradient term we found the minimizing functions in (2.7)
(together with (2.8), (2.12) and (2.15)) to be (Z=1)

_g2e+1) [T, 1y ...__.'i__] t<k
(3.6) po= — (e+ 2) +r @0,
@ is supported in the interval [r},75], where

2
y o _ (2k+1)2 _f(2+1
OGN == |17\t~ (F5T

Since for the functions in (3.6) the gradient therm has nonintegrable singularities at r{
and r3, we have to look for better trial functions. We divide the radial axis into three
parts. In the inner and outer region we choose the trial functions similar to the wave-
functions of the hydrogen atom. In the middle region we choose them according to (3.6)
but with a decreased norm. Therefore we introduce the

NOTATIONS.
2
_ (2]:—-1)2 _ 2[+1)
na= —— F\I-%=7) |
(3.8)
R —_ ¢ 1 — —_ra—_
(r)"_( +'2') +r (2k—1)2.
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Now we choose the following trial functions:

DEFINITION. For 1=¢ <k—2let

alr3t+? for0<r <

(3.9) plr)=q(2+1) S &/-(+ HE+r— m’:’m for z; < r < 24

nr

Ble % for g <r
Wlth az - R(zl
. ’
ﬂz - V R[zz)ez'ﬂ:ﬂ,
(3.10) T3
-1
7= 7
7 =r; +{,
T3 =rg — k.

For ¢ =0 and ¢ =k —2 we choose g to be identically zero. k is defined by (2.15).

The conditions for a and § in (3.10) assure the continuity of g,.
We now show some properties of xy,x;, R(x;) and R(x,). Let x,, denote the maximum

of R(r), namely x,, = (L;lﬁ

PROPOSITION 1.

i) £<r, 1< 2,
i) 21 € 2 < 29,
Ve
i) T
iv) k

Proof: The first part of i) is proved by expansion of the square root. We obtain

_ (2k-1p = 20+1\¥
= 2 1~§a,~(2k—1)

(2 —1)? 1/20+1\° 20412 _
2—5—(“(1*5(&-—1) ))=L{'-)‘Z"

since ay=1, o = —% and o;<0 for j=2.

v

(3.11)
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The inequality r,=<2x,, follows immediately from /1 — (&322 < 1,

Since 1<k—¢ — 1, we find

2
(312) <K <Kk-1<(2k-1)2(k+8(k-t~1) =2 (“(;ﬁii))’

which implies ii).

To show iii) we write

2"1[ + l’ 21’1 +¢
—_— = - - >
ko - E@) =t (1 2m )

2
% 1—(2”1) > ¢ 2z+22¥.

> f~

[a

v

(1 - f\l,:,t.i'B_)
22m

(3.13)

v

2k-1/ — 2£+3
Analogously iv) is shown by the fact (k=2)

2 27'2’6—,92 k2f2—k—23m

ro
2k > 2k —k=R(z) = 2
(3.14) 2Zm 22m (2) 22m z
re—2m _ k 2k - 3\2 k \/E
>k > - - = 2k—-2> —
2 o 22\t (2k-—1) % —1 <3 .
PROPOSITION 2.
k'—2
Z/ptd"SN’
t=1 g

where k' denotes the greatest integer less than k.

Proof: We have

2z+s /\/—,, g —2712)
+

o0
= 2%
/pgdr_q(2l+1) a 2“_3

315y °
/V d+e*/—

S q(2t+1) (2z+ 3)

using (3.10) and proposition 1. The integral is just equal to k—¢ — 1, while the sum of
the other two terms is less than one, since 1=< € <k—2 and x;Zx, % I£- Therefore,

using (2.14),

k'—2 P K'—2
(3.16) Z/pgdr< Z(k t)g(2¢+1) < }:(k fg(2t+1)=N.m
=1 0 =0
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PROPOSITION 3.

k'—2 3

e+3)?” 1
® Z/( e+ 3q(2e+1)2”‘+((_Ju)__7)p‘)d'50(l)’
er 2 t+1)p? 1 -
(ii) Z/( p¢'2+%q—2(—2§;—1—)7pf+<(—;31)——;) Pz) dr < O(k 172)
=14,

Proof: (i) is proved by inserting g(2¢ + 1)c?r *2 for gy:

z1 2 [ l 2
a2e+1) [ [a?(e+1)2r2t + Tgbpsthe 4 (+5) _
3 r2
0

2+ T T RAE+T)

(G17) - %) a’r"“) dr < g(2¢ +1) ((f +1)2 ”\/R(n) + %_ VE(z)

1., R(z;)
—E ———— < ¢ —3/2
+(e+ 2) 2+ 1) const ¢ .

(o]
Summation over ¢ yields (i), because even Y, £ is finite, if m>1.
=1

To prove (ii) we insert g(2¢ +1)f%e ** for g,. This yields

o0

q(2£+1)/ (ﬂ’ 2 ~27r —/9'5 —67r+(£+ ) ﬂze
_ ze"""> 1 VR(z2) 7 VR¥(zg)
5 r dr < q(2t+1) (2 e + 3 6rizdy +

(3.18) l+ 1 A Akl i 74 [ ( 27x2e2"’“E1(2’Yzz))) < const (k“’/z +

- 1 2v2q - -
+ f—5/2 7/2 “¥i1- __._..)) < 3/2 5/2 4
Y A (S 2) ( Sz r 1)) S const(k™3* + k

+ k737,

where we used formula 5.1.19 of Abramowitz and Stegun [11] for the exponential
integral function. Summation over ¢ completes the proof of (ii). ™

PROPOSITION 4.,

k' —2 Z3
Y / Joe tdr < 0(1).
=1 z1
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Proof: The integrand is explicitly
£+ 4(0+ L 1
619 yr ) = LD (——L( ) —(--z—+ ———)

for x; =r=<yx,. Calculating the integral in proposition 4 one finds

Z3 2
-5 —-2(¢+ L

/ﬁ?'zdr= g(2¢ +1) ) 5 aresin " 3) (¢+5) +

167 2(e+4%) ry/1 - (3EL)?

5r 5 6
(2k-1)2 (2+ 4 VR (¢+3) VR T @k- 1P V/ERD)
iy 2(¢+ %‘)2]“
rvR(r)  r2/R(r)

Since the coefficient of the arcsin term is negative and arcsin as well as its argument are
strictly increasing functions, we can omit this term. We estimate the other negative

terms also by zero. Using proposition 1 we get

(3200 +

f 2 b5z,
,/ e dqu(28+1){(2k TR
(21 + N 6_+_{_+2(8+%)’}<
' (t+3)° VE(m) (2k-1)2R(z) 22V/R(z:) 22V/R(z) )~

1 1 ¢ e ~5/4
gconst(m+23/—4+p7;—+ k_ﬁﬁ) < constt .

Summation over ¢ yields the desired result as in the proof of proposition 3 (i). H

PROPOSITION 5.

. z 2
kza i -_—_7'-2 3 (_e_iﬂ_ —_ l P dr <
3¢2(2£ +1)3 et r2 r )t =

=1,
1 #] 3 1 2
72 R(r £+") 1 R(r
qu(th)/ ?(éq) +(L721__;))gz dr +
[4 )

+0(1).

Proof: Since the pi and the centrifugal term are positive, we need only consider the
potential term.
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Z3 Z3 T2
_ -/ —vR
/ “Pir = q(20+ 1)/ -——%(—r-)-dr = q(2¢ +1) / ——Z(L)dr +
r wr ' 7r
£ 1

£

(3.22) +/—7%er+/%ydr < g(2¢+1) ('/ :____:rﬁmdr+

: R(xl)( —ry) + = f;:z)(fg —z3) | < g(2¢+1) (/ A 'ﬂf_z(rj dr +

7ri

+ conat(£=%/2 + k~%/3)

where we used the fact thaty/R(r) is monotone increasing between r, and x; and mono-
tone decreasing between x; and r,. Summation over ¢ completes the proof.

Now we are ready to prove theorem 3.
Proof of the theorem 3: First we remark that the functional £H Z W and so its minimum
is enlarged by substituting £(¢ + 1) by (€ + L) We showed earlier [8] that £FW =
Z’Elﬂwholds and that we may use the condition Z:f pedr < N rather than E J pedr
= N. Therefore we have

(3.23) EF¥(N)< 2%y & (o)
[4

for every set of admissible functions g,. We take the functions defined in (3.9). We

o
showed in the above propositions that {po, ..., p¢, ...)éW and > f pedr <N, hence our
to

set of trial functions is admissible. Thus using propositions 3,4 and 5 we get

k-2
- /RS(r
W(N)< 2?2 Z/ (2z+1)( (m')(") +
(3.24) =1y
e+1)? v
+ (( 1) 1) R(’)) dr +0(1)
r r Tr
The integral, however, is just Et (g2t +1){(k—1-1¢)) = 2;1_1 ,
(2.9). This yields
EZ%(N) < 72q K22 2
z -'2k—1§("”1")+zo(1)=

(3.25) = -ﬁz-g_% ((k' =2)(k~1) - i;(k' - 2)(k' - 1)) =

__Z% G H
= —T(k +0(1)) = E4 {N)+ ZBO(I)
because of (2.15) and theorem 1. B
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In the case where N/Z = 4 is fixed the analogue holds for Thomas-Fermi-Weizsicker
theory (Lieb [12]). The gradient term changes the energy by const Z* in this case, too.
Finally we remark that omitting the ¢ =0 term as well as omitting the outermost shell
(we wrote k — 1 instead of k) results in changes of order Z*0O(1) in the energy.

4. An Upper Bound for the Quantum Mechanical Energy
We are now able to draw our final conclusion.

THEOREM 4. In the noninteracting case

. 1/3
EqQ(2,N) < EE(N)+ 2%0(1) = —% (;—’) ZENY3 4+ 220(1).

o0 O
Proof: Asin [8] we can prove that for every peW with Y [ pedr < N
=0 0

EQ(Z N) < ggw(po, ey Py ) +

@1 L+6e,—362 263662 +4e,\ [

[ - €y — OE €, — 0€ [4

 § u (s st T,
£=0 t,m,s ¢L,m,s 4
Ne#0

o0
where N ,,  is an abbreviation for (J; m%i'x)'d' and & is the difference between N, 5

and the greatest integer less than or equal to N .. For Q we choose the functions
defined in (3.9) and (3.10). These functions satisfy the above mentioned conditions.
In the previous chapter we estimated the value of the Hellmann-Weizsicker functional
for these trial functions. Thus we have

Eq(Z,N) < Z*{ EF(N)+0()+ Y 5

=1
[+,
2e3 — 652 + 4e,
ottt A £ /pfdr

L,m,s H

*La, (—-1 + 66— 367

(4.2)

We need estimates for J' 3dr and Ne s
0

7 VR (z1) / \/R"' \/Rs z3)

3 — S 3
/p,dr—q (2¢+1) oz 1(6[+7 67!'3272’7

@3 ° s (k I 0)?
3 s {77 4 = — k_”z) :
< const ¢*(2¢ + 1) (f 3 (26 +1)(2k - 1)? M

For N, ,, , we find
(4'4) Nl m,s > k—-t-

Nnu
nn—
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in the following way:

Z2 R
Nema > / D gy =
nr

= L VR - VT - (4 )arcsins - 1) +arsin(t - ) +
1 (aresin(1 ~ £;) + arcsin(1 — tﬂ))}

~2fe ? —{2k—1)3 2
with 0<s,= 12 2EMEER) o g BmeOhe? s /1 BEOT

upper sign refers to i = 1 whereas the lower sign refers to i = 2. Using 4.4.41 of Abramo-
witz and Stegun [11] we obtain

arcsin (1 —x) < -g- —v2z{l+a;2) for0< 2 <2,

arcsin (1 —z) > g-—\/i;(1+a1:c+dzz)for0_<_:c$1

where a; and d are certain constants. Using the estimates

—_— 2
VBEF =8 B se1-100¥Y)

2k—1 2 (2 - 1)’
2+1 [3 1+6 2
2% - 1\/: s el g e g
\/7_; s (2¢+1)°

i T (2k-1)%

JEe 2l L

tg “2k—11+46’

m° (2t+1)
t; = (2k- 1)

VE(z1) < V5,
f?;w—(

yields the result of (4.4).

(1 - 46)’

(2% - 1)26 )
Because of (4.3) and (4.4) the inequality (4.2) reads now

Eq(Z,N)< 2? { BH q2t+1 [ _ap
ol )< Ef(N)+0(1) + t;conatk 1P ey

E-1-2)? .
(4.5 + ——————-——-m( Tk _) " +k"’”) <22 | Ef(N)+0(Q1) +
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k1 o ~38/2
+Zconstﬂ(k_;__e)2+0( )+ O(k—%%)

The sum in (4.5) may be bounded by an inequality of McLaurin and Cauchy (Hardy,
Littlewood and Polya [10]: theorem 154) which states

—Zf() /f(zdz,

if f is nonnegative, decreasmg for 0=x=§=1 and increasing for 0<£=<x=<1. In our
case we choose

L
(z—")%ﬁ-r, forOSzSn

1 —1
f(z) = nz’izol—-n::i” for n S z S %_

n n—1
n—1)%(zg—n+1 for n stl

where n=k'—1 and xo =k-— — Evaluating the integral one finds that the sum in (4.5)
is at most of order k2 Hence the additional term in (4.1) is at most of order Z°N~'?,
This proves the theorem. B

Scott [6] already remarked, that the Z*-correction should be independent of the
interaction of the electrons because this correction stems from the innermost electrons,
Wwhere the field is sufficiently close to a Coulomb potential. Therefore we hope to be
able to generalize our result to the case, where interaction is taken into account [9].
This would be the first part of a proof of Scott’s conjecture: The leading correction is
bounded from above by a term of order Z°. The next step would be to calculate the
coefficient of the Z>term and to find a corresponding lower bound.
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