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ABSTRACT

We study Backlund transformations for a Boussinesq- or nonlinear string-type equation and explicitly
construct solutions for the associated modified equations. Our main results involve Miura-type
transformations and a careful study of factorizations of associated third-order linear differential
expressions.

1. Introduction

In this paper we are concerned with the system of nonlinear partial differential
equations

(lu = '1(lox-Cllxx> (!)

Got = 4oxx - %Mxxxx + Qi ?i*)> (2)

and a certain ' modified' version (in a sense to be explained later on) of it given by

K = 01^-20! 01,-I(201 + 02)M-f(0102-(01 + 02)% (3)
K = 0^-20202,-!(02-01) ; w-!(0102-(01 + 02)

2)I. (4)
System (1), (2) is interesting since it is closely related to a Boussinesq-type or
nonlinear string-type equation

«« = buxx + a(u\x - \uxxxx, (5)
where

(6)

and a and b are arbitrary constants, a ^ 0. Since system (3), (4) when compared to
system (1), (2), plays a role similar to that of modified Korteweg-de Vries when
compared to the Korteweg-de Vries equation, we shall henceforth call (1), (2) a
Boussinesq-type system and (3), (4) a modified Boussinesq-type system. One of our
main goals will be to relate solutions (q^q^) of (1), (2) and solutions (01502) °f O)>
(4) by Miura-type transformations and, in particular, to derive auto-Backlund
transformations for the system (1), (2). Another goal concerns a detailed study of
third-order linear differential expressions of the type

L = d3
x + q2dl + q1dx + q0, (7)

which, as shown below, are closely associated with the system (1), (2). In particular
we are most interested to study factorizations of L into

and to prove boundedness properties of the coefficients 01502, <f>z in (8) given
boundedness properties of q2, qx, g0 in (7) and vice versa.
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In order to substantiate the above remarks we first note that the system (1), (2) is
equivalent to the Lax equation

jtL = [P,L), (9)

where P and L are differential expressions of the type

L = dl + gidx + q0 and P = dl + fa. (10)

In fact, (1), (2) and (9) is a special case of the so-called Gelfand-Dikii hierarchy [9]
which is concerned with general «-th order differential expressions

L = d: + qn_2dr + ... + qidx + q0 (11)

and associated r-th order differential expressions Pnr. For more details on the
Gelfand-Dikii hierarchy we refer, for example, to [1, 6,17,18, 21, 22, 25, 26, 27, 28,
29]. The Boussinesq-type system (1), (2) corresponds to n = 3 and r = 2 in (11). On
the other hand, as shown in Sokolov and Shabat [23], system (3), (4) is equivalent to
the Lax equation

jtM=[Q,M], (12)

where M and Q are the matrix-valued differential expressions

/ o o dx+</>3\ //> o
M= [dx + ̂  0 0 , 0 = O / > 2 O , (13)

\ 0 0

in which Pi = d\ + \qlt, i= 1,2,3, are differential expressions of the type P associated
with

'-=1,2,3, (14)

where indices are taken modulo three and 0i + 02 + 03 = 0 (see (10)). One has

<lii = ( 2 0 i + 0«+i)i + 4>i 0<+i + <t>i 4>t+2 + 0i+i 0<+2> 0 5)

Equations (15), (16) represent a generalization of the well known Miura trans-
formation [20] in the context of the KdV and mKdV equations, which corresponds
to n = 2 and r = 3 in connection with (11). (Miura-type transformations for the
Boussinesq equation have also been studied by Fordy and Gibbons [7], [8] and by
Dodd [5].) As was the case in equation (11), M and Q in (13) are a special case of the
modified Gelfand-Dikii hierarchy or Drinfeld-Sokolov hierarchy which is concerned
with matrix valued differential expressions of the type

0 ... 0
0 ... 0

M = I 0 d» + 6o ... 0

and
^i^,...,^). (18)
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Here £"_! (j)j = 0 and the Pn r, are r-th order differential expressions associated with

l^i^n (19)

according to the Gelfand-Dikii hierarchy. The modified Boussinesq-type system thus
corresponds to the case « = 3,r = 2 in (17), (18).

Due to the simple identity

jtM
n

n = [Qn,r,M:] (20)

it is easily seen that a solution {<f>v..., (f>n_^) of the Drinfeld-Sokolov equations yields
n solutions (qn_2, «>•••> #o,«)>' = 1,...,« of the corresponding Gelfand-Dikii equations.
This fact was discovered by Sokolov and Shabat [23] and is further discussed in
[1, 18, 21, 22, 27, 28 and 29].

Here one of our main objectives is to prove a converse of this statement in the
following sense. Given a solution (qn_2, i> • • • > <7o, i) °f t n e Gelfand-Dikii equations,
construct a solution (0X,.. . , 0n-1) of the corresponding Drinfeld-Sokolov equations
and hence n—\ further solutions of the Gelfand-Dikii equations which are related to
each other by (17), (18), and (19) and hence by generalized Miura transformations.
This in effect then yields auto-Backlund transformations for the Gelfand-Dikii
equations alluded to in the beginning. In particular, we are interested in deriving
bounds on the 0, given corresponding bounds on the qiX. Technically this amounts
to a careful study of factorizations of Ln.

In this paper we shall confine ourselves to the case n = 3, r = 2, that is, to the
(modified) Boussinesq-type systems, deferring the general case to a subsequent
investigation [10].

In Section 2 we provide a detailed study of connections between solutions of
system (1), (2) and its modified version (3), (4). In addition to reviewing the known
results on Miura-type transformations associated with (1), (2) and (3), (4) our main
theorem, Theorem 5, describes the explicit construction of auto-Backlund trans-
formations for the Boussinesq-type system in terms of certain solutions y/v y/2

satisfying Ly/ = 0 and L(dt — P)y/ = 0. Despite the striking simplicity of the proof of
Theorem 5 we emphasize its generality as opposed to other possible approaches based
on bi-Hamiltonian structures which necessarily demand (almost) periodic or
scattering theory-type boundary conditions on the coefficients {cj>x, 02) and (qlt q0). We
also prove a one-to-one correspondence between classes of such solutions y/v y/2 and
factorizations of the form (8) in Theorem 9.

In Section 3 we study conditions for the absence of local singularities of the
constructed solutions (01502) of (3), (4) (and hence those of (qu,q0(), i = 2,3 of (1),
(2)). It turns out that local regularity of solutions is intimately connected with the
notion of disconjugacy of the equation Ly/ = 0 and hence with the existence of a so-
called Markov system for Ly/ = 0. Theorem 15 then asserts that if a system of
solutions of Ly/ = 0 and y/t = Py/ is a Markov system at a particular time it remains
a Markov system for all times.

Section 4 considers conditions for boundedness of solutions (<f>lt (j>2) of (3), (4) near
infinity (implying analogous results for solutions (qu,qoi), i = 2,3 of (1), (2)). In
particular, assuming the existence of a Markov system at some (and hence all) times
we deduce uniform boundedness properties of (015 02) and (qu, qOi), i = 2, 3 (and
certain x-derivatives thereof) given uniformly bounded qn,qllx,qQ1 in Theorem 17.

11-2
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The proof of Theorem 17 in turn is based on material in Section 5 which is devoted
to a detailed investigation of coefficients in factorizations of L. Interestingly enough,
although criteria for factorizations such as (8) have been developed in Coppel [4] and
the references therein, there seems to have been little investigation into the
relationship between the two sets of coefficients, {̂ } and {fa} in (7) and (8),
respectively. Perhaps surprisingly, our methods of proof in Section 5 make no use of
the known relationship between the coefficients fa and the fundamental system {if/t}
of Ly/ = 0. Rather, we solve the problem by detaching the coefficients from the
differential expressions altogether and treat it purely as a question in real analysis,
concerned with the two sets of coefficients. We believe the approach used in these
proofs to be new, especially in its application to the solution of problems concerned
with nonlinear wave equations, and the results themselves are of broader interest than
in the context of this particular application.

2. Connections between Boussinesq and modified Boussinesq-type systems

We consider the Boussinesq-type system of differential equations

0Ot = %xx - Itilxxx + #1 Vlx) • (22)

This system is equivalent to the Lax equation (see Zakharov [30])

^ = [P,L], (23)

where P and L are differential operators given by

P = dl+\qx and L ^ + ̂  + fc, (24)
Note that for the above choice of P the commutator [P, L] is, like d/dt(L), a first
order operator.

There is another closely related system of equations, which we call the modified
Boussinesq-type system:

0n = <t>ixx- 20i <f>ix ~ i(20i + <f>2)xx ~ l(0i 02 + 0103 + 02 03)*> (25)
02t = 02xi - 202 02* -1(202 + 03)** - i(0i 02 + 0i 03 + 02 03)*> (26)

where 03 = — (j>x — 02. The relationship is most easily seen in Lax notation. Let the
operator M be given by

0 0/
M= ldt + ̂  0 0 1. ( 2 7 )

\ 0 /
Then M3 is the diagonal matrix diag (Ll5 L2, L3), where

(28)

Here and in the following, indices are taken modulo three. Each diagonal element is
of the form of L if 0i + 02 + 03 = 0 and A/3 defines three pairs (qu,qOi), i= 1,2,3,
which are given by

qu = (20 t + <j)i+l)x + fa <pi+1 + fa fa+2 + fa+l fa+2, (29)



ON (MODIFIED) BOUSSINESQ-TYPE SYSTEMS 325

This is a generalization of the Miura transformation [20] in the context of the KdV
and mKdV equations. Different approaches to Miura-type transformations for the
Boussinesq equation can be found in Fordy and Gibbons [7], [8] and in Dodd [5].

Now define 0 = diag (i>, i>, i>), with Pf = 0; + feu. (31)

Then the modified version of (23) is given by (see Sokolov and Shabat [23])

j{M=[Q,M]. (32)

This is equivalent to three scalar equations, only two of which are independent, since
0i + 02 + 03 = 0- These are just the above given equations (25), (26) for <j>x and 02 and

03* = 0 3 ^ - 2 0 3 03r-!(203 + 0 l )^- ! (0102 + 0103 + 02 03)x- (33)

The relationship between the equations (21), (22) and (25), (26) is even deeper, as
is shown by the following simple but important theorem.

THEOREM 1. Suppose <f>x and (j>2 satisfy the differential equations (25), (26). Then
each of the three pairs (qlt,qoi), i= 1,2,3, given by (29), (30) satisfies the differential
equations (21), (22).

Proof. Since equations (25), (26) are equivalent to d/dt(M) = [Q, M], we have

4 (M3) = M2[Q, M] + M[Q, M]M+ [Q, M] M2 = [Q, M3]. (34)
dt

This is equivalent to three equations of the form (23), with functions qx and q0 as
mentioned in the statement of the theorem and hence equivalent to three equations
of the form (21), (22).

Our aim is now to construct a solution of the modified system, if a solution of the
original system is given. This problem may be reduced to the solution of the following
linear problem. r n .._.

L V = Vxxx + qiVx + qo¥ = O, (35)
y/t = Py/ = Vxx + %q1i//. (36)

The equations (21), (22) are just the compatibility condition for (35), (36).

We start by stating an hypothesis which will be used frequently throughout the
paper.

HYPOTHESIS 2. Let {qx,q^) be a real valued solution of the equations (21), (22).
Furthermore, suppose that qx, qlx, qlxx, qlxxx, q0, qOx, and qOxx are in C(U2).

Next we prove that the system Ly/ = 0 and i//t = Py/ simultaneously admit
solutions.

PROPOSITION 3. Let qx and q0 satisfy Hypothesis 2. In addition suppose the real-
valued function y/0 e C3(U) satisfies the equation Ly/ = Oat time t — Ofor allxeU. Then
there exists a unique real-valued solution of the initial value problem

Ly/ = 0, y/t = Py/ and y/(x,0) = y/o(x),xeM. (37)
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Proof. Consider the systems of differential equations

ux = A{x,t)u, (38)
ut = B(x,t)u, (39)

where A, At, B and Bx are continuous matrices given by

/ 0 1 0\ I \qx 0 1 \
^ = I o o i > * = k i x - ^ o - k i o I . ( 4 0 )

Now, consider the equation «t = 5M as an ordinary differential equation for each
xeU with initial conditions u(x,0) = (^0(

x)> Vo(*X Vo(*))r- The theory of ordinary
linear differential equations assures the existence and uniqueness of a function u(x, t),
which is continuously differentiate with respect to t. Moreover, u is continuously
differentiate in a neighbourhood of each (x, t) (see, for example, Coddington and
Levinson [3, Chapter 1, Theorem 7.5]). Hence ue C 1 ^ 2 ) . Now we want to show that
u satisfies also ux = Au. Define

v(x,t) = ux(x,t)-A(x,t)u(x,t). (41)

We have v(x,0) = 0. Moreover utx = Bxu + Bux. So utx is continuous and hence equals
uxt. Therefore,

vt = uxt-Atu-Aut = (Bx-At + BA-AB)u + Bv. (42)

Calculation of the matrix Bx-At-\-BA-AB yields that the only entries, which do not
vanish a priori, are

x + qi4ix) (43)
and

0« + 0i«-2?o*. (44)
which, in view of equations (21), (22), are zero as well. Therefore v satisfies vt = Bv
with initial conditions v(x, 0) = 0 for each x. This yields the trivial solution v(x, 0 = 0
and shows that the equation ux = Au is also satisfied. Since weC^R2) the equations
(38), (39) and (35), (36) are equivalent upon identifying u(x, t) and (y/(x, t), y/x{x, t),
y/xx(x, t))T. This completes the proof of the proposition.

Now let \f/x and y/2 be linearly independent solutions of Ly/ = 0 and \f/t = Py/. We
want to factorize L as (dx + <f>z)(dx + <f>2)(dx + <f>1). Define W = y1v2x — yivlx and

\u W W
ti = ~^> 02 = - ^ - 0 i > 0s = - ( 0 1 + 02) = -^- (45)

Our claim is that the pair (0l5 02) satisfies the modified system. To this end we first
have a closer look at W.

PROPOSITION 4. Let qY and qQ satisfy Hypothesis 2. In addition assume y/x and y/2

to be any two solutions of the system (35), (36). Then their Wronskian
W = W(\f/X, y/2) satisfies the equations

0 = Wxxx + giWx + (qlx - q0) W, (46)
). (47)

Proof A straightforward calculation, employing y/ixt = y/itx, i= 1,2 (shown in
the proof of Proposition 3), yields (46) and (47).
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Now we come to the main theorem of this section.

THEOREM 5. Assume that qx, qlt, qlx, qlxx, qlxxx, q0, qot, qOx, andqOxx are in C((R2) and
let P and L be defined as in (24). Let y/^ y/2 and y/3 be a fundamental system of solutions
ofLy/ = 0 where t is considered as a parameter. Define <f>v 02 ,03 according to (45) on D,
the set of points in U2, where y/1 and W, the Wronskian ofyx and y/2, are non-zero. Then

L = AtAtAlt (48)
where

At = dx + tt. (49)

Moreover, {qx,q^) satisfies the Boussinesq-type system (21), (22), if and only if

L(dt-P)y/i = 0, i = l , 2 (50)

or, equivalently, if and only if

(d.-*)V« = i X v , , *=U, (51)

where OLtj are (in general t-dependent) constants. Finally, (015 <f>2) satisfies the modified
Boussinesq-type system (25), (26) on D, if and only if

«i2 = a i3 = «23 = 0- (52)

Proof. Since Ly/t = 0 we have ((d/dt)L) y/t = —Ly/it. Hence for i= 1,2,3,

v (53)

Since \f/1 and y/2 are linearly independent one infers (50) and hence (51) on D. By
continuity arguments (see [10] for details) one infers (50) and (51) everywhere. In
order to prove (52) we first recall that for given i//1 and y/2 the third linearly
independent solution of Ly/ = 0 can be represented as (see, for example, Ince [15,
pp. 122-123])

Now we consider

3) A2 A, y/3, mBifa) y/x, mB{^>2)Ax y/2)
T, (55)

where we abbreviated

i) = 0« - <t>ixx + 2<f>i <Pix + !(2& + <j>t+1)xx + |(0i 02 + 0i 03 + 02 03)* (56)

for i= 1,2,3 and used

/ 0 0 mB(<j>3)\
-M-[Q,M]=[mB(cj>1) 0 0 I . (57)

\ 0 mB((j)2) 0 /
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Since

tPt = (dt - Pi+1) At - Atft - P(), (58)

we obtain from Ax y/1 = 0, (51) and (54),

(59)
- • - % i 1/1/ — i

and hence
ix) = 0 <* a12 = a13 = 0. (60)

Next, assuming a12 = a13 = 0, which implies

(dt-PJA^Atft-PJ (61)

by (58), we compute from A11//1 = 0, A2A1 y/2 = 0, (51), (54), (58), and (61)

mBi^Ai y/2 = (dt-P3)A2A1 y/2-A2{dt-P2)Al y/2

= -A2(dt-P2)A1y/2= -A2A1(dt-P1)y/2

= - ' M i E a2i Vy = - « 2 3 - ^ ^ i V̂2- (62)
y - 1 ^

Thus

m5(04) = 0 , /= 1,2 o a12 = a13 = a23 = 0. (63)

Finally, assuming a12 = a13 = a23 = 0, which implies

{dt-P3)A2 = A2{dt-P2) (64)

by (58), one derives from Ly/3 = 0, (58), (61) and (64)

mB(<j>3)A2A1 y/3 = -L{dt-Px) y/3 = 0 (65)
since the Lax equation (d/dt)L — [P,L] = 0 implies L(dt — P^) y/ = 0 for any solution
of Ly = 0. (We note that (65) also follows directly from mB{(f>^ = 0, i= 1,2 as
mentioned in (33).)

COROLLARY 6. Assuming y/it = / y ( , / = 1,2 (instead o/(51)), the solution of the
system (25), (26) constructed in Theorem 5 defines three pairs (qx, q0) for which the
system (21), (22) is satisfied.

We remark that one of the three pairs (qx, q0) mentioned in the corollary is the one
we started from in Theorem 5, while the other two, in general, will be new solutions
to the equations (21), (22) and hence constitute auto-Backlund transformations for
the Boussinesq-type system. Analogous results in the context of the (m)KdV equation
are contained in, for example, [2, 11, 16, 24 and 31].

Next we want to clarify the relation between solutions and factorizations even
further. We start with some preparation.

PROPOSITION 7. Under Hypothesis 2 on qx and q0 let y/x, y/2 and y/z be solutions of
the differential equations (35), (36). Then their Wronskian is constant on U2. In
particular, ify/lt y/2 and y/3 are a fundamental system of solutions ofLy/ = 0at one time,
then they are a fundamental system of solutions at every other time.
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Proof. For any time t the Wronskian does not depend on x, since L does not
contain a d£-term. Therefore we calculate the partial derivative of W{y/V y/2, y/3) with
respect to t. Using (36) and the fact that the order of differentiation may be
interchanged we find Wt = 0 for any time t. Hence W is also constant in time.

In view of this result it makes sense to speak about fundamental systems of
solutions of Lyi = 0 and y/t = Py/.

DEFINITION 8. Two fundamental systems of solutions of hy/ = 0 and y/t = Py/
are called equivalent, if they define the same functions <pi} i = 1,2,3 according to (45).

It is easy to check that this notion of equivalence indeed defines an equivalence
relation. Furthermore we remark that a choice of y/x and y/2 already characterizes an
equivalence class. Also {y/x, y/2) and iay/x, by/x + cy/2) represent the same class for all
non-zero a, c and all b.

THEOREM 9. Assume that qx and q0 satisfy Hypothesis 2. Consider solutions y/x, y/2

of Lyi = 0 and y/t = Py/ and factorizations of L of the form

(^-(0i + 0 2 m + 02)a + 0i)> (66)

where <j)x and <p2 satisfy (25), (26). Then there is, at least away from zeros of y/x and
W(y/X, y/2), or away from singularities of <j>lt <fi2, a one-to-one correspondence between
equivalence classes of solutions y/x,y/2 and factorizations of the form (66).

Proof The mapping from the equivalence classes of solutions y/x, y/2 to the
factorization potentials 015 <j)2 given by (45) is injective by definition.

We show that it is surjective, that is, there exist linearly independent functions y/x,
y/2 which solve Lyj = 0 and y/t = Py/. Therefore assume that (015 (j>2) satisfy (25), (26)
and L = (dx-(<f)1 + <f>2))(dx + 0 2 ) (^ + 0i)- F^x a P o m t (^o^o) where 0 l 502

 a r e finite.
Define

y/x(x, t) = exp I - I <j>x{x', t) dx'+g(t)j, (67)

git) = f ( - 0i, + # + fei) (*0> O df (68)
J

and

Wix, 0 = exp I - I (<f>x + <f>2) (x', t) dx' + hit) I, (69)

h{t) = f ((01 + 02),-(01 + 02)2-k1)(xo,O^' (70)

in a region where 01502 remain finite. This implies y/lx = — $xy/x and hence
Ly/X = 0. Moreover, according to (25)

Vu(x, t) = (-tix + tl+hiKx, 0 Vii*, 0 (71)
= (Vi« + k i Vi) (x* t) = iPy/x) ix, t). (72)

Hence y/x is a solution of Lyi = 0 and y/t — Py/.



330 FRIEDRICH GESZTESY, DAVID RACE AND RUDI WEIKARD

Analogously one may show that Wt = —PW. Now define

f fx W P W ]
y/2(x, 0 = y/x(x, t) — (*', t) dx'+\ - f (x0, 0 A' . (73)

I Jx0 r i JtQri )

Then (dx + $1)yt2= IV/y^ Since (d.,.-l-02) J F / ^ = 0, we have Ly/2 = 0. Also
^2t = / y 2 , which is proven in the following way, by considering

x,t) = [ — wA(xtt) + w1(x,t)\\ \—=)(x',t)dx' + —Z(xQ,t)]. (74)
W i 7 \ J * 0 W e V^i '

One can check that (W/y/l)t = {Wx/y/\)x. Therefore

^ ^ f ( ^ 0 u k i ) ^ 03 (75)
ri rI fi

Moreover,

y/2x = — ¥2^— = —v "" '

and hence

— ) + Z7 5 M = (^ -0 i r )v 2 + 03—• (76)
Y\J Y\ Y\ ri

Inserting this into equation (75) shows y/2t = Py/2.

The significance of this theorem is that there is only need to study solutions of
Li// = 0 and i//t = Py/ in order to get all the possible factorizations of L. Multiplying,
for instance, Y

f
1 and y/2 by any time dependent function also yields a factorization,

since this function cancels out in the definition of the (j>v But there is always a
solution of Ly/ = 0 with the correct time dependence, y/t = Py/ yielding the same
factorization.

3. Absence of local singularities of the constructed solutions

Let us begin with a trivial but instructive example. The functions qx = 0 and
<70 = 0 satisfy the equations (21), (22). The functions 1, x, and x2 + 2t are the
corresponding solutions of the system (35), (36). Now let y/1 and y/2 be any linearly
independent linear combinations of those solutions. Generally the 0t thus constructed
have singularities. There is only one choice (up to equivalence) which yields non-
singular (j>x and 02, that is, y/x = 1 and y/2 = x. This choice, however, yields only the
trivial solution and thus no new solutions are constructed. On the other hand
it is possible to construct non-trivial singular solutions from the trivial solution
qx = qo = 0. Furthermore, any constant functions qx and q0 satisfy the equations
(21), (22) and it is possible to construct new non-singular, non-trivial solutions. An
example is given by the following one-soliton solution of the Boussinesq-type system.

EXAMPLE 10. Let qx = — 3y2 and q0 = 2-f with y a positive constant. A
fundamental system of solutions of Ly/ = 0 and y/t — Py/ is given by

y/x = exp ( - 2yx + 2y2t) + exp (yx - y2t), (77)

y/2 = Qxp(yx-y2t), (78)

y/3 = (x + 2yt) exp {yx -y2t). (79)
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Then

and

(81)

= a = 2v3 a = 2v3 + 2 7 v 3 l ^ - 4 — + 3 1 ^ 1 I (%T\
.1 UO f7 iUJ / ' I . . . I . . . I 1 I I ^ '

Now we want to discuss the conditions under which regular solutions exist.
Regularity is strongly related to the notion of disconjugacy of linear differential
equations. There are several distinct definitions for disconjugacy. In the present
context the appropriate definition, which we now give, is that in [4, Chapter 3]. Let
Ln denote an ordinary linear differential operator of order n with continuous
coefficients.

DEFINITION 11. The differential equation Lny = 0 is said to be disconjugate on an
interval / £ IR, if every nontrivial solution has less than n zeros on /, multiple zeros
being counted according to their multiplicity.

DEFINITION 12. The functions yx,..., yn e Cn(/) are said to form a Markov system
on /, if the n Wronskians W(ylt... ,yk), k = 1,...,«, are positive throughout /.

These definitions are related to our subject because of the following facts.

LEMMA 13 [4, Theorem 3.15]. The differential equation Lny = 0 has a Markov
system of solutions on an open interval I, if and only if it is disconjugate on I.

LEMMA 14 [4, Proof of Theorem 3.2]. The differential equation Lny = 0 has a
Markov system of solutions on the interval I, if and only if the operator Ln has a
representation

(83)

with rkeCn-k,k= \,...,n.

The notion of disconjugacy is the appropriate generalization of the notion of
positivity of

T = —r^+V(x), K6C°°(R)nL"(R),dx

since positivity is then the necessary and sufficient condition for factorizing T into
first-order factors (see, for example, [12]).

In the following we specialize to n = 3, letting L3 be the L in (24). Given a Markov
system of solutions of Ly/ = 0 at time t = t0, the natural question arises as to what
happens to this system if it is propagated in time according to y/t = Py/.
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THEOREM 15. Let (qx, q0) satisfy Hypothesis 2 and suppose that qx, qx x and q0 are
uniformly bounded in K2. Assume that a system of solutions of Lyi = 0 and y/t = Pyi
is a Markov system at one particular t0. Then it is also a Markov system at any
other teU.

Proof Firstly we observe that Proposition 7 assures us that if W(y/X, y/2, y/3) is
non-zero at t0 then it is non-zero at all teU.

Now we prove that if (y/x, y/2, y/3) is not a Markov system at some time tx then it
is not a Markov system at any time t, conflicting with our assumption at tQ. (Thus we
suppose that at some point (xx, tx) either y/x(xx, tx) = 0 or W(xx, tx) = 0, where W is
again the Wronskian of y/x and y/2.) We achieve this in three steps.

1. Suppose y/x(xx,tx) = y/Xx(xx,tx) = 0. Then y/Xxx{xx,tx) ^ 0, since otherwise y/x

would vanish identically according to (35). Hence y/xt(xx, tx) # 0. Note that y/x is zero
on the curve defined by a solution of the initial value problem

^ = - ^ , t(xx) = tx. (84)
dx y/xt

The Cauchy-Peano Existence Theorem implies that a solution exists in an interval
about xx. This solution has the properties

dt< ^ n A
 dH, ^

— (xx) = 0 and -r^(xx) = - 1 ,
dx dx2

that is, it looks like the parabola — |(x — xx)
2 + tx near xx. Hence, at time tx two zeros

of y/x are annihilated. In this case, however, we have also W(xx, tx) = 0.
Analogous considerations for W show that at time tx two zeros of W are created

if W(xx, tx) = Wx(xx, tx) = 0, because of the additional minus sign in the time
evolution (47) of W. Moreover, y/x(xx, tx) = 0 which can be seen in the following way.
We have, from the definition of W,

• i/ (-v t \ \ / . / / (-v i \ \

: 0. (85)

But the determinant of this matrix is non-zero because Wxx{xx,tx) is non-zero
according to (46). Hence y/x(xx, tx) = y/2(xx, tx) = 0.

2. Now assume that y/x(xx, tx) = 0 but that ^ j ^ , tx) # 0. Then the initial value
problem

^ = - — , *('i) = *i (86)

has a solution in an interval about tx and y/x vanishes on the curve defined by this
solution.

The same argument applies to Wif W{xx, tx) = 0 but Wx{xx, tx) ^ 0. So we have so
far shown that, if a fundamental system of solutions is not a Markov system at some
time tx, then it is not a Markov system on an open interval around tx, and indeed the
zeros of y/x and W are propagated along certain curves.

3. Suppose now y/x(xx, tx) = 0 or W{xx, tx) = 0. We show that this implies that y/x

or W has a zero at any time t thus proving the theorem. For brevity let us consider
y/x and denote by x(t) the curve passing through (xx, tx), where y/x is zero as far as the
curve exists. If dx/dt were bounded along the curve, then x(t) would exist for all / and
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y/1 would have a zero at every time. Therefore we now consider the case that dx/dt
is unbounded on a bounded /-interval. The function x(t) satisfies the differential
equation

d2x fdxV dx . ,o_.
h +<7i^7 + <7o-ki*- (87)dt2 \dt

Since qx and qo~lqlx are bounded, our assumption implies that dx/dt tends
monotonically to infinity once it is greater than a certain constant (for convenience
let us assume + oo) while t approaches a finite value, say t2, from below. We want to
show that x(t) remains finite as / tends to t2. To obtain a contradiction, however,
we assume that x(t) tends to infinity if t approaches t2 from below. For t sufficiently
close to t2, x(t) is monotonic and hence one-to-one. Thus we may then consider
t as a function of x and reverse the role of dependency between t and x in (87) to
obtain an analogue involving derivatives of /. In particular dt/dx = {dx/di)~l and
d2t/dx2 = -{d2x/dt2)(dx/dty\ So (87) becomes

(88)

Since dx/dt tends to infinity, dt/dx tends to zero as x tends to infinity. So d2t/dx2

tends to — 1. By the mean value theorem we have

dt, , x dt . . , d2t, _. ,o^x
—r-ix+i)—7~\X) — i -—zix-ru) \oy)
dx dx dx

for some 0e(0,1). As x tends to infinity the left-hand side converges to zero and the
right-hand side converges to — 1 giving the desired contradiction. So x attains a finite
value, if dx/dt attains an infinite value. This corresponds to a point (x2, t2) in the (x, t)
plane where y/lx reaches zero, so from thereon one has to consider the behaviour
of W. From (87) it is also clear that as / decreases, x cannot diverge to infinity at any
finite time t because the signs of dx/dt and d2x/dt2 would have to be the same near
any such asymptote. Thus yfx{xx, tj = 0 implies y/x(x, t) = 0 for some x{i) for every
t<tv

A similar argument holds when one considers a curve where W is zero, since that
curve satisfies similar differential equations. The only significant difference here is a
sign change in the leading terms on the right-hand side in (87) and (88) which reverses
the roles of' t increasing' and ' / decreasing' in the above argument. This proves that,
under our assumptions, the open time interval on which (y/x, y/2, y/3) would not be a
Markov system must be the whole real line, contrary to our assumptions at /0.

The following theorem is merely a corollary of this result.

THEOREM 16. Let {qx, q0) satisfy Hypothesis 2 and suppose that qx, qx x and q0 are
uniformly bounded in R2. Let y/x, y/2, y/3 be a system of solutions of' Lyi = 0 and y/t =
Py/, which is a Markov system at one particular t0. Then the functions <f>(, i = 1,2,3
together with their first four derivatives with respect to x are continuous on U2. Also the
functions qu, qlix, qlixx, qlixxx, qOi, qOix, and qOixx, i= 1,2,3 are continuous on U2.

Proof. Having y/t, y/ix, y/ixxeC\R2), which was shown in Proposition 3, the
claim follows immediately wherever y/x and W(\i/lt y/2) are not equal to zero. But these
are positive everywhere, since y/v y/2, y/3 form a Markov system of solutions for all
teU.
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4. Global boundedness of the constructed solutions

In Theorem 5 and Corollary 6 we were able to construct new solutions of the
equations (21), (22) out of a given one. In Theorem 15 we gave conditions on the
absence of local singularities of the constructed solutions. Our next (and final)
theorem concerned with the Boussinesq and modified Boussinesq-type systems
concerns the boundedness of these new solutions especially near infinity. To prove
these properties we require various results concerning boundedness of coefficients in
certain factorizations of linear ordinary differential expressions, which are themselves
of broader interest than the context of this particular application. Therefore, and in
order not to interrupt the flow of the present discussion with the statements and
proofs of those results, we delay their presentation until the following, final section.
We now state our conclusions, demonstrating how they are deduced from Theorem
22 and Corollary 23 which are stated and proved in Section 5 below.

THEOREM 17. Let (qv q0) satisfy Hypothesis 2 and suppose that qlt qx x and qQ are
uniformly bounded in U2. Furthermore assume that Lyi = 0 is disconjugate. Let y/x, y/2,
y/z be any fundamental system of solutions ofLyi = 0 and y/t = Py/. Then the functions
0<9 / = 1,2,3 together with their first two derivatives with respect to x are bounded near
JC = ±OO. Also the functions qu, qUx, and qoi,/ = 2,3 are bounded near x = ±<x>.
Moreover, ify/x, y/2, Wz *s a Markov system of solutions, then <f>t, <pix, <$>ixx, i= 1,2,3 and
qu,qltx,qOi,i =2,2 are uniformly bounded on U2.

Proof. Since Lyi = 0 is disconjugate at all times, any solution has at most two
zeros for a fixed time. Moreover W satisfies the equation - Wxxx — (qx W)x + q0 W = 0
which is the adjoint equation of Lyi = 0 and hence is also disconjugate (see [4,
Theorem 3.9]). Therefore W also has at most two zeros for a fixed time. Thus the
hypotheses of Theorem 22 and Corollary 23 are satisfied at each t, which yields the
assertion for the <j>v The assertion for (q1} qQ) then simply follows from equations (29),
(30).

The analogous result in the context of the (m)KdV equations has been proven in
[11].

5. Boundedness of factorization coefficients

This section is devoted to the presentation of analytic results concerned with the
coefficients of linear ordinary differential expressions which may be factorized into a
product of first-order expressions. In each case we are assuming that the expressions
do indeed have such a factorization on the (infinite) intervals stated. Our goal is to
conclude, from boundedness properties of the coefficients of the differential
expression, boundedness properties of the coefficients of the factors.

We also consider the case when the coefficients depend on another parameter, t,
and when we are given bounds which are uniform in t. So the symbols dx and ' denote
differentiation with respect to x.

We first prove a result for the second-order case, which illustrates the type of
proof we use. Let / be one of the intervals [a, oo), (— oo, b] or ( — oo, oo). For real-
valued qx, q0 and 015 (f>2 suppose that on /

L = (d, + 0,)(0, + 01) = dl + qidx + q0. (90)
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Then
ft = & + 02, 0o = 0i + 0i 02- (91)

THEOREM 18. Le? / Z?e one of the intervals given above. Ifq$,qx are bounded and
0l5 02 are continuous on I, and if they are related by equations (91), then 015 02 and <p[
are bounded on I. In addition, q[ is bounded on I if and only if 02 is bounded on I.

Proof First we note that

0o = 0; + 0!(0i-0i) = 0 ; - (0 i+k i ) 2 + k l (92)

(93)

We distinguish the following cases considering first / = [a, oo).
1. If 0i < 0 for all x greater than some x0 then

Hence i>x
Jt-\q1 is bounded, so 0X is bounded. Therefore 02

 = 0 i~0 i
0i = #o~0i02 a r e bounded.

2. If 0i > 0 for all x greater than some x0 and </>1 is unbounded, then 0X tends to
infinity as x does. Thus

-0!W0iW>l02W for all x > x, (94)

for some x1 > x0, since q0 and ĝ  are bounded. Integrating yields,

0i W 0i
(95)

As x tends to infinity, l/0!(x) tends to zero and |(x —*i) tends to infinity, which is
a contradiction so 0X is bounded and the rest follows as in the first case.

3. If 0! is not eventually monotonic but is unbounded, then there is a sequence
(xn), xn -> oo on which |0(.xn) | has local maxima which diverge to infinity. Thus
0%xn) = 0 at each xn. But then qo(xn) = 0i(xn)-(0i + !?1)2 + i#2 tends to - o o as n
goes to +oo, contradicting q0 being bounded. Thus 0X is bounded.

Having established that 0!,0250i are bounded it is immediate that q\ being
bounded is equivalent to 02 being bounded.

An analogous argument holds i f / = {—co,b\. For ( — oo, oo) the only additional
step needed is to observe that, as in 3 above, the values of <p1 at local maxima and
minima are also bounded. This follows by setting 0^ = 0 at such points and using the
boundedness of q0 and qx.

COROLLARY 19. Under the assumptions of Theorem 18, let I— (—00,00) and
suppose that q0, qlf 0X and 02 all depend on some parameter t in such a way that q0, qx

{and qlx) are uniformly bounded on U2. Then 0l5 02,0lar (and 02a.) are also uniformly
bounded on U2.

Proof. Following the proof of Theorem 18 and recognizing that we may now use
the conclusion that for each / the functions 015 02 and 0l2. are bounded in x we have

1. If, as x goes to infinity, 0l3. < 0 for x > x0 then (93) gives a bound for |0X(A:)|

for all x > x0 which is uniform in /.
2. If, as x goes to infinity, 0la. > 0 for x > x0 but 0X is bounded, then there exists

some sequence xn with xn -> 00 for which 0la.(xn) -> 0. Choosing iV sufficiently large
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such that |0lz(xn)| < 1 for all n > N, we have, from (92), that ^ ( x j l is bounded by
a constant, which depends only on the uniform bounds on q1 and q0. Since 0X is
monotonic, this must then also hold for all x > xN.

3. If 0! is not eventually monotonic as x tends to infinity then at every local
maximum or minimum, say x = xn we have </>lx(xn) = 0 and so 0 : satisfies the same
bound as in 1.

The arguments of 1 to 3 here also work as x tends to minus infinity and the
argument of 3 holds at bounded values of x for local extrema. Thus we have an
explicit bound for ^ (x ) which holds for all JC and all /. From this the conclusion
follows as in Theorem 18.

The conclusions of Corollary 19 hold only for ( — oo, oo) and not for half-bounded
intervals because the bounds on qx and q0 cannot prevent large values of 0X at the
finite end-point. Consider, for instance, qx = q0 = 0, and 0X = — 02 =
- ( / 2 + \)/(x(t2 +1)+1) on / = [0,oo). This gives supf l^x) ! \ xe l } = 10^0)1 = t2 + 1,
which is not bounded in t.

The conclusions of Theorem 18 and Corollary 19 can also be drawn from [14,
Corollary XI.6.5].

Since the third order case requires a more complicated proof, we build it up via
three separate results. Firstly we observe that if the expression L is given by both

x + q0, (96)
and

L = (dx + <j>3)(dx + <f>2)(dx + <f>1) (97)

then the coefficients are related by:

42 = 0i + 02 + 03> (98)
qx = 20; + 02 + 0X 02 + 0! 03 + 02 03, (99)

As a first step, using only {qv q2} and {015 0 J we prove the following lemma.

LEMMA 20. Let I be one of the intervals [a, 00), (— 00, b] or ( — 00, 00). Ifqx and q2

are bounded and if <f>x, <p2 and <p3 are continuous on I and satisfy equations (98) to (100),
then 1<I>X -V 0 2 is also bounded there.

Proof Let u = 20x + 02 and substitute 03 = #2~(0i + 0 2 ) t 0 obtain

Following the proof of Theorem 18 we again distinguish several cases giving the
details just for the interval [a, 00).

1. If u' < 0 for all x greater than some x0 then \{u — q2)
2 < \q\-^so» is bounded.

2. If u' > 0 for all JC greater than some x0 then either u' — \{u — q2)
2 is bounded, in

which case Theorem 18 yields that u itself is bounded, or u' — \{u — q2)
2 is unbounded.

Since u' > 0 the latter must mean that u tends to infinity. Thus u'(x) > \u\x) for x
greater than some xx > x0. The argument of case 2 of the proof of Theorem 18 then
yields a contradiction.

3. If u is not eventually monotonic but is unbounded, then for some (xn),
xn -> 00, \u(xn)\ has local maxima with u'(xn) = 0 and \u(xn)\ -> 00. This would force
4i(xn) -*• ~ °° which contradicts qx being bounded. Thus u is indeed bounded.
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We now use Lemma 20 to prove the boundedness of the 04 near + oo under
suitable assumptions on {qt}.

LEMMA 21. Let I be as in Lemma 20. Ifq0, qx, q2, q'\, q'2 ore bounded and <f>x, <f>2,03

are continuous on I and satisfy equations (98) to (100), then <f>1} <f>2, <j>z and (2</>x + 0 2 ) ' are
bounded on I.

Proof. Without loss of generality we consider only / =

which implies

and hence, differentiating,

Now, using (98) to (100),

Hence

2tfo = ~ 02 + 102(« - ?2) + 102 -1°2 02

[a, oo). We use

(102)

(103)

i (104)

2 2 , ^

0!-02). (106)

(107)

Suppose 02 is unbounded and 02 is eventually monotonic. Then 02 tends to
infinity as x does. From the previous theorem we then obtain

"' = 102 ~"k'2 02 +W + ̂ l—^a2U ~* °° a S •^-•OO- (108)

But this implies u = j*u' tends to infinity as x does, contradicting u being bounded.
Finally, suppose <f>2 is unbounded but 02 never becomes monotonic. Then for

some (xn) with xn -> oo, <fi'2(xn) = 0 for all n and then either <f>2(xn) -> + oo, 02'(xn) ^ 0
(for local maxima), or 02(*n) -+ — oo, 02'Cxn) ^ 0 (for local minima) for all n. By
hypothesis and Lemma 20 each coefficient (of (j>'2,f2,f2,{f2y) on the right in (107)
above is bounded, so as n tends to infinity, — 02'+ |02 dominates and diverges to + oo,
respectively. Hence q0 is unbounded, contradicting our hypothesis. Therefore, <f>2

is bounded and, since u is, <px is bounded and so <pz is bounded. Since
u' = <7i+!w2 + f02—i^2(M + 02) w e m a y mfer t n a t u> is bounded.

Finally, under the same assumptions as Lemma 21 we prove the main result of this
section in which we deduce the boundedness of appropriate derivatives of {0J.

THEOREM 22. Let I be one of the intervals [a, oo), (— <x>,b] or (—00,00). Also
suppose qQ,qx,q2,q[,q'2 are bounded and 0 1 0 2 ,0 3 are continuous on I satisfying
equations (98) to (100). Then 015 02, 03, <p[, <fi'2, <fi'3, (j>'[, and (j)2 are all bounded on I.
Furthermore, 03 is bounded on I if and only if q"2 is bounded on I.

Proof. As before we give the details only for / = [a, 00), the other cases being
identical. Recall that

ao = <f>l + 0i(?2 - 0i) + 0i 02 + 0i 02(?2 - 0i ~ 02)- (109)
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Hence
% = 0i+4>'iiq% -30 1 )+0 1 (« '+0 2 (? 2 -0 1 -0 2 ) ) . (no)

Note that by Lemmas 20 and 21 all the quantities here are known to be bounded
except for (j>[ and $[. Unless 0X = const, in which case <f>[ = <$>'[ = 0, we have that
0i # 0 on [x0, xo+ 1] for some JC0, so sup[a. x +1] \(j)'[{x) \ > 0. Now choose S > 1
sufficiently large so that

- | sup 10^)1 ^ ^ sup | ^ ( x ) | < sup | # ( x ) | < sup |#(*) | . (I l l )
0 [xo,xo+S] ° [xo,oo) [*o-

xo+1] lxo,xo+S]

An inequality of Gorny [13], also quoted in Mitrinovic [19, pp. 138-139], then yields
(with n = 2, k = 1)

f (2

sup |0;(x)|^8e2 sup 10^) I1'2 max sup |#(x)|1/a, -=* sup \^(

^8c» sup I^WI1'8 sup |0;'(;t)|1/2. (112)

Hence we infer from equation (110)

oo > sup \qo\^ sup I ^WI-Cj sup |0I(JC)|1/2 —ca, (113)
[x0, io+5] [z0, a;0+^] [x0, xo+6]

where cx and c2 denote suitable constant bounds for the other terms. Hence as 3 tends
to infinity, <t>{ is bounded. From Gorny's Inequality (112) we then conclude that <f>[
is also bounded.

Since u' is bounded it follows that 02 is bounded and since g'2 is bounded so is (j)'z.
Now

U" = q\ - (0! 02 + 0! 03 + 02 03)'» (1 14)

so «" is bounded and hence so is 02\
The last part follows from (98).

We now deduce the third-order analogue of Corollary 19.

COROLLARY 23. Under the asumptions of Theorem 22, let 1= ( — 00,00) and
suppose that qt, i = 0,1,2 and 0f, / = 1,2,3 depend also on a real parameter t in such a
way that q2, q2x, q2xx, qv qlx and qQ are uniformly bounded on IR2. Then 0O <pix and (f>ixx,
i = 1,2,3 are also uniformly bounded on U2.

Proof. Since the coefficient of (02 —1^2)
2 in (101) is negative, the argument used

to prove Corollary 19 works in deducing from Lemma 20 that w = 201 + 02 is
bounded uniformly in /. Now, using this fact in the proof of Lemma 21 we may argue
as follows: since u is bounded as x tends to infinity we get, at least on some sequence
xn with xn -> 00, that ux(xn) -* 0. So for n > N, say, |Mx(xn)| < 1 and hence

If 02 is eventually monotonic as x tends to infinity then we may deduce for some x0

and uniformly in / that 02 is bounded for all x > x0 > xN.
If, however, 02 never becomes monotonic as x tends to infinity, then at each local

maximum of 02, <p2x(x) = 0 and <f>2xx{x) ^ 0 and, since the coefficient of each power of
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02 in (107) is uniformly bounded, we may deduce a uniform bound for these maxima
of 02, from (107). Similarly for the minima and for x-> — oo. Again this argument
also gives a bound for all local maxima and minima of <f>2 so that we may deduce <f>2

is uniformly bounded on ( — 00,00). As in the proof of Lemma 21 we may also
conclude that 015 03 and ux are uniformly bounded.

Finally, in the proof of Theorem 22, we obtained that 0lia. + <filx(q2 — <f>i) is
uniformly bounded. Since Gorny's Inequality applied to ( — 00,00) gives that
sup {\<filx\ I x G /} is of order sup {|0l2J

1/21 x e /} we may infer that both <f>lxx and (f>lx are
uniformly bounded and hence so are all the remaining terms estimated there.

As in the second order case, the validity of this corollary is dependent on having
/ = (—00, 00) because of the possibility of large end-point maxima and minima when
/ is only half-bounded.
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