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Abstract

It is well known that knowing the Dirichlet—Dirichlet eigenvalues and the
Dirichlet-Neumann eigenvalues determines uniquely the potential of a one-
dimensional Schrodinger equation on a finite interval. We investigate here how
well a potential may be approximated if only N of each type of eigenvalues are
known to within an error €.

1. Introduction

In this paper, we consider a stability result for the inverse problem associated with the Sturm—
Liouville equation

—y"+qo(x)y = Ay, x € (0, 1),

in which the potential g € L?(0, 1) is allowed to be complex valued and the spectral data
consists of the first N Dirichlet-Dirichlet eigenvalues and the first N Dirichlet-Neumann
eigenvalues, determined to within an accuracy ¢.

With only finite given spectral data, the inverse problem will have infinitely many
solutions, and a stability result may therefore seem either meaningless or impossible.

The usual philosophy in the numerical analysis literature is to construct recovery
algorithms which select one of the infinitely many possible solutions. Numerical experiments
are then carried out in which finite spectral data are generated from some known potential
and the quality of the recovery procedure is assessed according to how closely the recovered
potential approximates the original one in some norm.

This process cannot be meaningful unless one can prove that all of the infinitely many
solutions to the finite data inverse problems are ‘close’, in some suitable sense. In this paper,
we show that such a result does indeed hold, albeit in a rather weak norm. This norm can be
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strengthened using interpolation space estimates if one has further a priori information about
the potential to be recovered; however, without such information our weak result appears to
be reasonably tight, as we demonstrate with a numerical example.

There is a vast literature on numerical methods for inverse Sturm—Liouville problems.
One approach is to discretize the problem on a finite difference grid and then solve an inverse
eigenvalue problem for a matrix: see the review article of Chu [3] for methods for inverse
matrix eigenproblems. The discretization approach does not work unless one is prepared
either to ‘correct’ the spectral data by adding approximations to the finite difference errors
before doing the recovery (see [12]) or use a special finite difference grid which minimizes
these errors to start with (see [1]). Another approach is based on the transformation operators
of Levitan and is due to Rundell and Sacks [15]. A further approach may be found in [2] and
is based on a variational idea of Knowles. For reviews of reconstruction methods for inverse
Sturm-Liouville problems see Rundell [14] and McLaughlin [8].

Stability results are rather less common, even with full spectral data. Ryabushko [16]
estimates the difference in L%([0, 1]) of two potentials ¢; and g, whose average value is
zero and for which the Dirichlet-Dirichlet eigenvalues A,(q;) and the Dirichlet-Neumann
eigenvalues ji,(q;) are known:

g1 = a2ll2 < CIA(g1) — A(g2)ll2 + lln(g1) — n(g2)]2).

Another result in that direction is due to McLaughlin [7]: when the average values of the
potentials are zero, then there is a local diffeomorphism between potentials in L?([0, 1]) and
sequences {A, — n’mw?, p,} in €2 x £, where {p,} are the ‘norming constants’. One may
also find in Poschel and Trubowitz [13] a formula for the derivative of the potential with
respect to one eigenvalue, which yields stability in L2([0, 1]) subject to perturbation of finitely
many eigenvalues. The results which come closest in spirit to our main result here are those
of Hochstadt [S] and Hitrik [4]. The former concerns the extent to which the potential is
determined when one spectrum is completely known and only finitely many members of the
other spectrum are known while the second deals with an inverse scattering problem on the
full line where finitely many values of the reflection coefficient are known.

Notation. Throughout this paper we shall find it convenient to use the notation £ (xo, yo)

an+m

to denote the value at (xg, yo) of the partial derivative al)x_a\ The reason for this uncommon
choice of notation is that it will be particularly important to indicate the points at which partial
derivatives are evaluated.

By |||l , we denote the standard norm in L” ([0, 1]) (with Lebesgue measure) or in L? (N)
(with counting measure). Naturally, there can now be confusion about which case is present
in a given instance. In section 8, we also use certain Sobolev norms. These we indicate by

subscripts ||-|| g~ for various values of r.

2. Statement of the main result

Assume go and ¢ are complex-valued functions in L?([0, 1]). Let Aj(gq), j € N denote the
eigenvalues of the boundary value problem

=" +qy =2y, y(0) =0, y(1) =0
and assume that they are repeated according to their algebraic multiplicities. Similarly, let
1j(q), j € Nbe the eigenvalues of the boundary value problem

=" +qy =2y, y(0) =0, Y1) =0
also repeated according to their algebraic multiplicities. The quantities A;(go) and 1 ;(go)
denote the eigenvalues of those problems where ¢ is replaced by gg. We will always assume
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that these eigenvalues are labelled in such a way that identical values are adjacent and that
their moduli form nondecreasing sequences.
The solution of the initial value problem

-y +qy = Ay, y(0) =0, y'(0) =1

is denoted by s (4, -). Similarly so(A, -) denotes the corresponding object for the potential go.
Note that the X ;(g) are the zeros of s(-, 1) while the u;(q) are the zeros of s(-, 1). Moreover,
the algebraic multiplicities of these eigenvalues are equal to their multiplicities as zeros of
these functions.

We will prove the following theorem.

Theorem 2.1. Assume gy and q are complex-valued functions in L*([0, 1]) with the same
mean value. Define a; = |\j(q) — Aj(qo)| and b; = |u;(q) — j(qo)| and let &g = 0 and
No € N be fixed. Then there exists a constant C, depending only on qq, €9 and Ny such that
the following is true:

If0<8gs(],N>N()andmax{a],...,aN,bl,...,bN} g{;‘[hen
' lallz + 11b1l2
’/ (g) —qo(t))dt| < Cexp(llgll2) <g log N + —NE
0

forall x € [0, 1].

3. The transformation operator

It is well known (see, e.g., [6]) that solutions of the differential equation —y” + goy = Ay can
be transformed to solutions of the corresponding equation with gg replaced by ¢ by means of
an integral operator, the so-called transformation operator, when ¢, go € L' ([0, 1]). To give
a more precise definition, we introduce the sets

Do ={y € AC([0,1]) : y' € AC([0, 1]), —y" + oy € L*([0, 1]), y(0) = 0}
and

D={Y € AC([0,1]) : Y’ € AC([0, 1]), =Y" +qY € L*([0, 1]), Y (0) = 0}.
Then the transformation operator K : L2([0, 1]) — L?([0, 1]) is of the form

Y(x) = (Ky)(x) = y(x) +/0 K(x,0)y(r)dr, (D

it maps Dy to D, and the kernel K is determined by the requirement —(Ky)” + gKy =
K(—y" + qoy) forall y € Dy.
Define a function K by

| [On/2
Ko(x, 1) = 5/( (g(s) — qo(s))ds (2)

x—1)/2
and suppose that a function H exists with the following properties:

(1) H(x,-) € AC([0, x]) for all x € (0, 1] and H(-, 1) € AC([t, 1]) for all € [0, 1). The
same is true for H-® and HOD,

(2) H*9(x, 1) = HO?(x,1) — (q(x) — qo(t)H(x,1) = (q(x) — qo(t))Ko(x, 1) almost
everywhere in {(x,7) : 0 <7 < x < 1}

() H(x,0) = 0.

@) (HY9 + HODy(x, x) = 0 almost everywhere in [0, 1].
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Then, proceeding as Levitan in [6] with appropriate modifications, one shows that the operator
K defined by setting K = Ky + H is the desired transformation operator. From these
considerations, it is also clear that the given conditions on H are necessary.

We remark also that K satisfies the Volterra equation

1 (x+t)/2
K(x.1) = 5/( (@) o) b

(x+t)/2

x—0/2
+ / (@@ +B) — qolct — K (@ + B, — B) dB da
=02 Jo

which is solved by the series

K(x,t) = ZKn(x,t)

n=0
where the K, are defined inductively by

(x+t)/2 (x—1)/2
Ko, 1) = /( /0 @@+ B) — ol — B)Knor(a + Bt — ) AP da

x—1)/2
and K is given by (2).
Since K (x, 0) = 0, it is possible (and later useful) to extend K to the set
S:={xn:0< 7 <x <1}

by setting K (x, —t) = —K (x, t). We will henceforth assume that S is the domain of K.

We prove next that K may be obtained by solving an initial value problem with initial
conditions given on the line x = 1. Let f = K(1,-) and g = K, (1, -) and note that f and g
are odd functions on [—1, 1]. Also, f is absolutely continuous and g is integrable. Let

Rotx,0) = 5 f j_ll<f/<s) +g(5)ds 3)
and
R =3 [ ] / T W) — o) R (. v) dv du @
for (x, 1) € S. We will study the se::f;s
K(x,1) =il€n(x,t). )
=

Lemma 3.1. If K is bounded in S, then the series (5) is uniformly convergent, and hence its
sum solves the integral equation

5 1 1 t—x+u
k(x,1) = Ko(x, 1) + 5/ / (q(u) — qo(v)k(u, v) dvdu (6)

in the set S.

Proof. Define Q = (llgl12 + llgol12)"* and note that

1 t—x+u 1 1
ff |q(u)—qo(v)|2dvdu<4<1—x>/ |q<u>|2du+4f laol12 due < 4(1 — x) Q2
™)
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and
1 pt—x+u . _ 1 ) _ 2(1 _ x)n+2 2(1 _ x)n+2
fx/t (1 —u) dvdu—2/X (1 —u) (u—x)du—(n+1)(n+2)< TS (8)

+Xx—u

We need estimates on the functions K j in (5). Since K is bounded we obtain, using the
Cauchy—Schwarz inequality and inequalities (7) and (8),

- 1 - 1 t—x+u -
R1(x, 1)) < 5||Ko||oo/ / 19G0) — qo(w)] dvdu < Q1| Rollae(1 — ).
X t

+Xx—u

We shall prove by induction that
_ _ Q7 (1 —x)37?
[K;(x,1)| < ||K0||oo# &)
for j € N. We just established this estimate for j = 1, so it remains only to show that if we
assume (9) then we can derive the corresponding estimate with j replaced by j+ 1. Proceeding

as before, i.e., using Cauchy—Schwarz and inequalities (7) and (8), we have

B 5 Qj 1 t+u—x )
IR o1 (6, 1)] < ||K0||o<>2—j'/ / 100 — qo@)] (1 — )" dv du
. X t

+x—u
Qj+1 (1 _ x)(3j+3)/2
G+ D!
which is the required result. Thus, (9) holds for all j > 1.

Thus, the series (5) is uniformly and absolutely convergent, and hence determines the
solution of the integral equation (6). ]

< 1Kol

Lemma 3.2. K(x,t) = K(x,1).

Proof. Define H(x,t) = K(x,t) — Ko(x, t) and recall that K (x, 1) = Ko(x,t) + H(x, 1).
We will use the following abbreviations:

L, ) =HOY(x, )+ HYO(x, 1)

B x=n/2 X+t X+t K X+t X+t d
- (5 ) (50 (e )

1 t—x+1
il(x,t):/ q(s)K(s,t—x+s)ds—/ qo(s)K(x—t+s,s)ds,
X t

t

1
iz(x,t):/ q(s)k(s,x+t—s)ds—/ qo(s)k(x+t—s,s)ds.

+x—1
Since

/ 1) (1,0) 1 l+s

fs)+gls)=K"'(,s)+K (LS)ZE(CI—C]()) - +1(1,5)
we obtain

5 1 x+t—1 1 1 t+u—x B

H(x,t) = —/ Il(l,s)ds+—/ / (g(w) — qo(v))K (u, v)dvdu

2 x—t—1 2 X t+x—u

which is absolutely continuous in either variable. Thus,

A", =3 x+t =) —L(Lx —t — 1) = I1(x, 1) — [r(x, 1))
and

HOYx,t) =3 x+t =D+ L(Lx —t — D+ 1(x,1) — Ir(x, 1))
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are also absolutely continuous. Differentiating further gives
A0, 1) = HOP(x, 1) = (q(x) = qo(0) H (x. 1) = (q(x) — qo(1) Ko(x. 1).

By construction H(1,1) = H(1,t)and H0 (1, 1) = A19(1, t). Hence, the function H — H
is a solution of the Cauchy problem

K200, 1) — k2 (x, 1) — (g(x) — go(1)k(x, 1) =0, k(1,1) =0, k191, 1) = 0.

For the given Cauchy data £ satisfies the integral equation

1 1 t—x+u
k(x, 1) = 5/ / (g () — go(v))k(u, v) dv du

+Xx—u

since, after several changes of variables,

1 t—x+u
/ / k2O, v) — kOP(u, v)) dvdu = 2k(x, 1).
X +x—u

But lemma 3.1 shows now that £ = 0 identically. |

Theorem 3.3. Suppose that q, qo € L*([0, 1]). Then

= 2|K (x, %) < 4exp(llgll2 + I90l12) | Kol oo-

’/0 (g — qo)(s)ds

Proof. Since K(x, x) = Z;’io K, (x, x), the claim follows immediately from the estimate
|K,(x,x)| < ||KolleoQ7/j! obtained in the proof of lemma 3.1. O

4. Asymptotic properties of the function s

Define s9,0(, x) = sin(zx)/z where 72 = A. While this definition does not depend on the
choice of a branch for the root, we will henceforth assume that Im(z) > 0. One proves by
induction that the kth derivative of sy ¢ with respect to its first argument is given by

Sz e g ax) €

So (ks %) = L2k (10)
where fj and g; are polynomials of degree k. This implies that
[s60 (hs )| < ™z (11)

for appropriate constants ¢, k € Np, cp = 1. Similarly, one obtains
k,1 DX —
s (h, )| < e e™OF 2|7k, (12)

The following lemma shows that similar estimates hold for the function sy, i.e., the
solution of the initial value problem —y” + goy = Ay, y(0) = 0, y'(0) = 1, if A is sufficiently
large.

Lemma 4.1. Given qy € L'([0, 1]) there are positive constants n, iix, k € Ny, depending
only on ||qoll1, such that

56" G x) = s (O, )| < milz)F! MmO (o lm/<ldr ) (13)
and
56" O x) = 855" 0, 0] < ez Mm@ (el oo/ ) (14)

forall x € [0, 1], all k € Ny, and all A satisfying |A| > 1.
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Proof. Define
go(z, 1) = e ""™@|so (1, 1) — s0,0(A, 1)].
Replacing sy by s9,0 + (So — S0.0) under the integral in the variation of constants formula

t
so(A, 1) = s0,0(, 1) +f 50,0(A, t — u)qo(u)so(A, u) du
0

one finds
1 ! 1 d
8oz, 1) < —f IqO(u)Igo(z,u)du+—2/ lgo(u)| du. 15)
lz| Jo 1zI= Jo

Letg(t) = fot |go(u)/z| du, move the first term on the right of (15) to the left, and multiply by
lqo(t)| exp(—¢(¢)). This will produce total derivatives on either side so that integration from
0 to x yields

x 1 i
e [Clauigntz.ar < (1 | |610(l)|dl>~
0 0

Using this estimate in (15) gives inequality (13) for k = 0 with ny = 1. Thus, using the
triangle inequality, we also see that
elaolli glm(@)x

[so(x, x)| <
|z]
Now assume that
I
| «,0) (A )| ﬂ[ € m(z)x
0 ’ = |Z|£+1
for£ =0, ...,k — 1 and certain constants 8, which may depend on |qo||;. Then define
—tIm(z)

a(z, 1) =e s 1) — 58 ().

The kth A-derivative of the variation of constants formula and (11) give
k

k C: t 3 .
ge(z.1) < Z(}.) |Z|j.+1 / g0 )| ™ @50 G )| du.
j=0 0

Using the induction hypothesis for the terms with j > 0 and the triangle inequality in the term
with j = 0 yields

gz D) < f 190G (gr (2, 1) + =1 |50 G ) ) du+Z( )C”T,ﬁlz’ f lgo(u)| du

k
< — 7, u) du + d
m/o lgo(u)lgx(z, u) du |Z|k+2/0 lgo(u)| du

where

nk—Ck+Z< )C]/Bk J

Proceeding as before we arrive at the estimate

80 < |k+1< ™ —1)

which is inequality (13) for k. The induction is complete after realizing that (13) implies that

, lgk eIm(z)x
|So ()hx)| < 7|Z|k+1

when one chooses 8; = ci + 1 exp(llgoll1)-
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The variation of constants formula implies also
Kok [ A
s(()k’l)()», x) = s(()]f(’)l)()», Xx)+ Z (]) / s((){(')l)()», X — u)qo(u)s(()k_j’l)()», u)du.
j=0 0

The triangle inequality and previous estimates give

k

: k * ci
lsg V0 x) = s (L x)| < M@y (1) / g0 ()] |Z|,j+1 ;€@ — 1)+ ) du.
j=0 0
Since ¢—; < mi—; e obtain inequality (14) if we choose 7 = Y 5 _ (I;)Cjnk_j. O

Remark 4.2.

(1) As a corollary to this proof, there exist constants f; depending only on ||go]|; such that

(2) The eigenvalues A ;(qgo), 1(qo), A;(g) and ;(g) lie in a horizontal strip in the complex
plane. For A = 72 in this strip, Im(z) > 0 is bounded above, and hence

Cr
lsg % x0)| < == (16)
||
We shall use this fact in several places later in this paper.
(3) Using (12) and (14) one may prove similarly that
o)
sV 0| < = (17)

|z]

Lemma 4.3. Fix k € Ny. There is a positive number My depending only on ||qol|1 such that
5300 =5 ). )| < Sl = o)

and
530 =5 . )| < Skl = o)

forallx €0,1]and all j € N provided that |\ — X ;(qo)| < 1.

Proof. Evidently,

A
sO, x) = 58P (qo), x) = / so 0, x) dp.
Xj(qo0)

Since Im,/u is bounded we may now use (16) with k replaced by k + 1 to obtain

< A= 2j(q0)

s
k+1,0
/ so 0w, x) du
Aj(qo)

M,
lv/4j(qo) |+
for some constant M, since | — A j(go)| < 1. The first result of lemma 4.3 is then immediate.
The second result follows similarly from (17). O
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5. Riesz bases of generalized eigenfunctions

Let L be the operator defined by the boundary value problem

=" +qoy =1y, y(0) =0, y()=0
and suppose that A is an eigenvalue of L with algebraic multiplicity v. Then there are indices
Ky...,k+v—1suchthat A = A,.(q0) = - - - = Ae+v—1(qo). Define
J Veri
<PK+j(X)=k2(;%!_ksék’O)(k,x), j=0,...,v—1

where the y,,;_ are to be determined. Note that ¢, is an eigenfunction associated with A and
that

(L = N @rj = Querj—1, j=1,...,v—1,

i.e., the ¢,,; form a Jordan chain of generalized eigenvectors for A (recall that the geometric
multiplicity of A equals one).

If X is an eigenvalue of L then A is an eigenvalue of L*, the adjoint of L, which is the
operator associated with the boundary value problem

—y" +qoy = Ay, y(0) =0, y(1) =0.

If A has algebraic multiplicity v as an eigenvalue of L then A also has algebraic multiplicity v
as an eigenvalue of L*. Define

KTt (v—1—4,0) .
¢K+j(x)=mso (A, x), Jj=0,...,v—1 (18)
Then,
(L* = WVesj = Vieaja1s Jj=0,...,v=2,

and v,.+,—1 1s an eigenfunction of L* associated with A, ie., the Y. ; form a Jordan chain of
generalized eigenvectors for . (Note, however, that the order is reversed when compared to
the Dic+j )

It is well known that if A; # X, then the algebraic eigenspace of L associated with A; and
the algebraic eigenspace of L* associated with A, are orthogonal.

Let A(x) be the v x v-matrix with entries A(k) j41,k+1 = (Yicrj> @ictk). Since

Wt js Pesk) = Wew s (L = N @rair1) = (L* = M Werjs Gesrr1) = Wi ja1s Pericnl)

when 0 < j, kK < v — 2 we find that the entries in the diagonals (j — k is constant) of A(x)
are constant. Since

(¢K+u71, (0K+k) = (O, ¢K+k+1) =0

when 0 < k& < v — 2 we see that A(k) is upper triangular. The v;, j € N are complete and
so, since we have shown that (¥, ¢,) = 0if j # «, we conclude that (Y, ¢.) # 0. In
fact, we may choose the coefficients y,+;, j =0, ..., v — 1 in such a way that A(«) becomes
the identity matrix. For this choice of the coefficients, the y; and the ¢, form biorthogonal
sequences, i.e., (¥, ¢x) = J;. In fact, due to our normalizations, both {v; : j € N} and
{¢k : k € N} form Riesz bases of L2([0, 1]) (see [11]).

For all sufficiently large j the eigenvalues A;(go) are simple. In these cases, ¢;(x) =
vjso(A;(qo), x). Now from lemma 4.1 we can see that

sin(y/2(qo)x)

+O0(|r; -, (19)
o) |4 (gqo)]

so(A;(qo), x) =
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where we have used the fact that the term exp (fox lqo(t)/z| dt) —1in(13)is O(1/|z|). Hence,
1 = (¢;, ¥;) = O(y;/j) and so the constant y; in the expression ¢;(x) = y;s0(A;(qo0), x)
must be O(j).

We now turn to the problem with eigenvalues w ; (go). In complete analogy with the results
already obtained, given the boundary value problem

=" +qoy =LAy, y(0) =0, Y1) =0

we obtain biorthogonal sequences k — 6 and j — w; of (generalized) eigenfunctions of the
associated operator and its adjoint, respectively.

The following lemma gives uniform bounds on the eigen- and associated functions of the
first boundary value problem and on the integrals of the eigen- and associated functions of the
second boundary value problem.

Lemma 5.1. There is a positive constant By depending only on gy such that

/ 0;(s)ds
0

Proof. The bound on ¢; follows from (19) and the observation that y; is O(j). We only
need consider (19) since the eigenvalues of the problem are eventually simple.

For the second bound, we can simply replace A ;(qo) by 1 ;(qo) in (19) and obtain, for
some constant I';,

lp;(®)] < By and < Bi/j

forallt € [0, 1] and all j € N.

sin(y/14(q0)x)

V1 (qo)
The term so(14;(qo). X) — S0,0(14;(qo), x) is O(lu;(qo)|™") = O(j?) as we observed
previously, by using (13). The factor I'; must then be O(j) as 1 = (0}, w;) = O(;/j).
Integrating both sides, we obtain

0;(x) = I'jso(ij(qo), x) =T +Tj(s0(1j(q0), x) — s0,0(1(q0). X)) (20)

X r.
/ 0;(t)dt = —L—(1 — cos(y/;(qo)x)) + O(1/j) < O(1/)).
0 w;j(qo)

This completes the proof. ]
6. An interpolation error estimate

The last technical result which we shall require in the proof of theorem 2.1 is the following.
Lemma 6.1. Let S be an analytic function on a disc with centre zo and radius 2. Let zy, . . ., z,

be v points (not necessarily distinct) in a disc of radius € (0 < ¢ < 1/2) centred at zy. Let p
be the unique polynomial of degree at most v — 1 which interpolates S and its derivatives in

the usual way at the points z1, ..., z,. namely, if the value of z; appears m  times in the list
21y .-y 2y then p™(z;) = S™(z;) forn =0,...,m; — 1. Let R = S — p. Then for each
0<j<v—1,
IRV (z0)] < B2e"™ sup |S(0)| D
[¢—z0l=1

where the constant B, depends only on v and not on €, S or the positions of the points
1y eeesly-
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Proof. Let w(z) = ]_[;=1 (z — z;) and let I" be the circle of centre z, radius 1. Using the
Hermite formula for the difference R(z) = S(z) — p(z2) (see, e.g., [10, p 69]) immediately
gives

w(z S

R(2) = ( .) ©) d¢. (22)

271 Jr 0()(¢ —2)
On the circle I', we have |w ()| > 27" since all the points z; are at a distance at least 1/2
from I'. We also have [¢ — zo| = 1 when ¢ lies on I'. Furthermore, since all the points z; are
at a distance less than & from zg it follows that |w(zo)| < £”. Hence,

IR(z0)| < (28)" SUIFJIS(C)I,
e

which proves the inequality (21) for j = 0.
Differentiating (22) yields

'(2) S() d o(2) S()
- ¢+ -
2ri Jr ()¢ —2) 2ri Jr 0(2)(¢ —2)?

The first term is now O (ve”~!) while the second is bounded by the same bound as the first: in
fact,

R'(z) =

de.

IR (z0)| < &"~' (v +¢)2" sup|S(¢)].
cel

The higher derivatives are dealt with analogously. ]
7. Proof of theorem 2.1

In view of theorem 3.3, we plan to estimate the sup-norm of

- 1 x+r—1
Rote0) = 5 f (f(s) + g(s)) ds,

—1—1
i.e., the suprema of |f ()| and ‘fotgds|. The factor exp(llgll2 + llgoll2) appearing in
theorem 3.3 contributes the factor of exp(|lg|») appearing in theorem 2.1; the remaining
constants will depend only on g, as will become apparent in the proof.
Note that f = Y 72, a;¢; where a; = (f, ¥;). We will show below that
a;
lojl <2M (1 + ||f||2)7.J (23)

where a; = |A;(q) — A;(qo)| and where M is a constant depending only on go. Since the ¢
form a Riesz basis we have the existence of a positive number R such that

If15 < RZZmJ

Thus,

I\J

00 2
1713 < R2Z4M2(1+||f||2) g SRPM>(1+1£13 Z—é

Jj=1 .1:1

2.2 2
2172 n [TT€ llall3
<srae (1) (T 12 )
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where we have used the assumptiona; < efor j =1, ..., N from the theorem. The inequality
in theorem 2.1 is claimed for sufficiently small e and sufficiently large N. Thus, we may assume
without loss of generality that

SR> <ﬁ+ ||a||%) <L

6 N2 2
We then get ||f||% < (1 + ||f||%)/2, whence || f |2 < 1. From (23), it follows that

o | < 4M L
' J

Therefore, using lemma 5.1, and defining M to be the greater of the constant M in (23) and
the constant B, appearing in lemma 5.1,

AM?|all2

o0 o0
2 aj 2
FAGIES ; letjlls ()] < 4M7 ) ~ SAMP(L+log N)e + —

j=1
It remains to show the validity of inequality (23). First note that equation (1) for x = 1
gives

1
s(h, 1) = s0(a, 1) +/ f(@)so(n, 1) dr (24)
0

where we recall that f(#) = K (1, t). Moreover, this equation may differentiated with respect
to A arbitrarily many times. Now let

A= )»K(CIO) == )\K+v—l(q0)

be an eigenvalue of multiplicity v. We deal with the cases v = 1 and v > 1 separately.
For the case of a simple eigenvalue (v = 1) we have, from (18) and from (24) evaluated

at A = A(qo).
e = (f, ¥e) =km /01 F(0)s0(Ae(go), 1) di = ks (Ae(qgo), D).
Likewise if we evaluate (24) at A = A, (g) we obtain
0=s0(Ac(q), 1) +/1 S (@®)so(re(q), 1) dr.
Subtracting, 0
e = —knso(re(q), 1) +km fl S (@) (s0(Ae(qo), 1) — so(Ac(q), 1)) dt
which we can also write as 0
o = k7 (s0(Ac(qo), 1) — so(Ae(q), 1)) + k7T /01 S (@) (s0(Ae (o), 1) — so(Ac(q), 1)) dt

since so(A. (g0, 1) = 0. It now follows from elementary estimates that

late| < & (1+ 1 flIDs0(Re (g0, ) — S0(Aic (@), ) loo-

Using lemma 4.3 with k = 0 and j = «, we thus obtain
My
loe| < k(1 + ||f||1)761x-

The term || f||; is bounded above by || ||, since the problem is posed in L%(0, 1), and so (23)
follows with a suitable choice of M (e.g. w My /2).
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Next consider the case of a multiple eigenvalue (v > 1). Since the gy problem has at
most finitely many multiple eigenvalues, we may assume without loss of generality that the
eigenvalue is one of the first N which are approximated with accuracy at least . We may
thus assume that there are v eigenvalues A, (q), . . ., A«+v—1(q), counted according to algebraic
multiplicity and therefore not necessarily distinct, in a disc of centre A, (go) and radius . For
each 7, let p(A,t) and po(X, t) be, respectively, the unique polynomials of degree at most
(v — 1) interpolating s (X, t) and so(X, t) at the points A, (g), . . ., Ae+v—1(g). From (24), we
know that

1
P, 1) =po(r, D +/0 f@)po(h,1)de

for A = X (q), ..., Ae+v—1(g) and hence for all A, since both sides of the equation are
polynomials of degree at most v — 1. We can therefore differentiate this formula v — j — 1
times, for j =0, ..., v — 1, and obtain

. 1 j
peTIO0,L ) = pi O, 1)+/ Fopy 00 dr. (23)

We now observe that since s(A, 1) = 0 at all of the points A,.(gq), ..., Acrv—1(g), the function
p(A, 1) isidentically zero. Thus, the left-hand side of (25) is 1dentlcally zero, and in particular

1
0=p""7?(he(qo), 1) + /0 FOpY P00 (qo), 1) dr. (26)

Now the coefficients o,; = (f, ¥«+;) in the expansion of f is given, from (18), by

Arj = (fs Yes)) = / FOsy T 00 lqo). de, j=0.1,... v

(v J)'

By virtue of (26) and the fact that sovflfj 0 (Aj(qo0), 1) = 0, we can write this equation in
terms of R(A, 1) := so(A, 1) — po(A, 1) as

/ FORYTO 0 (qo), 1) dt + RO O(n (go), 1).

Oyyj =
T 1—1)'

An application of lemma 6.1 allows us to deduce that

KT .
oties j| < 7.,8”1322” sup  sup [so(A, DI+ fIl).
(v—1-/! IA—he (o) =1 7€[0, 1]

The term sup, (o ) [so(A, 1)| is bounded by (16) since Im+/ is bounded. Since || |1 < || 2,
we obtain an estimate of the required form (23).

The estimate for | fot g ds| is obtained in a very similar way. We point out the main
differences. Instead of equation (24), we need

1
s’ 1) = sp(x, 1) +/ g()so(A, t)dt
0

which follows from equation (1) after using that K (1, 1) = 0 (by the equality of the mean
values of ¢ and ¢g(). Next, we observe that
, ! (g, wj)
s (mjlgo). ) = [ g()so(uj(qo), 1) dr = —
0

since w; = jmso(i;(qo), -). Also,

1
0 = 5015 (). 1>+/ (D500 (q). 1) dr.
0
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Since B; = (g, w;), we obtain

. 1
l.g—j"; = / 8(Iso(e(qo), 1) — so(;(q), )1dr + [so(re;(go), 1) — 5o (g), DI
0

Recalling that s, is séo’l), we may appeal to lemma 4.3 and thus obtain the estimate

b b;
1B/l <Cj [.—gngnﬁﬂ

where b; = |u;(q) — (qo)l Bearing in mind that b; < efor j =1,..., N, we get
lgll3 < R22|ﬂ| S2RC{IbII; + (27 /6 + 1615/ N?)llg 13}

It then follows that |g|l, < C||b|» for some constant C, and hence for some positive
constant M,

|Bj| < 4Mb;.
Finally, using lemma 5.1, and taking M to be the greater of M and the constant B; appearing

in lemma 5.1,
t

g(s)ds
0

= |(io. 1 < D 1B 11 G0 )1 < 4 Z
j=1 j=1

AM2|b]l2
N1/2

_f
J
< AM? (1 +log N)e +

This completes the proof.

8. Extensions and numerical results

We consider the possibility of improving the result in theorem 2.1 in two ways: by
strengthening the norm and by improving the factor of 1/+/N in the error bound to something
smaller.

Strengthening the norm can be easily achieved if one is prepared to make a priori
assumptions about the boundedness of ¢ — g in some stronger Sobolev space. We have the
following result.

Theorem 8.1.  Suppose that q and qo are complex-valued functions in L*([0, 1]) with the
same mean value. Suppose also that q — qq lies in a bounded set in the Sobolev space
H([0.1)).n > 0. Let a; = |3;(q) — %;(qo)] and b; = |11 (q) — 1£;(qo)l. Let & > 0 and
No € N be fixed. Then for each —1 < r < n there exists a constant C depending only on
&0, No, r and qo such that the following statement is true.

If0<e<ey, N> Noandmax{ay, ...,ay, by, ..., by} < &, then
lalls + [Ib]l, 7"/ 0D
||q_QO||H'<C|:510gN+7 .
h VN

Proof. The hypothesis that ¢ — g is bounded in H” ([0, 1]) means that ¢ lies in a bounded set
in L*([0, 1]) determined by qo, since go € L?([0, 1]). Thus, the term exp(llg|l2) appearing in
theorem 2.1) can be absorbed into the constant C. The result is then immediate from standard
results in interpolation space theory, and in particular the inequality

£ | gra-omsas < CNFIE NG,
for 0 < 0 < 1 (see, e.g., [9]). O
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Figure 1. Differences between Fourier eigenvalues and eigenvalues for g(x) = sin(kx) for
different values of k.

Note that ¢ and gy are not each required to be in H” for this result: it is enough that
their difference possess the necessary smoothness. If one is using the technique of Rundell
and Sacks [15] for solving the inverse problem, for instance, then ¢ — go will generally be
smoother than g, and this improved error bound is then available.

The question of whether or not the factor of 1/4/N is best possible is more difficult to
address. Consider the example

go(x) =0,
for which all the eigenvalues are known, and the sequence of potentials g (x) = sin(kx), k € N,
for which

sup
xe[0,1]

/O (q(6) — qo(t)) di

Fix ¢ > 0 and let N be (as a function of k) the number of eigenvalues approximated to within
&. If our error bound is tight then we should have

1, c [Elog(N)+ llall> + ||b||2}
k= VN

for some positive constant k and therefore, in particular,
I,
k= JN’
yielding N > Ck>. Is this seen in practice? The results in figure 1 suggest that this is not so.

It seems that one has only N > Ck, which would indicate that the term «/LN in the error bound

ought to be %

However, in order to obtain such a bound one would need to have more subtle eigenvalue
asymptotics than the ones we have used, which are \/Z = jr+a;, /=G —1/2)7+B;,
with («;), (B;) € £2. In view of McLaughlin’s diffeomorphic relationship between these
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remainder sequences in £> and the potentials in L?, better asymptotics would actually depend
on further smoothness assumptions on the potential.

Appendix. Riesz bases

Let H be a separable Hilbert space. The set {f, : n € N} C H is called a Riesz basis of H if
its closed linear span equals H and if there exist positive constants  and R such that

N N 2 N
2 2 2 2
Py el <D ek <R ol
n=1 n=1 n=1

for every sequence ¢ : 1 > ¢, in £2(N).
If{ f, : n € N}isaRiesz basis of H then there exists a unique Riesz basis {g, : n € N} such
that (f,, gx) = 8,.« for all n, k € N. The sequences f, and g, are then called biorthogonal.
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