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Picard Operators

By Rupl WEIKARD of Birmingham

(Received February 2, 1996)

Abstract. A linear differential expression Ly = y(") 4 gp_5y("~2) + ... 4 goy is called a Picard
expression if its coefficients are elliptic functions (with common fundamental periods) and if the
general solution of Ly = Ey is an everywhere meromorphic function (with respect to the independent
variable) for all E € C.

If L is a Picard expression we show that the differential equation Ly = Ey has n linearly independent
Floquet solutions except when E is any of a finite number of exceptional values. Also the conditional
stability set of a Picard expression (and hence the spectrum of the associated operator in L2(]R))

consists of finitely many regular analytic arcs.

1. Introduction

Let L be the differential expression given by Ly = y" + qy where ¢ is a continuous
function of a real variable which is periodic with period a. Consider the following

statements:

(A) There are precisely 2g + 1 real numbers Ey, < --- < Ej such that the differential
equation y" + gy = Ey fails to have two linearly independent Floquet solutions,
i.e., solutions y satisfying y(z + a) = py(z), if and only if E € {Ey, ..., Ea,}.

(B) There are precisely 2g+1 real numbers Ey, < --- < Eg such that the conditional
stability set S of L, i.e., the set of all values of E for which at least one of the
solutions of y" 4+ gy = Ey is bounded, is given by

S = (—00, Egg] U [Egg_l,Ezg_Q] U...U [El,EO] .
(C) There exists a monic ordinary differential operator P of order 2g 4+ 1 such that
[P,L]=0.

(D) There exists a monic ordinary differential operator P of order 29+ 1 and 2g + 1
complex numbers Mg, ..., Az, such that P2 = (L — Ag) ... (L — Agy).
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First suppose that ¢ is real—valued. Then endpoints of stability intervals coincide
with points where only one periodic solution with period 2a exists. This was first
shown by HAMEL (7] in 1913Y). This implies the equivalence of (A) and (B), since a
Floquet multiplier must be equal to +1 to be degenerate. Moreover it was proven in
1923 by BURCHNALL and CHAUNDY (1] that (C) and (D) are equivalent even if q ig
complex — valued. That there is also a relationship between (B) and (C) is a discovery
which was made only about twenty years ago: NOVIKOV [14] proved in 1974 that
a periodic stationary solution of an equation of the KdV hierarchy has only finitely
many disjoint conditional stabilitity intervals (bands). Taking into account that every
stationary equation of the KdV hierarchy admits a Lax representation [P,L] = 0
(see LAX [10]) yields then the conclusion that (C) implies (B). The converse, i.e.,
(B) implies (C) was first proven by DUBROVIN (3] in 1975. It also turns out that
{/\0, e ,/\29} = {Eo, e ,E2g}.

When ¢ is complex ~ valued the matter becomes more difficult. While the equivalence
of (C) and (D) still holds the equivalence of suitable generalizations 2) of (A) and (B)
is not longer given. In particular, it may happen that y" + qy = Fy does not have
two linearly independent Floquet solutions and yet E is not the endpoint of a band.
Conversely, it is conceivable that E is a band edge and yet y"” + gy = Ey has two
linearly independent Floquet solutions.

Now assume that g is an elliptic function and treat the independent variable as a
complex variable. Under this condition the statement

(E) For every complex number E every solution of the differential equation 3" +qy =
Ey is a meromorphic function of the independent variable.

was recently shown to be equivalent with (C) by F. GESZTESY and myself [6].
Naturally the question arises what happens when L is a periodic differential expres-
sion of n—th order and this is the topic the present paper is concerned with.
The requirement that all solutions of a linear homogeneous differential equation with
elliptic coefficients are meromorphic is quite far - reaching. We therefore introduce the
concept of a Picard differential expression.

Definition 1.1. A linear differential expression Ly = 3™ + g2y + -+ + goy
will be called a Picard ezpression if all of its coefficients are elliptic functions with
common fundamental periods and if, for every complex number E, the general solution
of Ly = Ey is an everywhere meromorphic function (with respect to the independent
variable).

The basic results of this paper are Theorems 4.1 and 5.3. The former states that
the differential equation Ly = Ey has n linearly independent Floquet solutions except
when E is any of a finite number of exceptional values if L is a Picard expression. The
latter tells us then that the conditional stability set of a Picard expression (and hence

1)However, see also LIAPUNOV [11] who treated the case y" = Apy with a periodic function p in
1899 and HAUPT [8] who corrects a mistake in HAMEL’s paper. For a general reference on Floquet
theory see, e.g., EASTHAM [4].

2)The conditional stability set is not anymore a subset of the real line. It is, however, a set of
regular analytic arcs which are called bands. Also, the points E where not two linearly independent
Floquet solutions of y'’ + gy = Ey exist need not be real anymore.
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the spectrum of the associated operator) consists of finitely many regular analytic
arcs.

2. Preliminaries

In this section a number of well - known concepts are repeated in order to fix notation.

2.1. Elliptic functions

An elliptic function is a meromorphic function which is doubly periodic, i.e., has
two periods 2w and 2w’ which are linearly independent over the reals. Without any
loss of generality it is assumed henceforth that 2w € IR. Two periods 2w and 2w’
of an elliptic function are called fundamental if every period of the function is an
integer linear combination of 2w and 2w’. If 2w and 2w’ are fundamental periods
then so are 2mw + 2m'w' and 2kw + 2k'w’ provided m, m', k, and k' are integer and
mk' — m’'k = £1. In particular, then, 2w and 2kw + 2w' are fundamental. Hence the
fundamental periods 2w and 2w’ may be chosen in such a way that the angle 8 between
them is less than 7 /n.

A meromorphic function y which satisfies y(z + 2w) = py(z) and y(z + 2w') = p'y(z)
for two complex numbers p and p’' is called elliptic of the second kind.

2.2. Floquet theory and Picard’s theorem

Let L be a differential expression of the form
Ly = y™ 4+ goay™ P+ + oy

where the coefficients g, ... ,qn—2 are continuous complex — valued functions of a real
variable periodic with period a. Denote the n - dimensional vector space of solutions of
the differential equation Ly = Ey by W(E). Let S(E) be the operator of translation
by a acting on W(E). Since S(F) and L commute it follows that S(E) is a linear
operator which maps W(E) to-itself. Its eigenvalues are called Floquet multipliers
and its eigenfunctions Floquet solutions of Ly = Ey. The fact that one may choose
a basis of W(E) whose elements are entire functions of E (namely solutions ¢;(E, z)
satisfying the initial conditions ¢;?'1(E, 0) = ik, k=1, ... ,n) shows that Floquet
multipliers are given as zeros of the polynomial

(2.1) FE.p) = (-1)""+ (-1)""ar(E)p" "+ ~an_i(BE)p+1 = 0

where the functions a;,...,a,—; are entire.

Note that F(E, -) has n distinct zeros unless the discriminant D(E) of F(E, - ) which
is an entire function of E is equal to zero. This, therefore happens at only countably
many points. Denote by my(E, p) and my(E, p) the geometric and algebraic multi-
plicity, respectively, of the eigenvalue p of S(E). The number my(FE, p) — m,(E,p) €
{0,1,...,n — 1} counts the “missing” Floquet solutions of Ly = Ey with multiplier
p. If Floquet solutions are missing only for finitely many complex numbers E we will
say that L has finite Floquet deficiency.
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For p # 0, consider the operator T'(p) defined to be the restriction of L to the domain
D(T(p)) = {y € H*"({0,a]) :y™¥(a) = py™¥(0), k= 0,... ,n—1}.

T(p) has discrete spectrum. In fact, its eigenvalues, which will be called Floquet
eigenvalues, are given as the zeros of F(-,p). Moreover, the algebraic multiplicities
mq(E, p) of E as an eigenvalue of T'(p) is given as the order of E as a zero of (-, p)
(see, e. g., [5]).

We now turn to the special case that gy, ... ,gn-2 are elliptic functions with common
fundamental periods. The following theorem is due to PICARD [15]. HERMITE [9],
however, had proven this theorem earlier in the special case of Lamé’s equation.

Theorem 2.1. If the differential equation Ly = y™ + Gn—oy ™D + .. 4 g@y=0
has elliptic coefficients with a common period lattice and a general solution which is
everywhere meromorphic, then it has at least one solution which is elliptic of the second
kind.

Let S be the operator of translation by a fundamental period a of the coefficients
acting on the space of solutions of Ly = 0. If all eigenvalues of S are distinct, then
there ezist n linearly independent solutions of Ly = 0 which are elliptic of the second
kind.

Proof. Let 2w be a fundamental period of the coefficients of the differential equation,
W the space of solutions of the equation, and S the operator of translation by 2w acting
on W. As before, S is a linear operator from W to W and has an eigenvalue p and
an associated eigenfunction u,, i.e., Ly = 0 has a solution u; satisfying u1(z + 2w) =
pui(z).

Now let 2w’ be the other fundamental period of the coefficients. Consider the func-
tions

(2.2) w(2), wue(2z) = w(z+20'), ..., um(z) = w(z+2(m-1u),

where 1 < m < n is chosen such that the functions in (2.2) are linearly independent
but including u; (z + 2mw’) would render a linearly dependent set of functions. Then,

(2.3) Um(z +2W') = biug(2) + - + bnum(2) .

Next denote the linear operator of translation by 2w’ acting on the span V of
{ug, ... ,um} by S'. It follows from 2.3 that the range of S’ is again V. Let p’
be an eigenvalue of S’ and v the associated eigenvector, i.e., v is a meromorphic so-
lution of the differential equation satisfying v(z + 2w') = p'v(z). But v satisfies also
v(z + 2w) = pv(z) since every element of V has this property. Hence v is elliptic of
the second kind.

The numbers p and p' are of course Floquet multipliers corresponding to the periods
2w and 2w', respectively. The process described in the above proof can be performed
for each multiplier corresponding with the period 2w. Also, of course, the roles of
2w and 2w’ may be interchanged. The last statement of the theorem follows then
from the observation that solutions associated with different multipliers are linearly
independent. O
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2.3. Spectral theory
With any differential expression L given by

Ly = y™ +gaoy™ D 4. 4 goy

with continuous complex — valued periodic coefficients go, ... ,gn—o of a real variable
we associate the operator T : H>™ — L?(R), Ty = Ly.

The spectrum o(T) of T is the complement of the set of all complex numbers E
for which (T — E)~! : L?(IR) —» H?" exists as a bounded operator. The conditional
stability set S(L) of L is the set of all complex numbers E for which the differential
equation Ly = Ey has a bounded solution.

It was shown by ROFE—BEKETOV [16] that ¢(T") = S(L). For E to be in S(L) it is
necessary and sufficient that Ly = Ey has a Floquet multiplier of modulus one. Hence

S(L) = {E€C:F(E,e") =0 for some t € R}

where F is given by 2.1. Since F is entire in both its variables it follows that o(T") =
S(L) consists of (generally) infinitely many regular analytic arcs®). These arcs are
called spectral bands. They end at a point where the arc fails to be regular analytic
or extend to infinity. The endpoints of the spectral bands are calied band edges.

Definition 2.2. T (or L since no confusion can arise) is called a finite - band operator
if o(T) consists of a finite number of regular analytic arcs.

3. Algebraic multiplicities of Floquet multipliers and Floquet
eigenvalues

Throughout this section let gg, ... ,gn-2 be complex - valued, continuous, periodic
functions (with period 1) of a real variable and L the differential expression
d" dn—2
L = d:r_"+qn~2dzT§+“.+q0'
Let ®(E,z) be a fundamental matrix of Ly = Ey satisfying the initial condition
®(E,0) = I where I is the n x n identity matrix. The Floguet multipliers of the differ-
ential equation Ly = Ey are then the eigenvalues of ®(E, 1), the so called monodromy
matrix.

Our aim is to determine multiplicities of Floquet eigenvalues and multipliers for large
values of the spectral parameter E. For large values of E the equation Ly = Ey can be
treated as a perturbation of y(™ = Ey. In this case there exist n linearly independent
Floquet, solutions exp{(Aoiz) with associated Floquet multiplier exp(Aoy) where A is

3)Let (a,b) be an open real interval. Then z : (a,b) = € is called an analytic arc if z has a power
series expansion near every t € (a,b). The arc is called regular analytic if, in addition, 2'(t) # 0 for
all t € (a,b). It is called regular analytic at z(to) if /(o) # 0. An arc z = z + iy is regular analytic
at 2(1p) = zo + tyo if and only if at least one of the functions y = y(z) or z = z(y) exists near zp
respectively yo and admits a power series representation there.



such that A® = —F and the o}, are the different n—th roots of —1. The characteristic
polynomial of the associated monodromy matrix is therefore given by

Fo(E,p) = (=1)"" + (=1)" 'apa(E)p" " + -+ —apn-1(E)p + 1

where the ar, ; are the elementary symmetric polynomials in the variables exp(Aa,), ...
exp(Ag,)-

In order to treat the general case we use the following theorem which, together with
its proof, can be found in NAIMARK [13].

)

Theorem 3.1. For any c € C and any k € {0,1,...,2n — 1} let T . be the region
(k+ )7
- .

Tex = {/\:%<arg(/\+c)<

Arrange 01,... ,0,, the different n—th roots of —1, in an order such that for all
A € Ty, the inequalities R((A+c)o1) < R((A+c)oz) < -+ S R((A+c)os) are satisfied.
The equation Ly + A"y = 0 has linearly independent solutions y1(A,z),... ,yn(), z),
which, for fized z, are analytic for sufficiently large A € T, .. Moreover,

31y ND) = (o) T exp(Aokz)(1+ fik(@), Lk =1,...,n,
where fix(z) = O(A™1) uniformly for z € {0, 1].

There exists a constant C' > 1 such that |exp( % 2co;)| < Cforall j = 1,...,n.
This implies that |exp(Ao;)| < C|exp(Aok)| whenever j < k. The way in which the
roots oy, ... ,0n are ordered implies that R((A + c)ox) — R((A + c)o;) > b|}| for some
constant b > 0 provided k — j > 2 and |}| is suitably large. Therefore, for large A and
if k—j > 2, one finds

(3.2) |exp(Aaj)| < %lexp(,\akﬂ.

In particular, at most two of the numbers exp(Ao;) can coincide.

Now, for sufficiently large Fy = —A} choose numbers ¢ and & such that |¢] < 2
and {):|A — Ao| < 1} € T, . Then apply Theorem 3.1 to establish the existence of
solutions yx of Ly = Ey = — A"y satisfying 3.1. We thus have another fundamental
matrix Y (E,z) of Ly = Fy associated with the solutions y,... ,¥». The two funda-
mental matrices obey, of course, a linear relationship ®(E,z) = Y(F,z)A where A is
an z - independent n X n matrix. In fact A = Y (E,0)~! in view of the initial condition
satisfied by ®. Thus the monodromy matrix equals ®(E,1) = Y(E,1)Y(E,0)71. It
follows from Theorem 3.1 that

_ (gy)t*

(v (507, (1+0(:7))

and hence that the entries of the monodromy matrix are

(3.3) ®(E, 14 = 7_112": (Aa;)' F exp(Aa;) (1+0(271).

J=1



Weikard, Picard Operators 257

The characteristic polynomial of ®(E, 1) can be written as

F(E,p) = (-1)"p" + (-1)"Har1(E) + bi(E))p" ! +---
- (arn-1(E) + bu1(E))p+ 1.

Since the coefficients of F(E, -) are giveh as sums of products of terms as in 3.3 and
since lexp()\aj)] < C|exp(Aog)] if j < k one finds that

M .
b;] < m|exp(,\a,,+1_,-) ..expAan)|, j=1,...,n~1,

for some suitable positive constant M.

The fact that the coefficients of the polynomials Fo(E, -) and F(E, -) are close to
each other for large |A| forces the roots to be close also. This is made precise in the
following proposition. Define

Br(7) = {p: Ip—exp(ox)| < v|exp(Aoy)|}.

Proposition 3.2. For all v € (0,1/4) there ezists R > 0 such that for |[E| > R and
any fired k € {1,... ,n} one of the following two statements on the Floguet multipliers
of Ly = Ey holds depending on whether

lexp(Aar) — exp(o;)| > ymax{|exp(Aox)l, | exp(Aoj)|}

(3.4) .
forall 7 # k

is true or not.

1. If 3.4 is satisfied then, counting multiplicities, there is precisely one Floquet
multiplier in the disk Bx(v/(2C)).

2. If 3.4 is violated for some j = 1l # k then |k — | = 1 and, again counting
multiplicities, there are precisely two Floguet multipliers in the disk By (3v/2).

Proof. Let Q(E,p) = Z;‘;ll(—l)"“jbj(E)p"‘j. For all p € Bi(1) one obtains the
estimate

n-1
IQE. P < D |bs]lel™?
=1
o M n—1 B
= IA_Z |exp(Aony1-;) ... exp(Aon)| | exp(Ao )|
j=1
20"M
< ( I)’\I = IexP()\Uk)IkI exp(AOk41) - .. exp(/\an)| .

Now assume that 3.4 holds and consider any p on the circle C; which bounds the
disk Bx(y/(2C)). Then, for all j # k

lo = exp(A;)| 2 7 max{|exp(Aow)], |exp(da;)]}.
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Hence

|Fo(B,p) = ] Ip~ exp(Aom)|

m=1

v

1
=(3 )" lexpn) ¥ |exp(Aisa) .. exp(Aan)]

Thus, if we assume that |A| > (4C)"MCn/y™ we have established that |F4(E, p)| >
|Q(E, p)| for all p € C;. Rouché’s theorem applies now and shows that Fo(E, -) and
F(E, ) = Fo(E, -) + Q(E, -) have the same number of zeros in Bi(7/(2C)), namely
one.

Next assume that for some ! € {1,...,n}

(3.5) lexp(Aoe) — exp(Aor)] < ymax {|exp(Aoy)l,| exp(Aai)l} -

This implies that
3 4
7 |expa)l < Jexp(Aor)] < g lexp(Aar)|

and, using also 3.2,

[ V)

(3.6) lexp(Aox) — exp(Aoj)| > 7 max {|exp(Aox)l, |exp(Aa;)|}

w

for all j different from ! and k. Now let p be on the circle C; which bounds By (3v/2).
Then

1 n—2 3 2
FBo)l 2 (5) S lewonl lepOiomn) .. explion)]

Apply once more Rouché’s theorem and note that B(37/2) contains two zeros of
Fo(E, -) to finish the proof. a

Next we want to estimate those (large) values of the spectral parameter E for which
Floquet multipliers are degenerate, i.e., for which at least two multipliers coincide.
Then condition 3.5 is satisfied for some pair k,! with |k — | = 1 and this implies that
exp(A(o1 — ox)) = 1 + 2 for some z which satisfies |z| < 1/4 when v = 3/16 is chosen.
Taking logarithms and solving for ) yields

2mmi (1 + log(1 + z))

05 — Ok 2mmi

(3.7) A=

where m is a suitable integer and arg (log(1 + 2)) € (-, 7]. Since |log(1 + 2)| £ 1/2'
this implies that

2mmi
= ok

2mni
i — Ok

3
< < =
<<

l
2
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Raising both sides of 3.7 to the n~th power and using the inequality |(1 4+ z)" - 1| <
2n |z| which holds for n|z| < 1 yields

. n . n
lE+< 2mmi ) < o log(1 +.z) 2mmi
0j ~ Ok 2mmi 0j — Ok
27-1p
3.8 — A"
8 < foy=aa M
-1
< 21 pn-n/n
= loj — okl

assuming that |log(1 + 2)/(2m=i)| < 1/n which is satisfied for large A.
Note that ((o; — ox)/%)" is always real since

D _— e\ N n n
0; — Ok _ 0; — Ok _ O — 0j _ gj — Ok
1 - —1 T\ -dokoj ) i ‘
Therefore 3.8 implies that

S(E)| _ ~1/n
RE)| = O(E-/™)

and we have proven the following

Theorem 3.3. Let L be defined as in the beginning of the section. For everye > 0
there exists a disk B(e) C C with the following two properties.

1. All values of E where at least two Floguet multipliers of the differential equation
Ly = Ey coincide lie in B(e) or in the cone {E : |S(E)|/|R(E)| < €}.

2. Every degenerate Floquet multiplier outside B(e) has multiplicity two.

This result has been obtained earlier by MCKEAN [12] for n = 3 and by DA SiLva
MENEZES (2] for general n. Its proof, which is somewhat different from those earlier
ones, is repeated here since several of the details are needed in the following.

We now turn to algebraic multiplicities of Floquet eigenvalues.

Theorem 3.4. Let pg be a nonzero complez number. Then there exists a R > 0
such that every eigenvalue E of the Floguet operator T (po) which satisfies |E| > R has
algebraic multiplicity two, at most.

Proof. Assume that Ey = — )] is a suitably large eigenvalue of T'(po), i. €., a zero of
F(-,po). Let k be such that px()) is a branch of a root of F(—A", - ) passing through
Po-

Suppose first that 3.4 holds for A = Ao and v = 1/8. Then one can show that the
algebraic multiplicity of Eq is one. The proof is similar to, in fact somewhat simpler
than the following for the case when 3.4 for A = )\ and v = 1/8 is violated. It will
therefore be omitted.

Now assume that 3.5 holds for A = Ag and ¥ = 1/8. Choose ¢ and « such that the
disk D = {A: |A — Xo] < r} (where r € (0,1/2) will be determined later) is in T} .
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Then, for A€ D and j € {1,... ,n}
(3.9) |exp(Aa;) — exp(Xoo;)| < 2r|exp(hooj)].

Let K denote the circle {p : |p — exp(Xook)| = 1/2|exp(Aook)|} and B the open
disk bounded by this circle.

The Floguet multipliers of Ly + A"y = 0 are denoted by p;(}). For any v € (0,1/4)
Proposition 3.2 shows that, for suitably large A,

|pi(A) = exp(Ag;)| < 3v/2|exp(Aaj)].

This, (3.9), (3.6), and the triangle inequality imply
2
150 =~ xpaou)] 2 (3 = 2r - 27) max (| exphocu)l. | exp(ior,)] )

for all j # k,l and all A € D. Hence, if 2r + 2y < 1/6, which will henceforth be
assumed, then p;(A) is neither in B nor in K.
Next note that

IA

|ok(A) — exp(Aoog)| (2r + 27)) exp(Aook)|,

471
I (3) - explhaci)] < 3 (-é +or+ 27) |exp(hoai) -

This shows that, for all A € D, the multipliers px()) and p;(X) are in B but not in K.
We have now shown that F(—A",p) # 0 for all A € D and p € K and the only zeros
of F(=A", -) in B are px()) and pi(A). One obtains from the residue theorem that

1 P T (=A™ p)

— d
omi Jx F(-Amp) P

k(W)™ +a(N)™ =

for every positive integer m and hence that py + p; and pxp; are analytic in D.
Next define analytic functions v, u, and f by

exp(Aok)v(A) = pe(X) + pi(A) — exp(Aor) — exp(Aar),
exp(2Xox)p(N) = pe(N)pi(X) — exp(Ao) exp(Aay)
and
(3.10) fOup) = 22 = (X)) + a(A)p + px(N)pi(A) -
Then

F(Ap) = p* - plexp(Aor) + exp(Aor) + v(X) exp(Aox)]
+ exp(Agy) exp(Aar) + u()) exp(2A0k) .

The order of the zero Ao of f(-,po) equals the order of the zero Eg of F(-,po) and
hence equals the algebraic multiplicity mq(Eo, po) of Eo as an eigenvalue of T'(po)-
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From Proposition 3.2 we get estimates on the absolute values of ¥()) and p(A) in D.
From Cauchy’s estimate we also get bounds on the absolute values of their derivatives
in D. Specifieally,

W) < 4y, W) < 4y/r, W'V < 8y/r2,
M| < 5y, W) < 5y/r, "N < 10y/r%.
Next compute
Hadp) = = [(0F + v(N)og + 2/ (Nok + v"'())) exp(Aox) + of exp(Aa1)]p

+ (ox + o)) exp(Mox + a1))
+ (4p(N)oi + 44/ N)or + p" (X)) exp(2Xoy)

and note that py = (1 + 1) exp(Aook) and exp(Ago;) = (1 + £) exp(Agox) where |n| <
3v/2 and [¢] < 4v/3. Choosing r = 1/20 and v = 10~° yields then that

[

(3.11) [£x,2 (Ao, po) €xp(—2X90%) — 20101} < ©.

(44

Hence fx,x(Xo,p0) # 0 and m,(Eo, po) < 2.
For later purposes we remark that we also obtain the following inequality:

(3.12) [Fr.0(A0, 00) + 0k + 1] < 1073 exp(Aook)|. 0

4. Geometric multiplicities of Floquet multipliers of Picard
expressions

If L is a Picard expression, algebraic and geometric multiplicities of Floquet multi-
pliers of Ly = Ey can be different only when E is one of finitely many numbers, i.e.,
L has finite Floquet deficiency. This is stated more precisely in

Theorem 4.1. If the differential expression given by
Ly = y™ 4 gna(@)y™ P + - + gol2)y

ts Picard, then there exist n linearly independent solutions of Ly = Ey which are
elliptic of the second kind for all but finitely many values of the parameter E.

Proof. Since inside a compact set there can be only a finite number of values of
E where Floquet multipliers associated with a fundamental period of the coefficients
of L are degenerate and hence linearly independent solutions which are elliptic of the
second kind number less than n we assume henceforth that |E| is sufficiently large.
According to Picard’s theorem we have to prove that for one of the fundamental
periods of the coefficients of L no Floquet multiplier of Ly = Ey associated with this
period is degenerate.

Choose the fundamental periods 2w and 2w’ such that the angle between them is
less than 7/n. Next fix a number zq in such a way that no singularity of go, ... ,gn-2
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lies on the line through 2z and 2o + 2w or on the line through 29 and zp + 2w'. Since
the gx have only finitely many singularities in the fundamental period parallelogram
the points which are not admissible choices for zo are on lines through the poles of
o, - - - 1Gn—2 parallel to the directions given by 2w and 2w' and hence form a set of
Lebesgue measure zero.

Multiply equation Ly = Ey by (2w)", substitute w(z) = y(2wz + 20) and define
pr(z) = (2w)"*qr(2wz + 2). This gives

w™ + pp_o ()W 4.+ po(z)y = (Qw)"Ew.

The coefficients are then continuous as functions of the real variable x. They are
periodic with period one. Theorem 3.3 implies therefore that all Floquet multipliers
associated with the period 2w are pairwise distinct provided the spectral parameter
(2w)"FE lies outside the set

S={z&8

where is R a suitable positive constant. If E ¢ S Picard’s theorem asserts the existence
of a fundamental system of solutions of Ly = Ey whose elements are elliptic function
of the second kind.

Similarly one obtains that all Floquet multipliers associated with the period 2w' are
pairwise distinct provided the spectral parameter (2w')"E lies outside the set

5= -2

| R(2)
for a suitable positive constant R’ and hence there exists a fundamental system of
solutions which are elliptic of the second kind if E ¢ S'.
The two sets S and S’ do not intersect outside a big circle C. Hence for each value
of E outside C' we have proven the existence of n linearly independent solutions of
Ly = Ey which are elliptic functions of the second kind. o

<gjuGld<R)

< g}u{z |z| < R}

5. Finite—band operators

In this section we will apply Theorem 4.1 to investigate the spectrum o(T) of the
operator T : H>"(IR) = L%(IR) given by T'y = Ly where L is a Picard expression. In
the following two preparatory theorems, however, it is only required that L is periodic.

Theorem 5.1. Let L be a differential ezpression of the form
Ly = v 4 guoy™ D 4o 4 gy

where qo, ... ,qn—2 are continuous, complez - valued functions of a real variable which
are periodic with period a. Let T be the associated operator on H2"(IR). Then, for
every € > 0 there erists a disk B(e) > 0 such that for every E in o(T) but outside of

B(g) the following holds:
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1. If n is odd, then E is in the set {z : |R(2)|/|¥(2)| < €|z|71/"}.
2. Ifn=4m -2, m € N then E is in the set

{21 18(2)I/1R(2)]| < elz| /" R(z) < 0} .

3. Ifn=4m, m € N, then E is in the set {z : |S(2)|/|R(2)| < €]z|71/",R(z) > 0}.
Moreover, in any case there are at most two spectral bands exstending to infinity.

Proof. According to ROFE - BEKETOV [16] o(T") = S(L), the conditional stability
get. Let E be a suitably large element of o(T"). Then at least one of the Floquet
multipliers pi (E) has absolute value one. From Proposition 3.2 one obtains

|exp(ran)] = n(B)| < Iok(E) - expOon)] < T |explow)]

and hence that |[R(Aox)| can be bounded by any constant a for a suitable choice of +.
Recall that choosing smaller « forces us to exclude a larger disk in the E - plane from
consideration. When n is odd |R(Ao:)| < a and

E = ()" Z'( ) (R(O0x)" (S (o))
=0

imply that |R(E)| < ac(n)|E|'~!/" and |I(E)| > |E|/2 where c(n) is a constant
depending only on n. The first claim (for odd n) follows now by choosing o = €/¢(n).
The other cases are treated similarly.

Now we prove that at most two spectral arcs extend to infinity. For brevity we
consider only the case where n is even but not a multiple of 4. If Ey = — (R exp(ito))"
o(T) (where R > 0) is very large, then the previous result shows that |0 < €/(nR).
Choose ¢ and « such that the set D = {A : [A— R| < r = 2¢/n} is contained in T  (cf.
Theorem 3.1). D was chosen such that the arc Rexp(it), |t| < €/(nR), is contained
in D. Denote the Floquet multipliers of Ly + A"y = 0 by p;(}A), j = 1, ,n. If
Ao = Rexp(itg) is sufficiently large and if the roots oy, ..., 0, of —1 are suitably
labeled then Proposition 3.2 shows that

165 (%) — exp(Aa;)| < 3v/2|exp(Aoy)|

forall A€ Dandj =1, ...,n. Now let k be such that |p; (Rexp(itp))] = 1. Note that,
since 7 and —i are the only roots of —1 such that, for A € D, exp(Aoy) is close to the unit
circle, we have o} = +i. In the following suppose o = i. If | exp(iR) — exp(—iR)| >
1/8 it follows for all A € D that px(A) € B = {p : |p — exp(iR)| < 1/16} and that
pi(A), 7 # k, is not in the closure of B provided that C(r + ) and r + v/(3C) are
both smaller than 1/32. This implies (as in the proof of Theorem 3.4) that py())
and v(A) = exp(—iA)pr(A) — 1 are analytic in D and that |v(})] < v/(2C) and
V' (M) < 7/(2Cr).

Now consider the function px(Rexp(it)), —e/(nR) < t < ¢/(nR). It crosses the
unit circle in tg and its tangent is almost radial and points inside the circle if, say,
10y < r = 2¢/n. Therefore, as E revolves counterclockwise once around the ori-
gin on a circle of radius R"®, where R is a suitably large positive number satisfying
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|exp(iR) — exp(—iR)| > 1/8, then the multiplier p¢(E) can cross the unit circle at
most once since it always moves from the outside to the inside. There is a second
multiplier which could cross the unit circle (associated with the root —i of —1) and
hence there are at most two values of E on this circle which belong to the spectrum

of T.

Now assume there are more than two spectral arcs extending to infinity. Then there
exists an arbitrarily large R > 0 with |exp(iR) — exp(—iR)| > 1/8 such that the circle
with radius R centered at the origin intersects ¢(T') at least three times. Since this is
impossible the theorem is proved. u)

Recall that the spectral arc (or arcs) passing through Ey are given by F(E, po exp(it))
= 0 where pg has modulus one and is such that F(Ey, pg) = 0. It was proven in Section
3 that for large E the numbers m,(E, p) and ms(E, p) are both no larger than two.
We will now discuss the various combinations.

Let us start with m.(Ep, p0) = 1. Then, by the Weierstrass preparation theorem

F(E,poexp(it)) = (E — By — g(t))h(E,t)

where g is analytic for small ¢, g(0) = 0, and h is analytic and nonzero in a neigh-

borhood of (Ey,0). Write g(t) = Y2, ait’. If my(Eo,po) = 1 then a; # 0 and the

spectral arc E = Eqg + g(t) is regular analytic near t = 0. If my(Ep,po) = 2, then

a; = 0 and as # 0 and two (possibly coinciding, if g is even) spectral arcs end in Ey.
If m.(Ey, po) = 2 the Weierstrass preparation theorem gives

F(E,poexp(it)) = ((E — Eo)? - 261 (t)(E — Eo) + g2(t)) A(E, 1)

where g1(t) = 32, bit!, g2(t) = 2, aytt for sufficiently small ¢, and A is analytic
and nonzero in a neighborhood of (Ey,0). Then

E = Eg+9:(t) £ vV (t)? — g2(2) -

If my¢(Eo,po) =1, then a; # 0. Let t = s? and

w+(8) = £/91(52)% — g2(s?) = aris(1+m(s))

where 7, is an even analytic function. Therefore E1:(s) = Eo + g1(s2) + p(s) are
regular analytic at Eo. In fact, these two arcs coincide since E;;(s) = E_;(—s). Now
let t = —s2. Then E4i(s) = Eo + g1(s?) £ /ars(1 + n2(s)) where 7 is an even
analytic function. This describes another arc which is regular analytic at Ep and
which intersects E4;(s) in a right angle.

Finally, consider m,(Eo, po) = ms(Eo,po) = 2. In this case a; = 0, az # 0 and
b? — az # 0 as will be shown below. We get E4 (t) = Ep + 91(2) £ 1/b% — a2t(1 +1s(t))
where 73 is analytic near zero. Since the linear term is given by (b1 £ / bl5 - az)t
which does not vanish identically E4 (t) and E_ (t) represent two, possibly coinciding,
regular analytic arcs.

We still have to show that b — ay # 0 if m4(Eo, po) = my(Eo, po) = 2. Using once
more the Weierstrass preparation theorem we obtain ‘

9(E,t) = (E - Ep)? - 29:(t)(E — Eo) + g2(t) = f((~E)*™, poexp(it)) H(E,1
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where f is the function defined in 3.10. Since f(Xo,p0) = fa (Ao, po) = fo(re, p0) =0,

9E.E(E,0) = 2 = fi,2(00,00)) (Eo)2H(E,,0),
9e(E0,0) = =2b; = fi (X0, po)N (Eo)ipoH (Eyp,0),
94(E0,0) = a2 = —pifsn()o,p0)H(E0,0).

These relations and (3.11) and (3.12) show that |b?/az| < 7/12.
In summary, we have shown

Theorem 5.2. Let L and T be as in Theorem 5.1. Assume E € o(T) has a suffi-
ciently large absolute value. Then E is a band edge if and only if mq(E,p) = 1 and
my(E,p) = 2 for some Floquet multiplier p of Ly = Ey. In all other cases E is an
interior point of one or more regular analytic arc(s).

If n is odd ¢(T) is ultimately in a cone with the imaginary axis as axis while the
potential band edges (where m;(E, p) = 2) are in a cone whose axis is the real axis.
Therefore T is a finite - band operator whenever n, the order of L, is odd. The following
result which states that Picard expressions are finite ~ band has therefore significance
only when n is even.

Theorem 5.8. Let L and T be as in Theorem 5.1. If o(T) does not contain closed
regular analytic arcs and if L is a Picard ezpression, then o(T) consists of finitely
many analytic arcs which are regular in their interior.

Proof. Since there are no closed regular analytic spectral bands any band must have
an endpoint or extend to infinity. By Theorem 5.1 at most two bands extend to infinity.
Because of the algebraic structure of the singular points of the curve F(E, p) = 0 only
finitely many spectral bands can end in a band edge. Hence, if there are only finitely
many band edges the theorem is proven.

Inside any disk there can be at most finitely many band edges. Hence we have to
prove that there exists a disk outside of which there are no band edges. A necessary
condition for E to be a band edge is that there exists a p # 0 such that m,(E,p) =1
and my(E,p) = 2. In this case my(E,p) = 1 and hence there does not exist a
fundamental system of Floquet solutions of Ly = Ey. Hence, by Theorem 4.1, E can
not be a band edge if its modulus is sufficiently large. a
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