
Green’s functions for first-order systems of
ordinary differential equations without the
unique continuation property

Steven Redolfi and Rudi Weikard

Abstract. This paper is a contribution to the spectral theory associated
with the differential equation Ju′ + qu = wf on the real interval (a, b)
when J is a constant, invertible skew-Hermitian matrix and q and w are
matrices whose entries are distributions of order zero with q Hermitian
and w non-negative. Under these hypotheses it may not be possible to
uniquely continue a solution from one point to another, thus blunting
the standard tools of spectral theory. Despite this fact we are able to
describe symmetric restrictions of the maximal relation associated with
Ju′ + qu = wf and show the existence of Green’s functions for self-
adjoint relations even if unique continuation of solutions fails.

1. Introduction

This paper is a contribution to the spectral theory for the differential equation

Ju′ + qu = wf

posed on the real interval (a, b) when J is a constant, invertible, and skew-
Hermitian n× n-matrix while the entries of the matrices q and w are distri-
butions of order zero1 with q Hermitian and w non-negative. Ghatasheh and
Weikard [7] studied this equation under the additional hypothesis that initial
value problems have unique balanced2 solutions in the space of functions of
locally bounded variation.

The equation Ju′ + qu = wf has, of course, been investigated by many
people when the coefficients q and w are locally integrable. In that situation

1Recall that distributions of order 0 are distributional derivatives of functions of locally
bounded variation and hence may be thought of, on compact subintervals of (a, b), as
measures. For simplicity we might use the word measure instead of distribution of order 0

below.
2A function of locally bounded variation is called balanced, if its values at any given point
are averages of its left- and right-hand limits at that point.
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initial value problems always have unique solutions. This is not necessarily
the case when the measures induced by q or w have discrete components.
It appears that an equation with measure coefficients was first considered
in 1952, when Krein [8] modelled a vibrating string. In 1964 Atkinson [2]
suggested to unify the treatment of differential and difference equations by
writing them as systems of integral equation where integrals were to be viewed
as matrix-valued Riemann-Stieltjes integrals. Atkinson explained that the
presence of point masses may prevent the continuation of solutions across such
points and posed a condition avoiding that problem but more restrictive than
the one posed in [7]. In 1999 Savchuk and Shkalikov [10] treated Schrödinger

equations with potentials in the Sobolev space W−1,2
loc . Their paper was very

influential and spurred many further developments. Nevertheless, Eckhardt
et al. [5] showed in 2013, with the help of quasi-derivatives or, equivalently, by
writing the equation as a system, that a treatment without leaving the realm
of locally integrable coefficients is possible. In the same year Eckhardt and
Teschl [6] investigated 2× 2-systems with diagonal measure-valued matrices
q and w requiring essentially Atkinson’s condition.

A more thorough account of the subject’s history is given in [7]. The
papers [5] and [6], mentioned above, may also serve as excellent sources, with
perhaps different emphases, of this history.

One feature of systems of first-order equations is that, generally, they are
represented by linear relations rather than linear operators. There is a well-
developed spectral theory for linear relations initiated by Arens [1], see also
Orcutt [9], and Bennewitz [3]. The most important results (for our purposes)
are also surveyed in Appendix B of [7].

Existence or uniqueness of solutions of an initial value problem for Ju′+
qu = wf fails when, for some x ∈ (a, b), the matrices

B±(x, 0) = J ± 1

2
∆q(x)

are not invertible. Here ∆q(x) = Q+(x) − Q−(x) when Q denotes an anti-
derivative of q. Equivalently, ∆q(x) = dQ({x}) where dQ is the measure
(locally) generated by q. Assuming the unique continuation property for so-
lutions of Ju′ + qu = wf Ghatasheh and Weikard defined maximal and
minimal relations Tmax and Tmin associated with the differential equation
Ju′ + qu = wf and showed that Tmax is the adjoint of Tmin. They charac-
terized the self-adjoint restrictions of Tmax, if any, with the aid of boundary
conditions and proved that resolvents are given as integral operators, i.e., the
existence of a Green’s function for any such self-adjoint relation T . Under
even more restrictive conditions they also showed the existence of a Fourier
transform diagonalizing T .

Campbell, Nguyen, and Weikard [4] defined maximal and minimal re-
lations and showed that Tmax = T ∗

min without the hypothesis of unique con-
tinuation of solutions. Our goal here is to advance their ideas. In particular,
even though the equation Ju′ + qu = w(λu + f) may have infinitely many
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linearly independent solutions the deficiency indices, i.e., the number of lin-
early independent solutions of Ju′+qu = ±iwu of finite positive norm, is still
bounded by n, the size of the system. We show that symmetric restrictions
of Tmax, in particular the self-adjoint ones, are still given by posing bound-
ary conditions and we show that the resolvents of self-adjoint restrictions are
integral operators by proving the existence of Green’s functions.

We will not approach the problem of Fourier transforms and eigenfunc-
tion expansions but hope to return to it in future work.

The material in this paper is arranged as follows. In Section 2 we recall
the circumstances under which existence and uniqueness of solutions to initial
value problems does hold and investigate the sets of those x ∈ (a, b) and λ ∈ C
giving rise to trouble. Then, in Section 3 we discuss the manifold of solutions
of our differential equation in the special case when a and b are regular
endpoints. These results are instrumental in Section 4 where we investigate
the deficiency indices of the minimal relation and its symmetric extensions
but without the assumption that a and b are regular. Before we prove the
existence of Green’s functions for self-adjoint restrictions of the maximal
relation in Section 6 we discuss the role played by non-trivial solutions of
zero norm in Section 5.

Let us add a few words about notation. D′0((a, b)) is the space of dis-
tributions of order 0, i.e., the space of distributional derivatives of functions
of locally bounded variation. Any function u of locally bounded variation
has left- and right-hand limits denoted by u− and u+, respectively. Also, u
is called balanced if u = u# = (u+ + u−)/2. The space of balanced func-

tions of bounded variation defined on (a, b) is denoted by BV#((a, b)) while

BV#
loc((a, b)) stands for the space of balanced functions of locally bounded

variation. We use 1 to denote an identity matrix of appropriate size and su-
perscripts ⊤ and ∗ indicate transposition and adjoint, respectively. The sum
of two closed only trivially intersecting subspaces S and T of some Hilbert
space (i.e., their direct sum) is denoted by S ⊎T ; if S and T are even orthog-
onal we may use ⊕ instead of ⊎. The orthogonal complement of a subspace
S of a Hilbert space H is denoted by H ⊖S or by S⊥. For c1, ..., cN ∈ Cn we
abbreviate the column vector (c⊤1 , ..., c

⊤
N )⊤ ∈ CnN by (c1, ..., cN )⋄.

2. Preliminaries

Throughout this paper we assume the following hypothesis to be in force.

Hypothesis 2.1. J is a constant, invertible and skew-Hermitian n×n-matrix.
Both q and w are in D′0((a, b))n×n, w is non-negative and q Hermitian.

Given that w is non-negative it gives rise to a positive measure on (a, b)
and we denote the space of functions f which satisfy

∫
f∗wf < ∞ by L2(w).

This space permits the semi-inner product ⟨f, g⟩ =
∫
f∗wg (note that ⟨f, f⟩

may be 0 without f being 0).
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Consider the differential equation

Ju′ + (q − λw)u = wf (2.1)

where λ is a complex parameter and f an element of L2(w). The latter
condition guarantees that wf is in D′0((a, b))n. We will search for solutions

in BV#
loc((a, b))

n. In this case each term in (2.1) is a distribution of order 0
so that it makes sense to pose the equation.

The point a is called a regular endpoint for Ju′ + qu = wf , if there
is a point c ∈ (a, b) such that the left-continuous anti-derivatives Q and W
of q and w are of bounded variation on (a, c). In this case q and w may be
thought of as finite measures on (a, c). Similarly, b is called regular, if Q and
W are of bounded variation on (c, b). If an endpoint is not regular, it is called
singular. Not surprisingly, the study of our problem is less complicated when
the endpoints are regular and we will use this fact to our advantage.

Despite our earlier denigration of the existence and uniqueness theorem
of solutions of initial value problems it continues to play a crucial role. The
following theorem was proved in [7].

Theorem 2.2. Suppose r ∈ D′0((a, b))n×n, g ∈ D′0((a, b))n and that the ma-
trices 1±∆r(x)/2 are invertible for all x ∈ (a, b). Let x0 be a point in (a, b).
Then the initial value problem u′ = ru + g, u(x0) = u0 ∈ Cn has a unique

balanced solution u ∈ BV#
loc((a, b))

n.
If a is a regular endpoint we may pose an initial condition (for u+) at

a. Similarly, if b is regular we may prescribe u−(b) as the initial condition.

Suppose now that u is a solution of (2.1). Treating either side of this
equation as a measure (restricted to a compact subset of (a, b)) evaluation at
a singleton {x} shows that

J(u+(x)− u−(x)) + ∆q−λw(x)u
#(x) = ∆w(x)f(x)

or, equivalently,

B+(x, λ)u
+(x)−B−(x, λ)u

−(x) = ∆w(x)f(x) (2.2)

when we define

B±(x, λ) = J ± 1

2

(
∆q(x)− λ∆w(x)

)
.

Note that, if B+(x, λ) is not invertible, we could be in one of the following
two situations: (i) a solution given on (a, x) may fail to exist on (x, b) or (ii)
there are infinitely many ways to continue a solution on (a, x) to (x, b). An
analogous statement holds, of course, if B−(x, λ) is not invertible.

Let us now investigate the circumstances when a pair (x, λ) gives such
trouble. Define the sets Λx = {λ ∈ C : det(B+(x, λ)) det(B−(x, λ)) = 0}
and Ξλ = {x ∈ (a, b) : det(B+(x, λ)) det(B−(x, λ)) = 0}. First note, since
B−(x, λ) = −B+(x, λ)

∗, we have that Ξλ = Ξλ and that each Λx is symmetric
with respect to the real axis. Also, Λx is empty unless at least one of ∆q(x)
and ∆w(x) is different from 0 and hence for all but countably many x. Next,
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we claim that Λx is finite as soon as it misses one point. To see this suppose
that B+(x, λ0) is invertible and that λ ̸= λ0. Since

B+(x, λ) = (λ0 − λ)B+(x, λ0)
(1
2
B+(x, λ0)

−1∆w(x)− 1/(λ− λ0)
)

we see that B+(x, λ) fails to be invertible only if 1/(λ− λ0) is an eigenvalue
of some n × n-matrix. A similar statement holds, of course, for B− proving
our claim.

The really bad points x, namely those where Λx = C, are thus contained
in Ξ0. Here we wish to remove the hypothesis Ξ0 = ∅ posed in [7]. On any
subinterval of (a, b) on which q gives rise to a finite measure we find that∑∞

k=1 ∥∆q(xk)∥ must be finite, when k 7→ xk is a sequence of distinct points
in that interval. It follows now that Ξ0 is a discrete set. One shows similarly
that, for any fixed complex number λ the set Ξλ is discrete.

Lemma 2.3. Suppose [s, t] ⊂ (a, b) and (s, t) ∩ Ξ0 = ∅. Then we have that
Λ(s,t) =

⋃
x∈(s,t) Λx is a discrete subset of C.

Proof. There are only finitely many points x in (s, t) where ∥J−1∆q(x)∥ > 1.
Using a Neumann series one sees that only at such points the norm of
B+(x, 0)

−1 can be larger than 2∥J−1∥. Thus there is a positive number C such
that ∥B+(x, 0)

−1∥ ≤ C for all x ∈ (s, t). Now suppose that B+(x, λ) is not
invertible and that |λ| ≤ R. Then 1/λ is an eigenvalue of 1

2B+(x, 0)
−1∆w(x).

This requires that ∥∆w(x)∥ ≥ 2/(RC) and thus can happen only for finitely
many x ∈ (s, t). Since similar arguments work for B− the number of points
in

⋃
x∈(s,t) Λx which lie in a disk of radius R centered at 0 must be finite. □

We remark that, when one of the anti-derivatives of q and w is only
locally of bounded variation, the set

⋃
x∈(a,b) Λx need not be discrete even if

every Λx is finite.

Theorem 2.4. Suppose [s, t] ⊂ (a, b) and (s, t) ∩ Ξ0 = ∅. If u0 ∈ Cn and
λ ∈ C\Λ(s,t), then the initial value problem Ju′+ qu = λwu, u+(s) = u0 has
a unique balanced solution in (s, t). Moreover, u(x, ·) for x ∈ (s, t) as well
as u−(t, ·) are analytic in C \ Λ(s,t) and meromorphic on C. An analogous
statement holds when the initial condition is posed at t.

Proof. The first claim is simply a consequence of Theorem 2.2. When x ∈
(s, t) the analyticity of u(x, ·) in C \ Λ(s,t), which is an open set, was proved
in Section 2.3 of [7]. If we modify q and w by setting them 0 on [t, b) we
do not change the solution on (s, t). The solution for the modified problem
evaluated at t is analytic and coincides with u−(t, ·) proving its analyticity.
It remains to show that a point λ0 ∈ Λ(s,t) can merely give rise to poles.

We know already that there are only finitely many points x in (s, t)
where one of B±(x, λ0) fails to be invertible. Suppose x′ and x′′ are two
consecutive such points. If we know the solution on (s, x′) and that u−(x′, ·)
has, at worst, a pole at λ0, then the solution in (x′, x′′) is determined by the
initial value

u+(x′, λ) = B+(x
′, λ)−1B−(x

′, λ)u−(x′, λ)
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which also has, at worst, a pole at λ0 since this is true for B+(x
′, λ)−1. For

x ∈ (s, t) the claim follows now by induction. To prove that u−(t, ·) is also
meromorphic we proceed as before and modify q and w on [t, b). □

3. Solving the differential equation

Our goal in this section is to investigate the set of solutions of the differential
equation Ju′ + (q − λw)u = wf on (a, b) under a strengthened hypothesis.

Hypothesis 3.1. In addition to Hypothesis 2.1 we ask that a and b are regular
endpoints for Ju′ + qu = wf .

Moreover, given the partition

a = x0 < x1 < x2 < ... < xN < xN+1 = b (3.1)

of (a, b) we require that Ξ0 ⊂ {x1, ..., xN}. We then consider only λ for which
both B+(x, λ) and B−(x, λ) are invertible unless x is in {x1, ..., xN}.

This hypothesis is in force throughout this section but later only if
explicitly mentioned. We emphasize that Ξ0 is finite when a and b are regular.
Also, the set of permissible λ, which we call Ω0, is symmetric with respect to
the real axis and avoids only a discrete set.

On each interval (xj , xj+1) we let Uj(·, λ) be a fundamental matrix of
balanced solutions of the homogeneous differential equation Ju′+(q−λw)u =
0 such that limx↓xj

Uj(x, λ) = 1. The existence of these fundamental matrices
is guaranteed by Theorem 2.2. The general balanced solution u of the non-
homogeneous equation Ju′+(q−λw)u = wf on (xj , xj+1) satisfies, according
to Lemma 3.3 in [7],

u−(x) = U−
j (x, λ)

(
cj + J−1

∫
(xj ,x)

Uj(·, λ)∗wf
)

for any cj ∈ Cn. Define

Uj(xj+1, λ) = lim
x↑xj+1

Uj(x, λ) and Ij(f, λ) =

∫
(xj ,xj+1)

Uj(·, λ)∗wf.

Using u+(xj) = cj and u−(xj) = Uj−1(xj , λ)(cj−1 + J−1Ij−1(f, λ)) in equa-
tion (2.2) gives

(−B−(xj , λ)Uj−1(xj , λ), B+(xj , λ))

(
cj−1

cj

)
= ∆w(xj)f(xj) +B−(xj , λ)Uj−1(xj , λ)J

−1Ij−1(f, λ).

We need to consider these equations for j = 1, ..., N simultaneously. This
gives rise to the system

B(λ)ũ = F0(f, λ) (3.2)

where ũ = (c0, ..., cN )⋄, B(λ), to be specified presently, is in CnN×n(N+1), and
F0(f, λ) is in CnN . The two-diagonal block-matrix structure of B suggests the
introduction of matrices E⊤ and E⊥, which, respectively, strip the first and
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last n components off a vector in their domain Cn(N+1). If we also define the
block-matrices

B(λ) = diag(B+(x1, λ), ..., B+(xN , λ)),

U(λ) = diag(U0(x1, λ), ..., UN−1(xN , λ)),

and J = diag(J, ..., J) and when we note that

B(λ)∗ = diag(−B−(x1, λ), ...,−B−(xN , λ)),

we obtain

B(λ) = B(λ)∗U(λ)E⊥ + B(λ)E⊤. (3.3)

The vector F0(f, λ) is given by

F0(f, λ) = R(f)− B(λ)∗U(λ)J−1I(f, λ)
defining the vectors R(f) = ((∆wf)(x1), ..., (∆wf)(xN ))⋄ and I(f, λ) =
(I0(f, λ), ..., IN−1(f, λ))

⋄.
We now have the following theorem.

Theorem 3.2. The differential equation Ju′ + (q− λw)u = wf has a solution
u on (a, b) if and only if ũ = (u+(x0), ..., u

+(xN ))⋄ is a solution of equation
(3.2). In particular, in the homogeneous case, where f = 0, the space of
solutions has dimension n(N + 1)− rkB(λ) ≥ n.

We note that rkB(λ) = n when N = 1 so that the space of solutions
of Ju′ + (q − λw)u = 0 is then exactly n-dimensional. For N = 2, however,
consider the example (a, b) = R, J =

(
0 −1
1 0

)
, q =

(
0 2
2 0

)
(δ1 − δ2), w =(

2 0
0 0

)
(δ1 + δ2), where the δk are Dirac point measures concentrated on {k}.

It shows that the dimension of the space of solutions of Ju′ + (q − λw)u = 0
may be strictly larger than n.

Next we investigate the connection between the right-hand limits of a
solution u of the homogeneous equation Ju′ + (q − λw)u = 0 at the points
x0, ..., xN (given by the vector ũ) and the vector û = (u(x1), ..., u(xN ))⋄. We
have û = D(λ)ũ where

D(λ) =
1

2
(U(λ)E⊥ + E⊤) (3.4)

is again a two-diagonal block-matrix. If N ≥ 2 we will also introduce the
matrices Bm(λ) and Dm(λ) which are obtained by deleting the first and last
n columns from B(λ) and D(λ), respectively. If N = 1 we should think of
Bm(λ) and Dm(λ) as maps from the trivial vector space to Cn. Their adjoints
are the map from Cn to {0}. With this understanding the following results
hold also for N = 1 even though they then involve “matrices” with no rows
or columns.

Lemma 3.3. D(λ)∗B(λ)−B(λ)∗D(λ) = diag(−J, 0, ..., 0, J) and Dm(λ)∗B(λ)−
Bm(λ)∗D(λ) = 0.

Proof. This follows since U(λ)∗JU(λ) = J which, in turn, follows from
Lemma 3.2 in [7]. □
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Lemma 3.4. The map v 7→ B(λ)v, restricted to kerD(λ), is a bijection onto
kerDm(λ)∗. Similarly, the map v 7→ D(λ)v, restricted to kerB(λ), is a bi-
jection onto kerBm(λ)∗. In particular, dimkerD(λ) = dimkerDm(λ)∗ and
dimkerB(λ) = dimkerBm(λ)∗.

Proof. The identity Dm(λ)∗B(λ) − Bm(λ)∗D(λ) = 0 shows that B(λ) maps
kerD(λ) to kerDm(λ)∗ as well as that D(λ) maps kerB(λ) to kerBm(λ)∗.

If v ∈ kerB(λ) ∩ kerD(λ) one shows that E⊥v = E⊤v = 0 using the
definitions (3.3) and (3.4) of B and D and the fact that B(λ) − B(λ)∗ =
2J . This, of course, implies that v = 0 and hence the injectivity of both
B(λ)|kerD(λ) and D(λ)|kerB(λ).

Clearly, both D(λ) and Dm(λ)∗, having invertible matrices along their
main diagonal, are of full rank. The rank-nullity theorem shows therefore that
their kernels both have dimension n. This proves surjectivity of B(λ)|kerD(λ).

Finally, assume that v ∈ kerBm(λ)∗. Then v = D(λ)x for some x ∈
Cn(N+1) which implies that 0 = Bm(λ)∗D(λ)x = Dm(λ)∗B(λ)x. The first
part of the proof shows that there is a y ∈ kerD(λ) such that B(λ)y = B(λ)x.
Hence v = D(λ)(x− y) where x− y ∈ kerB(λ). □

The following theorem establishes a connection between solutions of the
differential equation Ju′ + (q − λw)u = 0 and elements of kerBm(λ)∗.

Theorem 3.5. If u is a solution of Ju′ + (q − λw)u = 0 on (a, b), then
û = (u(x1), ..., u(xN ))⋄ is in kerBm(λ)∗. If, in addition, u+(a) = u−(b) = 0,
then û ∈ kerB(λ)∗ (a subspace of kerBm(λ)∗).

Conversely, if û ∈ kerBm(λ)∗, then Ju′+(q−λw)u = 0 has a unique so-
lution u on (a, b) such that (u(x1), ..., u(xN ))⋄ = û. If, indeed, û ∈ kerB(λ)∗,
we further have u+(a) = u−(b) = 0.

Let us emphasize that suppu ⊂ [x1, xN ] when u+(a) = u−(b) = 0.

Proof. If u solves Ju′ + (q − λw)u = 0, then, by Theorem 3.2, ũ ∈ kerB(λ).
Lemma 3.4 shows then that û = D(λ)ũ is in kerBm(λ)∗. If u+(a) = u−(b) = 0,
then Lemma 3.3 gives 0 = B(λ)∗D(λ)ũ = B(λ)∗û.

Conversely, assume that û ∈ kerBm(λ)∗ = D(λ)(kerB(λ)). Then there
is a unique vector ũ ∈ kerB(λ) such that û = D(λ)ũ, which, in turn, defines a
unique solution u of Ju′+(q−λw)u = 0 such that (u(x1), ..., u(xN ))⋄ = û. If
û ∈ kerB(λ)∗, then, according to Lemma 3.3, diag(−J, 0, ..., 0, J)ũ = 0 which
shows that u+(a) = u−(b) = 0. □

Given an algebraic system Ax = b we know that there exist solutions
only if b ∈ ranA = (kerA∗)⊥. For the differential equation Ju′+(q−λw)u =
wf with integrable coefficients q and w the unique continuation property for
the solutions gives rise to the variation of constants formula, which then guar-
antees the existence of solutions for any non-homogeneity f (within reason).
In the present situation, however, the problem of existence raises its head and
we now set out to give necessary and sufficient conditions for f guaranteeing
the existence of a solution in the spirit of Linear Algebra.
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Lemma 3.6. If ṽ ∈ kerB(λ) and v̂ = D(λ)ṽ, then

ṽ∗E∗
⊥ = −v̂∗B(λ)∗U(λ)J−1 and ṽ∗E∗

⊤ = v̂∗B(λ)J−1.

Moreover, if f ∈ L2(w) and Jv′ + (q − λw)v = 0, then∫
v∗wf = v̂∗F0(f, λ) + v̂∗B(λ)J−1Ĩ(f, λ) = v̂∗F0(f, λ) + ṽ∗E∗

⊤Ĩ(f, λ)

where (v(x1), ..., v(xN ))⋄ = v̂ = D(λ)ṽ and Ĩ(f, λ) = (0, ..., 0, IN (f, λ))⋄ ∈
CnN .

Proof. Using the definitions (3.3) and (3.4) of B and D and the identities
B(λ)− B(λ)∗ = 2J and U(λ)∗JU(λ) = J we obtain that B(λ)ṽ = 0 implies

B(λ)D(λ)ṽ = U(λ)∗−1JE⊥ṽ and B(λ)∗D(λ)ṽ = −JE⊤ṽ.

Taking adjoints gives the first claim since v̂ = D(λ)ṽ.
The second claim is an immediate consequence of this, since∫

v∗wf = v̂∗R(f) + ṽ∗(I0(f, λ), ..., IN (f, λ))⋄

= v̂∗R(f) + ṽ∗E∗
⊥I(f, λ) + ṽ∗E∗

⊤Ĩ(f, λ)

= v̂∗R(f)− v̂∗B(λ)∗U(λ)J−1I(f, λ) + v̂∗B(λ)J−1Ĩ(f, λ)

= v̂∗F0(f, λ) + v̂∗B(λ)J−1Ĩ(f, λ).

□

Theorem 3.7. The differential equation Ju′ + (q− λw)u = wf has a solution
on (a, b) if and only if

∫
v∗wf = 0 for every solution v of Jv′+(q−λw)v = 0

which vanishes at a and b.

Proof. By Theorem 3.2 the solution u exists if and only if the system (3.2)
has a solution ũ = (u+(x0), ..., u

+(xN ))⋄. This, in turn, happens if and only
if F0(f, λ) ∈ ranB(λ) = (kerB(λ)∗)⊥.

By Theorem 3.5 the solutions of Jv′ + (q − λw)v = 0 which vanish at
a and b are in one-to-one correspondence with elements of kerB(λ)∗. Since
v+(xN ) = 0 we have ṽ∗E∗

⊤Ĩ(f, λ) = 0 and then, from Lemma 3.6, we obtain
v̂∗F0(f, λ) =

∫
v∗wf . □

In the case of unique continuation of solutions the condition that v van-
ishes at a or b implies, of course, that v = 0. Consequently, Ju′+(q − λw)u =
wf has then a solution for any f ∈ L2(w). The set of all solutions is thus ob-
tained by adding the general solution of Ju′+(q−λw)u = 0 whose dimension
is n(N + 1)− rkB(λ) ≥ n.

Theorem 3.8. The differential equation Ju′ + (q− λw)u = wf has a solution
on (a, b) which vanishes at a and b if and only if

∫
v∗wf = 0 for every solution

v of Jv′ + (q − λw)v = 0.
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Proof. For u to vanish at a and b it is required that u+(x0) = 0 and u+(xN ) =
−J−1IN (f, λ). The system (3.2) is therefore equivalent to

Bm(λ)(c1, ..., cN−1)
⋄ = F0(f, λ) + B(λ)J−1Ĩ(f, λ).

The proof is now analogous to the one for Theorem 3.7. □

We conclude this section by “counting” the solutions of Ju′+qu = λwu
which are not compactly supported. More precisely, we will determine the
dimension of the quotient space of all solutions of Ju′ + qu = λwu modulo
the space of compactly supported solutions. Theorem 3.5 shows that the
space of all solutions of Ju′+ qu = λwu is in one-to-one correspondence with
kerBm(λ)∗ and that the space of compactly supported solutions of Ju′+qu =
λwu is in one-to-one correspondence with kerB(λ)∗. We therefore define

ñ(λ) = dim(kerBm(λ)∗/ kerB(λ)∗) = dimkerBm(λ)∗ − dimkerB(λ)∗.

Lemma 3.9. ñ(λ) + ñ(λ) = 2n.

Proof. Since rkB(λ) = rkB(λ)∗, the rank-nullity theorem implies

dimkerB(λ) = n(N + 1)− rkB(λ)∗ = n+ dimkerB(λ)∗.
Hence, using also the analogous equation for λ,

dimkerB(λ)− dimkerB(λ)∗ + dimkerB(λ)− dimkerB(λ)∗ = 2n.

Lemma 3.4 gives that dimkerB(λ) = dimkerBm(λ)∗ yielding the claim. □

From Theorem 2.4 we know that the matrices Uj(xj+1, ·) are meromor-
phic on C with poles at most at points in the complement of Ω0. It follows
that the entries of B are also meromorphic. Since the meromorphic functions
on C form a field there is a row-echelon matrix B̃ with meromorphic entries
such that Bũ = 0 has the same solutions as B̃ũ = 0. Now define a set Ω as
Ω0 without the set of all poles of B̃ as well as their complex conjugates, and
the set of zeros and their conjugates of any of the pivots of B̃.
Theorem 3.10. If λ ∈ Ω, then dimkerB(λ) = dimkerB(λ) and ñ(λ) = n.

Proof. The construction of Ω entails that rkB(λ) = rk B̃(λ) = rkB(λ) if λ ∈
Ω. Since ñ(λ) = dimkerB(λ)−dimkerB(λ)∗ = dimkerB(λ)+n−dimkerB(λ)
we obtain ñ(λ) = n. □

4. Symmetric restrictions of Tmax

Given a differential equation Ju′+qu = wf we now define associated minimal
and maximal relations. Recall that L2(w) is the space of functions f such that∫
f∗wf < ∞. First we define

Tmax = {(u, f) ∈ L2(w)× L2(w) : u ∈ BV#
loc((a, b))

n, Ju′ + qu = wf}.

Subsequently we will always tacitly assume that u ∈ BV#
loc((a, b))

n, when we
use u′. Next, let

Tmin = {(u, f) ∈ Tmax : suppu is compact in (a, b)}.
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Note that these are spaces of pairs of functions. To employ the power of func-
tional analysis we need to realize these relations in Hilbert spaces. Therefore
we introduce, as usual, the space L2(w) as the quotient of L2(w) modulo

the subspace of all u ∈ L2(w) for which ∥u∥2 =
∫
u∗wu = 0. Denoting the

equivalence class corresponding to u by [u] we now set

Tmax = {([u], [f ]) ∈ L2(w)× L2(w) : (u, f) ∈ Tmax}
and

Tmin = {([u], [f ]) ∈ Tmax : (u, f) ∈ Tmin}.
Here (and elsewhere) we choose brevity over precision: whenever we have a
pair ([u], [f ]) in Tmax we choose u and f such that (u, f) ∈ Tmax.

Define the vector space

L0 = {u ∈ BV#
loc((a, b))

n : Ju′ + qu = 0 and ∥u∥ = 0}.
In many cases this space is trivial and some authors restrict their attention to
the case where it is; this is then called the definiteness condition. However, we
will not do so here. Note that ∥u∥ = 0 if and only if wu is the zero distribution.
The significance of L0 stems from the following fact. Suppose ([u], [f ]) ∈ Tmax

and that there are u, v ∈ [u] and f, g ∈ [f ] such that Ju′ + qu = wf and
Jv′+qv = wg. Then J(u−v)′+q(u−v) = w(f−g) = 0 as well as w(u−v) = 0,
i.e., u− v ∈ L0. In other words, in the presence of a non-trivial space L0, the
class [u] has many representatives of locally bounded variation satisfying the
differential equation for a given class [f ] (the choice of a representative of [f ],
on the other hand, is irrelevant). In Section 5 we will describe a procedure
to choose a representative of [u] in a distinctive way.

In [4] it was proved that Tmin is symmetric, indeed that T ∗
min = Tmax.

In this case it is well-known that von Neumann’s theorem holds. Setting
Dλ = {([u], λ[u]) ∈ Tmax} it states that

Tmax = Tmin ⊎Dλ ⊎Dλ

when Imλ ̸= 0. Moreover, when λ = ±i, these direct sums are even orthog-
onal. It is also known that the dimension of Dλ does not change as λ varies
in either the upper or the lower half plane. The numbers n± = dimD±i are
called deficiency indices of Tmin and we are now setting out to investigate
these.

If u is a solution of Ju′ + qu = λwu which is compactly supported then
(u, λu) ∈ Tmin and ([u], λ[u]) ∈ Tmin ∩Dλ. If λ is not real, then Tmin ∩Dλ is
trivial and it follows that compactly supported solutions of Ju′ + qu = λwu
do not contribute to the corresponding deficiency index. We now have, as a
corollary of Theorem 3.10, that the deficiency indices of Tmin cannot be more
than n if a and b are regular endpoints. We do not state this result separately
since it is included in the next theorem about the general case.

Thus, to emphasize, we allow in the following a and b to be either
regular or singular endpoints. Let τk, k ∈ Z, be a strictly increasing sequence
in (a, b) having a and b as its only limit points and such that all points in
Ξ0 are among the τk. Considering now only the interval Ik = (τ−k, τk) we set
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xj = τ−k+j for j = 0, ..., N +1 = 2k. We can then introduce the objects from
Section 3. To emphasize their dependence on k we will add a superscript (k)

to those objects. We have then, in particular, the matrices B(k), B(k)
m and the

sets Ω(k) of permissible values of λ. We now define Ω =
⋂∞

k=1 Ω
(k) and note

that Ω is symmetric with respect to the real axis and misses only countably
many values from C.

Now fix a non-real λ ∈ Ω. If u is a solution of Ju′ + qu = λwu on
(a, b) we denote its restriction to the interval Ik by u(k). We are interested
in the quotient space Xk of all solutions of Ju′ + qu = λwu on Ik modulo
the compactly supported solutions. If u is a solution of Ju′ + qu = λwu on
Ik we denote the associated equivalence class in Xk by ⌊u⌋k. A compactly
supported solution u of Ju′ + qu = λwu on Ik can be extended by 0 to all
of (a, b) yielding an element in Tmin ∩Dλ. This implies, since Imλ ̸= 0, that
∥u∥2 =

∫
Ik

u∗wu = 0 and shows that Xk is a normed space with the norm

given by ∥u∥2k =
∫
Ik

u∗wu. According to Theorem 3.5 the quotient spaceXk is

isomorphic to kerB(k)
m (λ)∗/ kerB(k)(λ)∗ and, by Theorem 3.10, its dimension

is equal to n since λ ∈ Ω ⊂ Ω(k).

Theorem 4.1. The deficiency indices of Tmin are less than or equal to n.

Proof. Fix a non-real λ ∈ Ω. Suppose u1, ..., um are solutions of Ju′ + qu =
λwu such that [u1], ..., [um] are linearly independent elements of Dλ. We

will show below that there is an interval Ip = (τ−p, τp) such that ⌊u(p)
1 ⌋p, ...,

⌊u(p)
m ⌋p are linearly independent elements of Xp. Hence m ≤ n, the dimension

of Xp. Since deficiency indices are constant in either half-plane they cannot
be larger than n.

We will now prove the existence of Ip by induction. That is we prove
that, for every k ∈ {1, ...,m}, there is an interval Iℓk such that the restric-

tions of u1, ..., uk to Iℓk generate linearly independent elements ⌊u(ℓk)
1 ⌋ℓk , ...,

⌊u(ℓk)
k ⌋ℓk of Xℓk . Once this is achieved we set p = ℓm.

Suppose k = 1 and let Iℓ1 be an interval such that ∥u(ℓ1)
1 ∥ > 0. By what

we argued above we know that u
(ℓ1)
1 is not compactly supported in Iℓ1 and

thus gives rise to a non-zero (and hence linearly independent) element of Xℓ1 .
Now suppose we had already shown our claim for some k < m. If

⌊u(ℓk)
1 ⌋ℓk , ..., ⌊u

(ℓk)
k+1⌋ℓk are already linearly independent as elements of Xℓk

we choose ℓk+1 = ℓk and our induction step is complete. Otherwise, there are
unique complex numbers α1, ..., αk such that

∥(α1u1 + ...+ αkuk + uk+1)
(ℓk)∥ℓk = 0.

However, there must be an interval Iℓk+1
⊃ Iℓk where

∥(α1u1 + ...+ αkuk + uk+1)
(ℓk+1)∥ℓk+1

> 0

on account that [u1], ..., [uk+1] are linearly independent. It follows now that,

as elements of Xℓk+1
the vectors ⌊u(ℓk+1)

1 ⌋ℓk+1
, ..., ⌊u(ℓk+1)

k+1 ⌋ℓk+1
are linearly

independent. This completes our induction step also in this case. □
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Corollary 4.2. If a and b are regular, then n+ = n−.

Proof. Fix a non-real λ in Ω. Since a and b are regular, the set Ξλ = Ξλ is
finite. Thus we may assume that it is contained in Ik = (τ−k, τk) for some
appropriate k. Then dimkerB(k)(λ) is the number of linearly independent
solutions of Ju′ + qu = λwu. Theorem 3.10 shows that Ju′ + qu = λwu has
the same number of linearly independent solutions. Any of these solutions
has finite norm but some may have norm 0. Now note, that if u is a solution
of Ju′ + qu = λwu of norm 0, then we have wu = 0, so that u is also a
solution of Ju′ + qu = λwu. Therefore n+ = n−. □

As mentioned above, it is well-known, even in the case of relations,
that von Neumann’s theorem E∗ = E ⊕Di ⊕D−i holds when E is a closed
symmetric relation in H × H when H is a Hilbert space. In our case, when
d = dimDi ⊕ D−i is finite, as we just showed, we can use Theorem B.5 in
[7] to characterize the symmetric restriction of Tmax in terms of boundary
conditions. We state that theorem here for easy reference. The operator J
appearing there is defined by J (u, f) = (f,−u) for u, f ∈ H.

Theorem 4.3. Suppose E is a closed symmetric relation in H ×H with d =
dimDi ⊕D−i < ∞ and that m ≤ d/2 is a natural number or 0. If A : E∗ →
Cd−m is a surjective linear operator such that E ⊂ kerA and AJA∗ has
rank d− 2m then kerA is a closed symmetric restriction of E∗ for which the
dimension of (kerA)⊖E is m. Conversely, every closed symmetric restriction
of E∗ is the kernel of such a linear operator A. Finally, kerA is self-adjoint
if and only if AJA∗ = 0 (entailing m = d/2).

A second ingredient for our next considerations is Lagrange’s identity
(or Green’s formula). If (u, f) and (v, g) are in Tmax, then v∗wf and g∗wu
are finite measures. Therefore v∗Ju′ + v′∗Ju = v∗wf − g∗wu is also a finite
measure. Its antiderivative v∗Ju is of bounded variation and thus has limits
at a and b. Integration now gives Lagrange’s identity

(v∗Ju)−(b)− (v∗Ju)+(a) = ⟨v, f⟩ − ⟨g, u⟩. (4.1)

Note the right-hand side, and hence the left-hand side, does not change upon
choosing different representatives in place of u, f, v, or g.

Now, if (v, g) is an element of Di⊕D−i, then (u, f) 7→ ⟨(v, g), (u, f)⟩ is a
bounded linear functional on Tmax. Conversely, since Tmax is a Hilbert space,
a bounded linear functional on Tmax is given by (u, f) 7→ ⟨(v, g), (u, f)⟩ for
some (v, g) ∈ Tmax. When it is also known that Tmin is in the kernel of this
functional, (v, g) may be chosen in Di ⊕ D−i. Hence, in our situation, the
operator A from Theorem 4.3 is given by d−m linearly independent elements
in Di⊕D−i. Lagrange’s identity implies that the entries of the matrix AJA∗

are then given by

(AJA∗)k,ℓ = ⟨(vk, gk), (gℓ,−vℓ)⟩ = (g∗kJgℓ)
−(b)− (g∗kJgℓ)

+(a). (4.2)

Therefore we arrive at the following theorem.
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Theorem 4.4. Let d = n++n− and suppose that m ≤ min{n+, n−}. If (v1, g1),
..., (vd−m, gd−m) are linearly independent elements of Di⊕D−i such that the
matrix defined in (4.2) has rank d− 2m, then

T = {(u, f) ∈ Tmax : (g∗jJu)
−(b)− (g∗jJu)

+(a) = 0 for j = 1, ..., d−m}
(4.3)

is a closed symmetric restriction of Tmax.
Conversely, if T is a closed symmetric restriction of Tmax and m is the

dimension of T ⊖ Tmin, then T is given by (4.3) for appropriate elements
(v1, g1), ..., (vd−m, gd−m) of Di ⊕D−i for which the matrix defined in (4.2)
has rank d− 2m.

For self-adjoint restrictions of Tmax it is hence necessary and sufficient
that n+ = n− = m = d−m and that (g∗kJgℓ)

−(b)− (g∗kJgℓ)
+(a) = 0 for all

1 ≤ k, ℓ ≤ m = d/2.

5. The space L0

We mentioned earlier that the class [u] does not have a unique balanced rep-
resentative when ([u], [f ]) ∈ Tmax, if the space L0 has non-trivial elements. In
this section we describe a procedure to choose a representative in a distinctive
way.

To this end we assume, without loss of generality, that B+(τ0, 0) =
B−(τ0, 0) = J so that solutions of our differential equations are continuous
at τ0. Define N0 = {h(τ0) : h ∈ L0} and for each k ∈ N both Nk = {h+(τk) :
h ∈ L0, supph ⊂ [τk, b)} and N−k = {h−(τ−k) : h ∈ L0, supph ⊂ (a, τ−k]}.
Then, for k ∈ N0, we say that a function u ∈ BV#

loc((a, b))
n satisfies condition

(±k), if u±(τ±k) is perpendicular to N±k (using always the upper sign or
always the lower sign).

Lemma 5.1. Suppose ([u], [f ]) ∈ Tmax. Then there is a unique balanced v ∈ [u]
such that (v, f) ∈ Tmax and v satisfies condition (k) for every k ∈ Z.

Proof. First consider uniqueness. Suppose u and v are two functions satisfy-
ing the given conditions. Then u−v ∈ L0 and hence (u−v)(τ0)

∗t(τ0) = 0 for
t = u and t = v. Subtract these equations to find (u − v)(τ0) = 0, and thus
u = v on (τ−1, τ1). Moreover, h1 = (u − v)χ[τ1,b) and h−1 = (u − v)χ(a,τ−1]

are in L0. Conditions (1) and (−1) show therefore that (u − v)+(τ1) and
(u − v)−(τ−1) are also 0 which proves that u = v on (τ−2, τ2). Induction
informs us now that u = v everywhere.

We now turn to existence. Pick a balanced representative u ∈ [u] such
that (u, f) ∈ Tmax. There is an element h0 ∈ L0 such that the orthogonal
projection of u(τ0) onto N0 equals h0(τ0). Thus v0 = u−h0 satisfies (v0, f) ∈
Tmax, v0 ∈ [u], and condition (0).

Next, there is an element h1 ∈ L0 with support in [τ1, b) such that
the orthogonal projection of v+0 (τ1) onto N1 equals h+

1 (τ1). We now define
v1 = v0 − h1. Then (v1, f) ∈ Tmax, v1 ∈ [u], and v1 satisfies condition (1).
Notice that v1 = v0 on (a, τ1) implying that v1 also satisfies condition (0).
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Proceeding recursively, we may define, for each k ∈ N, functions hk ∈ L0

supported in [τk, b) such that vk = u −
∑k

j=0 hj satisfies conditions (0), ...,

(k), vk ∈ [u], and (vk, f) ∈ Tmax.

Since, for a fixed x ∈ [τ0, b), only finitely many of the numbers hk(x) are
different from 0, we find that the sequence k 7→ vk converges pointwise to a
function ṽ ∈ [u] satisfying conditions (k) for all k ∈ N0 and (ṽ, f) ∈ Tmax. We
can now repeat this process for negative integers starting from the function
ṽ instead of u arriving eventually at a function v ∈ [u] satisfying conditions
(k) for all k ∈ Z and (v, f) ∈ Tmax. □

We denote the operator which assigns the function v just constructed
to a given element ([u], [f ]) ∈ Tmax by E. If Im = (τ−m, τm) we also define

Em : Tmax → BV#(Im)n by composing E with the restriction to the interval

Im. Note that BV#(Im)n is a Banach space with the norm |||u|||m defined as
the sum of the variation of u over Im and the norm of u(τ0).

Theorem 5.2. The operator Em : Tmax → BV#(Im)n is bounded.

Proof. Due to the closed graph theorem we merely have to show that Em

is a closed operator. Thus assume that the sequence ([uj ], [fj ]) converges to

([u], [f ]) in Tmax and that Em([uj ], [fj ]) converges to v in BV#(Im)n and
hence pointwise. To simplify notation we assume that Em([uj ], [fj ])) and
Em([u], [f ]) are the restrictions of uj and u, respectively, to the interval Im.
We need to show that u = v on Im.

First note that u±
j (τ±k) ∈ N⊥

±k and
∣∣u±

j (τ±k)− v±(τ±k)
∣∣ → 0 imply

that v satisfies conditions (±k) for each k ∈ {0, ...,m−1}. For ℓ ∈ {−m,m−1}
and x ∈ (τℓ, τℓ+1) we have

u−
j (x) = U−

ℓ (x)
(
u+
j (τℓ) + J−1

∫
(τℓ,x)

U∗
ℓ wfj

)
when Uℓ denotes the fundamental matrix of Ju′ + qu = 0 on the interval
(τℓ, τℓ+1) satisfying U+

ℓ (τℓ) = 1. Taking the limit as j → ∞ gives

v−(x) = U−
ℓ (x)

(
v+(τℓ) + J−1

∫
(τℓ,x)

U∗
ℓ wf

)
since the integral may be considered as a vector of scalar products which are,
of course, continuous. The variation of constants formula shows that v is a
balanced solution for Jv′ + qv = wf on (τℓ, τℓ+1). We also have

J(u+
j (τℓ)− u−

j (τℓ)) + ∆q(τℓ)uj(τℓ) = ∆w(τℓ)fj(τℓ). (5.1)

The fact that [fj ] converges to [f ] in L2(w) implies, on account of the pos-
itivity of w, that ∆w(τℓ)fj(τℓ) converges to ∆w(τℓ)f(τℓ). Therefore taking
a limit in (5.1) shows, in conjunction with the previous observations, that
Jv′+qv = wf on the interval Im. Since u satisfies the same equation we have
that u− v satisfies J(u− v)′ + q(u− v) = 0 on Im.
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Next we show w(u− v) = 0 on Im. Fatou’s lemma implies

0 ≤
∫
Im

(u− v)∗w(u− v) ≤ lim inf
j→∞

∫
Im

(u− uj)
∗w(u− uj) = 0.

It follows that w(u− v) = 0 on Im.
Finally, a variant of Lemma 5.1 shows now that u = v. □

6. Green’s function

Now suppose that we have a self-adjoint restriction T of Tmax. The resolvent
set of T is the set of those λ for which T − λ : dom(T ) → L2(w) is bijective,
i.e.,

ϱ(T ) = {λ ∈ C : ker(T − λ) = {0}, ran(T − λ) = L2(w)}
which is an open set. We denote its complement, the spectrum of T , by σ(T ).
Since T is self-adjoint, σ(T ) is a subset of R. If λ ∈ ϱ(T ), then the resolvent
Rλ = (T −λ)−1 is a bounded linear operator from L2(w) to dom(T ). We now

define Rλ : L2(w) → BV#
loc((a, b))

n by

Rλ[f ] = E((Rλ[f ], λRλ[f ] + [f ])).

Thus Rλ[f ] is the unique solution of Ju′+qu = w(λu+f) in L2(w) satisfying
condition (k) for every k ∈ Z.

We will now show that Rλ is an integral operator. Its kernel G is called
a Green’s function for T .

Theorem 6.1. If T is a self-adjoint restriction of Tmax, then there exists, for
given x ∈ (a, b) and λ ∈ ϱ(T ), a matrix G(x, ·, λ) such that the columns of
G(x, ·, λ)∗ are in L2(w) and

(Rλ[f ])(x) =

∫
G(x, ·, λ)wf. (6.1)

Proof. Fix x ∈ Im and λ ∈ ϱ(T ). Consider the restriction of Rλ[f ] to
the interval Im. Since Em and Rλ are bounded operators the map [f ] 7→
(Rλ[f ])(x) is a bounded linear map from L2(w) to Cn. Hence there are ele-
ments [g1], ..., [gn] ∈ L2(w) such that the k-th component of (Rλ[f ])(x) equals
⟨[gk], [f ]⟩. Let these be the columns of the matrix-valued function G(x, ·, λ)∗.
Then we obtain (6.1). □

One wishes to complement this fairly abstract existence result by a
more concrete one where Green’s function is given in terms of solutions of the
differential equation as is done in the classical case, see, for instance, Zettl [11].
This was also achieved in [7] under the assumption that Ξ0 is empty and minor
generalizations of this are certainly possible. Such an explicit construction of
Green’s function, where possible, is the cornerstone of many other results in
spectral theory, in particular the development of a spectral transformation
and more detailed information about the resolvent, e.g., the compactness of
the resolvent in the regular case. Due to the difficulties posed by the absence
of an existence and uniqueness theorem for initial value problems we have,



Green’s functions 17

so far, not been able to obtain such a construction in general. However, we
hope to return to this issue in the future.

7. Example

In this section we treat an example where the matrices B±(x, λ) fail to be
invertible for infinitely many x and all λ, in other words where Ξ0 is infinite
and Λx = C for all x ∈ Ξ0 (recall that in [7] the hypothesis Ξ0 = ∅ was made
causing each Λx to be finite). The example is Ju′ + qu = wf on (a, b) = R
where

J =

(
0 −1
1 0

)
, q =

(
0 2
2 0

)∑
k∈Z

(δ2k − δ2k+1), and, w =

(
2 0
0 0

)∑
k∈Z

δk

with δk denoting the Dirac point measure concentrated on {k}. Since we are
seeking balanced solutions we need the matrices

B−(2k − 1, λ) =

(
λ 0
2 0

)
and B+(2k − 1, λ) =

(
−λ −2
0 0

)
as well as

B−(2k, λ) =

(
λ −2
0 0

)
and B+(2k, λ) =

(
−λ 0
2 0

)
.

If x is not an integer we have B±(x, λ) = J . Note that f ∈ L2(w) if and only
if k 7→ f1(k) is in ℓ2(Z) and any element in L2(w) is uniquely determined by
these values (here f1 denotes the first component of f).

In any interval (k, k+1) solutions of Ju′+qu = w(λu+f) are constant,
say (αk, βk)

⊤. At x = 2k − 1 the equation

B+(2k − 1, λ)u+(2k − 1)−B−(2k − 1, λ)u−(2k − 1) = (2f1(2k − 1), 0)⊤

implies α2k−2 = 0 and

− λα2k−1 − 2β2k−1 = 2f1(2k − 1). (7.1)

Similarly, at x = 2k we get α2k = 0 and

− λα2k−1 + 2β2k−1 = 2f1(2k). (7.2)

We can now describe the space Tmax. A pair (u, f) is in Tmax if and only if
the sequences k 7→ f1(k) and k 7→ u1(k) are in ℓ2(Z), f1(2k) = −f1(2k − 1),
u1(2k) = u1(2k − 1), and

u =
∑
k∈Z

((
2u1(2k)
f1(2k)

)
χ#
(2k−1,2k) +

(
0
β2k

)
χ#
(2k,2k+1)

)
with arbitrary numbers β2k. Note that ∥u∥2 = 4

∑
k∈Z |u1(2k)|2.

Choosing here f = 0 shows that 0 is an eigenvalue of Tmax with infinite
multiplicity. Choosing f = 0 and requiring ∥u∥ = 0 determines the space L0.
Indeed,

L0 =
{∑

k∈Z

(
0
β2k

)
χ#
(2k,2k+1) : β2k ∈ C

}
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which is infinite-dimensional. We now define the sequence τ setting τ0 = 1/2
and, for k ∈ N, τk = k and τ−k = 1−k. A solution u of Ju′+ qu = w(λu+f)
always satisfies condition (2k+1) and it satisfies condition (2k) exactly when
β2k = 0.

For f = 0 equations (7.1) and (7.2) show that no non-zero λ can be an
eigenvalue of Tmax. In particular, the deficiency indices n± are 0, i.e., Tmax

is self-adjoint. Now choose λ ̸= 0 and f arbitrary in L2(w). Then

(Rλf)(x) = − 1

2λ

∑
k∈Z

(
2f1(2k − 1) + 2f1(2k)
λf1(2k − 1)− λf1(2k)

)
χ#
(2k−1,2k)(x) (7.3)

is the unique solution of Ju′ + qu = w(λu + f) satisfying condition (k) for
any k ∈ Z. Since

∥Rλf∥2 =
∑
k∈Z

2|(Rλf)1(k)|2 =
1

|λ|2
∑
k∈Z

|f1(2k − 1) + f1(2k)|2 (7.4)

is finite we have that C \ {0} is the resolvent set of Tmax.
We now define H = {u ∈ L2(w) : u1(2k − 1) = u1(2k)} and H∞ =

{f ∈ L2(w) : f1(2k − 1) = −f1(2k)}. These spaces are orthogonal to each
other and their direct sum is L2(w). Equation (7.4) shows that kerRλ = H∞.
Moreover, we have

Tmax = (H× {0})⊕ ({0} ×H∞).

This is an instance of a general feature for a self-adjoint linear relation T : if
H is the closure of the domain of T , H∞ the orthogonal complement of H,
and T0 = T ∩ (H × H), then T = T0 ⊕ ({0} × H∞). The former summand
is then a linear operator densely defined in H called the operator part of T .
The latter summand is called the multi-valued part of T .

We end this example by identifying Green’s function for our example.
It may be guessed by looking at equation (7.3). In any case one can check
directly that (Rλf)(x) =

∫
G(x, ·, λ)wf . Note that the second column of G

is irrelevant since the second row of w is 0. When x is not integer G(x, y, λ)
is given by∑

k∈Z

[
− 1

λ

(
1 0
0 0

)
+

1

2

(
0 1
−1 0

)
sgn(x− y)

]
χ#
(2k−1,2k)(x)χ

#
(2k−1,2k)(y).

If x is an integer we have instead

G(2k − 1, y, λ) =
1

2
lim

x↓2k−1
G(x, y, λ) and G(2k, y, λ) =

1

2
lim
x↑2k

G(x, y, λ).
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