THETA FUNCTIONS ON SINGULAR HYPERELLIPTIC
SURFACES

DAVID MCRAE! AND RUDI WEIKARD?

ABSTRACT. We investigate limits of (renormalized) hyperelliptic Riemann the-
ta functions as two branch points of the underlying curve approach each other
rendering a singular curve. Singular Riemann theta functions have applications
in completely integrable systems, in particular the KdV hierarchy.

1. INTRODUCTION

The integration of the Korteweg-de Vries (KdV) equation

1

3

is closely related to the spectral theory of the operator L = d?/dx? + q by way
of the Lax representation of the expression ¢u../4 + 3¢q./2 as commutator [P, L]
where P is a third order ordinary differential expression whose coefficients are
certain polynomials in ¢ and its xz-derivatives (Lax [10]). In the case of rapidly
decreasing initial data the inverse scattering method produces the famous N-soliton
solutions. For the Cauchy problem with periodic initial data a special role is played
by stationary solutions of higher order KdV equations, i.e., equations of the form
g = [P, L] where P is now a suitable odd order differential expression. Novikov
[12] showed in 1974 that a real-valued stationary solution of a higher order KdV
equation is a finite-band potential, i.e., a potential for which the spectrum of the
L2-operator associated with L consists of a finite number of closed intervals. Shortly
thereafter Dubrovin [3] proved also the converse, i.e., that a real-valued finite-band
potential is a stationary solution of some higher order KdV equation. Already
in 1961 Akhiezer [1] had reduced the description of a one-band potential to the
Jacobi inversion problem. This inspired Dubrovin [3], [4] and Its and Matveev [8]
in the mid 1970’s to treat the case of a general real-valued finite-band potential.
Their result may be summarized as follows: suppose we are given a periodic initial
condition gy = ¢(-,0) of the KAV equation for which the spectrum of d?/dz? + g
is given by
(OO,EQg] U...u [E17E0]

where Fpy < ... < Ey. Let 0 denote the Riemann theta function associated with
the nonsingular hyperelliptic curve
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Then one may determine U, V, Dy € C9 and ¢ € R such that

d2
q(z) = c+2ﬁlog9(Ux+Vt+Do) (1)

satisfies the KdV equation and the initial condition ¢(z,0) = ¢o(z). Also important
is the so called Baker-Akhiezer function

0[S w+Uz+D
@ = Mt LD o) 2

where Q = (1, ), D = Do + V't, w is the vector of normalized holomorphic differ-
entials on M, and €2 is a certain abelian integral of the second kind on M. Indeed,
d((p, N),x) and ¢((—p, A), z) form a fundamental system of solutions of the differ-
ential equation 3" + qy = Ay provided X is none of the branch points of .

The simplest and most famous examples of finite-band potentials are given by
the Lamé potentials

q(z) = —g(g + Dp(z + )

where ¢ is a natural number and p denotes Weierstrass’ elliptic function with funda-
mental half periods w € R and w’ € iR or, equivalently, with real invariants g, and
gs satisfying g5 — 27¢3 > 0. (These conditions guarantee that g is real-valued.) It
is now fairly obvious that ¢ satisfies a higher KAV equation even if these conditions
are not satisfied. Since ¢ ceases to be real-valued the spectrum of the associated
operator need not be a subset of the real line anymore. However, the spectrum
consists of a finite number of analytic arcs (Rofe-Beketov [13]) and one may still
talk about finite-band potentials. A particularly interesting example is given by

q(z) = —6p(x + o).

If 0 < b < v/3a then go = 12a% — 4b? and g3 = 8a(a?+b?) are positive but g5 —27¢3
is negative. In this case the spectrum of L is given by the union of the intervals
(—o0, —6a], [—v/392,1/392] and an arc joining the points —a + ib and intersecting
the interval [—/3g2, /3g2]. The results of Its and Matveev generalize immediately
to this case, i.e., ¢ can be written as the second logarithmic derivative of a theta
function associated with the hyperelliptic curve

p? = (A% =3g2) (A — 2a)(\ + a — ib)(\ + a + ib)

and the solutions of the differential equation y” +qy = Ay are given by the branches
of the Baker-Akhiezer function. Now, if b tends to v/3a, i.e., if g» tends to zero the
spectrum of L will consists only of two arcs namely the interval (—oo, —6a] and an
arc joining the points —a 4 ¢b and passing through zero. However ¢ can not be
represented as the second logarithmic derivative of a theta function associated with
the elliptic curve
p? = (A —2a)(A+a—ib)(\ + a + ib).

Hence an immediate generalization of the Its-Matveev theorem to the case of
complex-valued potentials is not possible.

If ¢ is a locally integrable periodic function with period p the band edges of
L = d?/dxz? + q are determined with the aid of Floquet theory. Let c(E,zo,")
denote the solution of the equation Ly = Ey under the initial conditions y(zo) = 1,
y'(zo) = 0 and s(E,x0, ) the solution for y(zg) = 0, y'(zo) = 1. Then define the
Floquet discriminant

D(E) = C(E1I0a'r0 +p) +3/(E,930,1‘0 +p)
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When ¢ is real-valued all zeros of D? —4 are either simple or double and the number
of linearly independent Floquet solutions of Ly = Ey is one or two, respectively.
Away from the double zeros Floquet solutions vary continuously with E. When
Fy is a double zero then each of the two linearly independent Floquet solutions
of Ly = Eyy which may be obtained as limits of certain Floquet solutions nearby.
Such solutions have been called regular Floquet solutions in [15]. Hence, for real-
valued ¢ the set of regular Floquet solutions of Ly = Ey is a line bundle over
the curve obtained from a complete desingularization of D? — 4. In particular, if
D? — 4 has only finitely many simple zeros this curve is hyperelliptic. The situation
is somewhat different for complex-valued potentials. First of all D? — 4 may have
zeros of any order. Secondly, even if E is a higher order zero of D? — 4 there might
not be two linearly independent Floquet solutions of Ly = FEy. Finally, even if
every solution of Ly = Ey is Floquet it might happen that only one of them (and
its multiples) is a regular Floquet solution (see [15] for more details). Therefore the
set of regular Floquet solutions of a complex-valued finite-band potential is not a
line bundle over a nonsingular curve but only over a singular one. This is precisely
what happens in the case of ¢ = —6p when go = 0, g3 = 8a(a® + b?), and b? = 3a>.
At the point F = 0 which is not a band edge there exists only one Floquet solution
and therefore the set of regular Floquet solutions is a line bundle over the singular
curve
{0 ) p® =X\ —2a)(A+a—ib)(A+a+ib)}.

If ¢ is an algebro-geometric potential associated with a nonsingular surface the
Its-Matveev theorem shows that for all complex values of F all solutions of Ly = Ey
are meromorphic functions of the independent variable. It was shown in [6] that the
converse is also true at least for elliptic potentials. More precisely, if ¢ is an elliptic
function and if, for all complex values of E, all solutions of Ly = Fy are mero-
morphic functions of the independent variable then ¢ is algebro-geometric. This
result was extended in [16] to rational and simply periodic meromorphic potentials
under certain boundedness conditions at infinity. Also, in [7] an analogous result
was obtained for the AKNS-hierarchy with elliptic potentials.

In order to generalize the Its-Matveev theorem to the case of singular curves a
notion of theta functions on singular surfaces is needed. McKean [11] did this in
the case of a real-valued periodic potential for the case by shrinking simultaneously
the gaps [Ea;, F2j_1] to points. The goal of the present paper is to treat the case
of any complex curve where two points converge to form a double point.

In Section 2 we will investigate the period matrices associated with holomorphic
differentials on M. We turn to the theta functions themselves in Section 3.

2. THE PERIOD MATRICES

Consider the one parameter family of hyperelliptic curves of genus g > 1

2g+1
M, = {(/”'a)‘) : :u2 = H ()‘ - 61(6))} s
i=1
where each e;(€) is a continuous function on [0, 1] such that e;(s) # ep(t) when
Jj # k and s,t € [0, 1] except that ezg41(0) = e24(0).
There is a 6 small enough such that the closed disks of radius § about the points
e1(0), ..., e24(0) do not intersect but large enough such that for all suitably small e

lej(€) —¢;(0)] < 6/2
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for j =1,..,2g + 1. On each circle |A — e;(0)] = ¢ choose a point n;. Then, for
1 <j < 2g, let 7, be a straight line connecting e;(€) and n;, i.e.,
Vie(t) = ej(e) + t(n; — e;(e€)),

and, for 1 < j < 2¢g — 1, let 7; be a piecewise continuously differentiable curve
connecting 7; to n;41 taking its course outside all of the disks |A —e;(0)| < . The
curves 7; may be chosen in such a way that they do not intersect each other. Next
define

e = Yoj.e Y25 — V2j+1, forj=1,..,9—1,
Bj.e = V2je — V2j—1 — V2j—1, forj=1,..g.
Finally let oy . be given by

0rg,e(t) = e24(€) + t(ezgr1(€) — eaq(e)).
Then the collection of cycles

g

aje = Z(ak —Tay), bje=p0;—10;, (3)

k=j

where T is the hyperelliptic involution I'(u, ) = (—p, A), forms a canonical homol-
ogy basis on M,.
The differentials

where
2g+1

te(N) = H VA —eule)
(=1

are a basis of the g-dimensional space of holomorphic differentials on M.
The curve

M = {(m) =1 <Aei<0>>}v

i=1
is the desingularization of My. The cycles a1, ..., ag—1,0, b1,0, .-y bg—1,0 form a
canonical homology basis on M. A basis of the g — 1-dimensional space of holo-
morphic differentials on M is given by

o D071
/ ey

dA=w;(0), j=1,..,9—1

where
2g—1

i) = ] VA= e0).
=1
We will prove the following

Theorem 1. The matriz A(e) of a-periods Aji(e) = fak w;(€e) and the matrix
B(€) of b-periods Bj(e) = fbk w;(€) of the holomorphic differentials w;(e) have
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finite limits as € tends to zero with the exception of By 4(€) which becomes infinite.
In particular,

me@ZLM%@ZLM%’UMU$SW47 (1)

lim A g(0) =0, f1<j<g-1. (5)
29w .

lim Ay Z/a RO if1<k<g, (6)

;g@ﬂ@:Ame if (5.K) # (9.9). 7)

Moreover, if

r(e) = eag(€) — €24+41(e€)

N2g — 629(6)
then, as € tends to zero,
Ajg(€) = O(r(e)?™), (8)
—2me
Agqle) = — O(r(e)), 9
() - 629(6)76£(6)+ (r(e)) (9)
logr(e)

Bgg(e) = -2 2g—1 +0(1). (10)

=1 eag(€) — ex(e)

Proof. If A is a point on any of the curves -, then |\ —ey(e)| > §/2. Since all curves
remain in a bounded set and |v/,(¢)| is bounded, too, we get that

’ (Y () — e2g(€))? 7 (1) ‘
fre(Yn (1))

is bounded by a constant independent of ¢ and €. Hence the dominated convergence
theorem implies that for n € {1,...,2¢g — 1},

WD =@, [
iy [ w0 = [RGB - [ w0

If X is a point on the curve 7, where 1 <n < 2g — 1 then |A — eg(€)| > /2 if
n # €. Also |Yn.c(t) — en(€)| = t|nn — en(e)| > t5/2. Since t~1/2 is integrable on

[0,1],
(€) = ! (ﬁn,e(t) — 629(6))g_j (nn — en(e)) _ Wi
[ 0= | G D) Al

For the curve ag . we have the estimate

2g+1

g—1/2
lpe(ag,e(t))] = H \/lO‘ge —ee(€)] > leag+1(€) — eaq(€)|V/E(t — 1) ( > .
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Because (t(t —1))~1/2 is integrable on [0, 1] we obtain

b (eagi(e) = eag(€)) 97119
fre(crg,e(t))

_ (;)/ eagia(0) — a0 | 1 %dt = O(r(e)"™)

which proves (8).
Since

dt

/ak)é wj(€) = 272

we have also proven (4), (5), and, as long as 1 <k < g—1, (7).
To treat Ay consider

w;(€) and - wj(e) = 2/[3“ w;(€)

Qn,e

d\
20-|[ - [ S |
where
Fi(e,)* = T] (ag.e(t) = eule)).
(=1
This yields
1 €2g+1(5) — €24 (€) 1 — !
Aule) < /o | V(g.e(t) — ezq(€))(ag.e(t) — ezg1(€)) <F1(€’t) Fe, 0)> .
1

i

:/01 w(tl*l)‘mle,t) T R©0)

The function 1/F; (e, -) is continuous on [0, 1] and differentiable on (0,1). Therefore
(see Theorem 5.19 of Rudin [14])

Fle.t)  F(e,0) ‘ = t51(0)

where

Sl (6)

_29-1 f}((;’s) cse[0,1])

2 g—1/2
T (5) T el - cplol 2 sup(| £,

Since Si(e) = O(r(e))

210 81(6) [ s = 0lr(e)
Finally note that
/ dX _ —im
age F1(€,0)\/(N = e2g(€)) (X = eag41(e))  Fi(e,0)

which tends to —im/F(0,0) as € tends to zero. This proves (6) and (9).
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The only integrals left to consider are the integrals B; , which involve the curve
Jage- M1 < j < g—1, we will estimate the difference [~ wj(e) — [, w;(0).
9,€ 9,

Introduce
Fye,t)® = ] (ag.c(t) — ecle)),
=1
_ e24(0) — eag(e)
™ (6) - 7]25] . 629(0) 9
- FQ(E,t) o FQ(E,t)—FQ(O,t)
=m0 1T B9

Note that |Fy(e,t)| > (5/2)971/2. Now we obtain

L - / e

< /1 (n2g — €24(€))I7tF>(0, 1) — (112g — €24(0))9 7 Fo(e, t)\/t(t + r(e))
~Jo Vit +7(e))Fa(e, t)tF»(0,t)

9-1/2 ! ri(e))9—9 — r(e 7o (€,
< (%) 712¢ —629(0)|gfj/0 G tE U+ t)

t+ r(e)
Given any positive number ¢’ we obtain that
(@)Y, (L +711(€)? ™ = 1], |ra(e )] < &

for all ¢t € [0,1] and all suitably small € since Fs(e,t) converges uniformly on [0, 1]
to F5(0,t) and eg4(€) converges to eaq(0) as e tends to zero. Hence

/%g.ewj(ﬁ)_/%go <C/ Vi- VtJrT /\/VT

t +r )
for a suitable constant C. The latter integral is bounded. To estimate the former
integral note that

973 dt

dt.

dt + C¢’

| /
0 \/t \/|?"
and that
/ \[ \/t+’l” / dt<3‘ |1/2/ dt
w | VEFT i\t |’“ il VE— Ir]

since [v/1+ 2 — 1| < 3z. These estimates show that the difference f%g‘e wj(e) —
f%gyo w;(0) becomes arbitrarily small when e becomes small provided 1 < j < g—1.
This completes the proof of (7).

At last we turn to (10),i.e., to the integral f wg(€) which, as will be shown
now, tends to infinity as € goes to zero. To see thls consider
X

/&2% i) 3g.c Fa(€,0)/(A = e29(€)) (A — eag11(€)) |

1
</
0

A2(€) =

Tl2g — €29(€) 1
(Y2g,e(t) — €2g(€)) (F2g,(t) — e24+1(€)) <F2(€7 t) e O)) ' .
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Again, the function 1/Fs(e,-) is continuous on [0,1] and differentiable on (0,1)
implying
1 1

- <
’F2<e,t> F2<e,o>’ =1
where
g—1/2
Fi(
Sy =2(29—1) <5) > Sup{‘L?2 :s € [0,1]}.
Hence

- 52/0 Vir(e) +t]

i.e., Ag(e) is bounded by a constant. Finally, we remark that

/ d\ _ 1 /1 dt
Foge Fo(€,0)/ (N = e2g(€)) (A —ezg11(e))  Fa(€,0) Jo t(t+ 7“( )
210g (1++/1+4+7r(e)) —logr(e)

FQ(G 0)

which tends to infinity as € tends to zero. O

Introduce the notation

o (AO @@ g g [BO BE
10= (e aly) e 5O <b2<e>T Bg,g<e>>
where A(e) and B(e) are (g — 1) x (g — 1) matrices and where @y, @y, by, and by

are columns in C9~!. Because @ (e) = O(r(e)) and A(0) is invertible as a period
matrix of the holomorphic differentials @; on the Riemann surface M we find that

det A(e) = Ay 4(e) det A(e) + O(r(e)) = Ay 4(€) det A(e)(1 + O(r(e))).
This implies the existence of A(0)~!. Let

_ Z(e)  Zi(e) )
Ale)y ™= (2
@7 = (20 2

where again Z(e) is a (¢ — 1) x (¢ — 1) matrix while Z;(¢) and 2>(e) are a columns
in C9~1. Then R

det A, ,(e€) 1

Zggl€) = e
() det Agg(€)  Agg(e)

+0(r(e))

and
Z1(e) = O(r(e)).

The normalized holomorphic differentials (i, ..., {; which are determined by the
normalization conditions
| st =
ke

(GL(€)s s Go()T = Al)TH (Wi (€), ooy wy(€))T
The b—periods of the normalized holomorphic differentials are then given by
Tie(€) = fb (). These comprise a matrix 7(e) in the g-dimensional Siegel

are given by
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upper half space, i.e., a symmetric g X g matrix with positive definite imaginary
part. The matrix tau(e) is given in terms of A(e) and B(e) by

€) > B(e)  bi(e)
) \B2e) Byy(o)
9BE) + 51(0 BT Z(h(e) + 21 (0)Bygle) |
Zo(€)" Ble) + Zg g(e)ba(€)T  Za(e)Tbi(e) + Zy,g(€) By g(e)

This shows that the entries in the first ¢ — 1 columns of 7(€) all have finite limits
as € tends to zero. Since 7(e) is symmetric the elements in the top g — 1 rows of the
last column of 7(€) are also finite even though they involve By 4(¢) which becomes
infinite when € becomes zero (recall that 21 (0) = 0). For 7, 4(¢) we obtain

9,

-G
Z(

—

- > - 1
To.g(€) = 22(€) b1 (€) + Zg,g(€) By g(€) = Z2(e)"b1(e) + (A (© + O(T(E))> By,q(€)-
9,9
Since 7(€)By,q(€) tends to zero when e goes to zero and

By g4(e)  —2logr(e) +0(1) Z_flog |r(e)]  argr(e)
Ay q(e)  =2mi+O(r(e)) T + T +0()

We have shown the following

Theorem 2. The entries 7 i ( fb (€) of the matriz of the b-periods of nor-
malized holomorphic dzﬁerentzals on M have finite limits as € tends to zero with
the exception of 7,4 4(€) whose imaginary part behaves like

—log |ezg+1(€) — ezq(e) +0(1).

ImTy4(€) = p

Moreover, the (g—1) x (g — 1) matriz #(0) = A(0)~*B(0) which is the upper left
corner of 7(0) is the matriz of b-periods of normalized holomorphic differentials on
M.

3. THETA FUNCTIONS

Let 7 be an element of the g-dimensional Siegel upper half space Sy, i.e., 7 is a
symmetric g X g matrix whose imaginary part is positive definite. For any such 7
and any n,n’ € RY the series

Oyn,n'|(2,7) = Z exp (m(k + g)TT(k + g)) exp (27ri(k + g)T(z + %))
kez9
(11)

converges absolutely and uniformly for (z,7) in compact subsets of C9 x S,. The
function 64[n,n’] was introduced by Riemann and is called the first order theta
function with characteristic [, n]. The function 6,[0, 0] is often abbreviated as 6.

We will henceforth consider the case of integer characteristics, i.e., we will sup-
pose that n,n’ € Z9. In this case the 6, has the following properties. Firstly,

04[n,n'](z + m,7) = exp(min’ m)f,[n, n'](z, 1),

0y, n')(z + mm, 1) = exp(—7mi(2m” z + mTrm + mTn')0,[n, n')(z, 1),
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when m € Z9. Secondly,

Ogln+m,n’ +m'](z,7)
I

:exp(%(mTTm +2mT (0’ +m/) +4m” 2))0,[n, n'](z + m7 + T%, 7),
and in particular,
0y[n + 2m,n’ + 2m’](2,7) = exp(min?m')0,[n,n](z, 7).

Because of this last equality it is sufficient to assign only the values zero and one to
the components of n and n/. Therefore there are precisely 229 different first order
theta functions to consider. Finally, since

Oyn,n'](—2,7) = exp(wnTn’)ﬁg(z, 7)

the theta functions with integer characteristic may be classified as even or odd
depending on whether n”n’ is an even or an odd integer. These and other properties
may be found in any standard reference on the Riemann theta function, e.g., Krazer
[9], Baker [2], or Farkas and Kra [5].

The matrix of normalized b-periods associated with any algebraic curve is an
element of the Siegel upper half space. Hence theta functions 64[n, n'] are associated
with each such curve. In particular, this is true for the hyperelliptic curves M,
introduced in the previous section. We want to study the behavior of these theta
functions as € tends to zero. Introduce the symmetric (g — 1) x (¢ — 1) matrix 7(e)
and the vector v(e) € CY/~! by the equation

0= (5 29).

Tg,9(€)

When k = (ki, ey kg—1)T and A = (n1,...,ng—1)7 then

(k+ ) Tr(e)(k + =)

2 2
=(k+ g)T?(e)(i{ + g) +2(k + g)T’Y(ﬁ)(kg + %) + (kg + %)279,9(5)~

Since Im 7, 4(¢) tends to infinity we have that

exp(mi(k + )7 r(e) (k + 3))
tends to zero as € tends to zero unless k;+ny/2 = 0. Hence, if ny = 0 all summands
in (11) where kg4 # 0 vanish and hence 04[n, n’](z,7(€)) converges to

P 1) 7 P A
> exp <m(k + §)TT(6)(k + 5)) exp <2m(k + 5)T(z + 5))
kezo—1
:99*1[7% ﬁ’](é’ 7A—(O))

where, of course, 2 = (21, ..., zg-1)" and 2/ = (n}, ..., n, ;)7

If however, n, = 1 then 64[n,n’] tends to zero everywhere when e approaches
zero. In this case we will therefore consider the renormalized theta function
m

exp(— 7.0 ()0 [, ) (2. 7(6).
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Note that (k, +1/2)% —1/4 = k,(k, + 1) and hence

n n 1
(k+ 5)7 7€)k + ) = 170,000

:(if + g)T?(d(iﬁ + g) + 2(123 + S)T’Y(e)(kg + %) + kg (kg + 1)7g,4(€).

Now, only those summands in (11) where k, # 0, —1 vanish when € goes to zero.
Therefore

lim exp(— 75,4 (€)) [, )2, 7)
— Y e (m[(z% + DT+ gn) exp (m(z; s Dy ))

kezo—1

po| 3

!

« {exp (m'[(ic + %)%(o)}) exp (m(zg + %))
+ exp <m(1% + Z)T7(0)> exp (m(zg + "29)> L

Putting everything together we have proved the following

Theorem 3. The theta functions 04[n,n'|(-, 7(€)) with integer characteristics asso-
ciated with the hyperelliptic Riemann surface M. and the canonical homology basis
given by (3) satisfies
m’nngﬂ (¢)
4
P (N PUIRP
= Z exp (m[(k + 5) 7(0)(k +
kezs—1

X 2 cos (77[(/% + g)Tv(O) + 2z + %;]) :

~—

hH(l) exp(— )0g[n,n'](z, 7

n

o | 3

)]) exp <2m'(l% + g)T(g I

)

\V]

In particular, if g =1, then
lim 0400, 0](z,7(e)) = lim 640, 1)(z, () = 1.
tim exp(—ir(e) /)1 [1,0)(z. 7(c)) = 2eos(m2),
112% exp(—mit(e)/4)01[1,1](z,7(€)) = —2sin(7z2).

We finally remark that multiplying 64[n,n'|(z, 7(¢)) by the z-independent quan-

tity exp(—minZ7(e)/4) does not affect the logarithmic derivative of the function or

the ratio of two theta functions with different arguments, i.e, the function
exp(—ming7(€)/4)8,[1, 0](z, ()

is just as suitable as the theta function itself when used in the formulae (1) and

(2)-
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